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PREFACE. 



T N the present Work I have endeavoured, without exceed- 
'^ ing the usual size of an Elementary Treatise, to give a 
comprehensive account of the Anal3rtical Geometry of the 
Conic Sections, including the most recent additions to the 
Science. 

For several years Analytical Geometry has been my special 
study, and some of the investigations in the more advanced 
portions of this Treatise were first published in Papers written 
by myself. These include : finding the Equation of a Circle 
touching Three Circles ; of a Conic touching Three Conies ; 
extending the Equations of Circles inscribed and circum- 
scribed to Triangles to Circles inscribed and circumscribed 
to Polygons of any number of sides ; the extension to Conies 
of the properties of circles cutting orthogonally ; proving 

1 that the Tact-invariant of two Conies is the product of Six 

' Anharmonic Ratios; and some others. 
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Of the Propositions in the other parts of the Treatise, 
the proofs given will be found to be not only simple and 
elementary, but in some instances original. 

In compiling my Work I have consulted the writings of 
various authors. Those to whom I am most indebted are : 
Salmon, Chasles, and Clebsch, from the last of whom I 
have taken the comparison of Point and Line and Line 
Co-ordinates (Chapter II., Section III.) ; and Aronhold's 
notation (Chapter VIIL, Section III.), now published for 
the first time in an English Treatise on Conic Sections. 
For Recent Geometry, the writings of Brocard, Neuberg, 
Lemoine, M'Cay, and Tucker. 

The exercises are very numerous. Those placed after the 
Propositions are for the most part of an elementary cha- 
racter, and are intended as applications of the propositions 
to which they are appended. The exercises at the ends of 
the chapters are more difficult. Some have been selected 
from the Examination Papers set at 4;he Universities, from 
Roberts' examples on Analytic Geo^ietry, andWolstenholme's 
Mathematical Problems. Some are original ; and for a very 
large number I am indebted to my Mathematical friends 
Professors Neuberg, R. Curtis, s.j., Crofton, and the 
Messrs. J. and F. Purser. 

The work was read in manuscript by my lamented and 
esteemed friend, the late Rev. Professor Townsend, f.r.s. ; 
by Dr. Hart, Vice-Provost of Trinity College, Dublin ; and 



Preface. v 

Professor B. Williamson, f.r.s. Their valuable suggestions 
have been incorporated. 

In conclusion, I have to return my best thanks to the 
last-named gentleman for his kindness in reading the proof 
sheets, and to the Committee of the * Dublin University 
Press Series' for defraying the expense of publication. 



JOHN CASEY. 



86, South Circular Road, Dublin, 
October 5, 1885. 



[The following Course, omitting the Articles marked with asterisks, is 
recommended for Junior readers : Chapter I., Sections I., n., III. ; 
Chapter n., Section I.;] Chapter m., Section I.; Chapters V., VI.,. 
VU.] 
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57, line 2 from bottom, /or \", read a". 
183, Ex. 16, after "between," insert the tangents to. 
313, line 9, /or B\C\^ read B'C\ ' 

319, line I, /or PQ^ read QT, 
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The Author is indebted to the Rev. Sebastian Sircom, S.J., 
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n y r 1. .i. ji 1 x^ COS JC+cosi-<4 sin Jj9 
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•' cos I C 
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for g"\ read g""; linej3, for /" read /"'. 
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107, line 12, for F, D\ E, read F\ D\ E'. 
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252 and 253, last line but one, for A read A'. 

257, line 18, for C read c ; p. 259, line 9, for ^2 read 2^2. 

268, line 6, for + read - ; p. 269, line 9, and p* 271, line 5, for + 

read—, 
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ds ds dS dS 
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from bottom,/^ {(a2-f«)j»:H&c.} read {(aa-ri)je>+&c.}«. 



I 



TREATISE ON ANALYTIC GEOMETRY. 



e X 



CHAPTER I. 

THE POINT. 

Section I. — Cartesian Co-ordinates. 

Definition i. — ^Two fixed fundamental lines XX\ YY* in a 
plane, which are used for the purpose of defining the posi- 
tions of all figures that may be drawn in the plane, are called 
axes. When these are at right 
angles to each other they are 
called rectangular axes, other- 
wise they are called oblique axes, x 

Def. II.— The lines XX', 
YY* are called respectively the 
axis of abscissa, and the axis of uT 

ordinates, XX' is also called, for reasons that will appear 
further on, the axis of x, and YY the axis of _y. 

Def. III. — ^The point O, the intersection of the axes, is 
called the origin. 

Def. IV. — The origin divides each axis into two parts, one 
positive, the other negative,* Thus, X'X is divided into the 

* A little consideration will show that the distinction of positive and 
negative in connexion with the position of a point is absolutely necessary, 
and not merely a convention, as stated by some writers. All that is con- 
ventional is the direction which we fix upon as positive ; but whatever that 
be, the opposite must be negative. 



B 



The Point. 



parts OXy OX'y of which OX measured to the right is usually 
considered positive, and OX' negative, because it is measured 
in the opposite direction. Similarly the upward direction, 
OYy is regarded as positive, and the downward, Oy\ negative. 
When the axes are oblique the angle XOY between their 
positive directions is denoted by c*. The axes will be rect- 
angular unless the contrary is stated. 

Def. v. — ^Any quantities serving to define the position of 
a point in a plane are called its co-ordinates. Three different 
systems of co-ordinates are in use, namely, Cartesian (called 
after Descartes, the founder of Analytic Geometry), Polar ^ 
and Trilinear co-ordinates, 

Def. VI. — The Cartesian co-ordinates of a point P are 
found thus : — Through P draw PM parallel to 0Y\ then the 
lines OMy MP are the co-ordi- 
nates of P\ and since OM is 
measured along OX it is positive, 
and MP parallel to OY is also 
positive. Thus both co-ordi- X- 
nates of P are positive. Simi- 
larly the co-ordinates of R, viz., 
0N\ N'R are both negative; 
and lastly, the points Qy S have each one co-ordinate positive 
and the other negative. 

Def. VII. — ^The Cartesian co-ordinates of a known ox fixed 
point are usually denoted by the initial letters of the alphabet, 
such as ay b. They are also denoted by the letters x^y, with 
accents or suffixes, thus : x'yy ; ar",y, &c.; Xuyi; x%yy%y &c. 
The co-ordinates of an unknown or of a variable point are 
denoted by the final letters, such as Xy y, without either 
accents or suffixes, and sometimes by the Greek letters <i, P ; 
but these are more frequently employed in trilinear co-ordi- 
nates, which will be explained further on. 
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Cartesian Co-ordinates. 3 

I. To find the distance 8 between two points in terms of their 
co-ordinates. 

1°. Let the axes he rectangular. 

Let i4, ^ be the points, Ji/y, 
yy their co-ordinates. Draw 
BC parallel to 0X\ AD, BE 
parallel to OV. Then, since 
the co-ordinates oi A are ory, 
we have 



Y 




y^y 




9cy 

\ 


/ / 


C 









E D X 



Similarly 
Hence 
but 
therefore 



OE = jd\ 



DA=y. 

EB =y'. 



BC^o^-:xf\ CA^y-y'; 
AB' = BC^+CA^; 

8» = (a:' - y)' + (y -y )'• 



(0 



Hence we have the following rule : — Subtract the x of one 
point from the x of the other, also they of one point from they of 
the other; then the sum of the squares of the remainders is equal 
to the square of the required distance* 

2°. Let the axes be oblique. 

Since the angle ACB is the supplement of XOY, we have 



Hence 



i4Ci?= i8o°-<u. 
AB^^BO-^ C^»+ %BC. CA cos©, 



that is, «'=={x'- xfj + (y - yj +2(x'- y )(y -y ) cos w. 

In practice, oblique axes are seldom employed ; but as they 
sometimes are, we shall give the principal fonnulae in both 
forms. 
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Examples. 

1. Find the distance of the point x*y from the origin — 

— I^ When the axes are rectangular. Ans, 5* = Jip'2+y2. (2) 

^ 2°. When they are oblique. -4«j. «« = x** +/ * + 2^/ cos «. (3) 

- 2. Find the distance between the points (rcos^', rsin9'), (rcos9'', rsin0''). 

Ans. « = 2r sin J (a' - 0"). (4) 

3. Find the distance between the points f - —, o j , fo, - —J . 

w-.. 2^ When oblique. Aus. 9 = 'j^'^A^ + B^+ 2AB cos a». (6) 

^ 4. Find the distance between the points {a cos (a + iB), d sin (a + /3)}> 
{acos(o-iS), &sin(a-i3)}. 

Ans, « = 2sm/3{a2sin«a + ft2cos2a}». (7) 

Def. — 7%e line joining two points will for shortness be called the join 
of the two points. 

5. Find the condition that the join of the points x*y, x*'y* may subtend 
a right angle at xy. Since the triangle formed by the three points is right- 
angled, the square on one side is equal to the sum of the squares on the 
other two. Hence 

and reducing, we get 

(X - X') {X - x'^ + (y -y){y -/') = o. (8) 

If the axes be oblique, the condition is 
[x^x^(x-x-)^f,y-y){y-y') 

+2{(jc-:r')(:K-y') +(^-*")(.y-y)} cos« = o. (9) 

2. To find the condition that three points ody, x"y', x^y 
shall he collinear. 

Let Ai By C be the points : drawing parallels we have, from 



Cartesian Co-ordinates. 



similar triangles, BD \AD : : CE\ EB. 



Hence 



3d --x!* _ od'^af" 
y ^ y*" y» -y 



ift 



(10) 



or (yy'-yy)+(x'y"-A/y')+(^y-*y")=o. (u) 




This may be*written in the fonn of the determinant 



^, 


y. 


I, 


^', 


y. 


I, 


^", 


y. 


I, 



= o. 



(12) 



3. This proposition} may be proved otherwise, and by a 
method which will connect it with another of equal impor- 
tance. 

Lemma. — Hu arecTof the triangle whose angular points are 
^y^ ^'y , and the origin^ is J {pdy - ody) sin «. 

Dem. — ^Through the points 
jry, ody draw parallels to 
the axes ; then the parallelo- 
grams ODCE, OGFHdne re- 
spectively equal to Jt/j/' sin w, 
ar"y sin <«). Hence the tri- 
angle OAB, which is evi- 
dently equal to half the dif- 
ference of these parallelo- 
grams, is 




i(Ay-:iry)sina). 



(13) 
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Cor, I . — If the axes be rectangnlar, the triangle 

A0B^\{pdy'-3(fy). 



(H) 




To apply this, let Ay B, C be three collinear points. Join 
OA, OB, OC ; then we have 

AOAB+ AOBC=AOAC; 

therefore o/y - j»/y + x'y" - ^y ' = xy" - x"y, 

or (xy' - x'y) + (yy - x'y) + (^y - yyo = o. 

C(?r. 2.— The A 6>^^ = - A (9i4^. For OBA = ^y - ^y , 
and6>i4^ = :ry'-.yy. 

4, The Lemma of Art. 3 enables us to find the area of a irx" 
angle in terms of the co-ordinates of its vertices. 

For, if any point O within the triangle be taken as the origin 
of rectangular axes, and the co-ordinates of the vertices be 
y/, xfy\ xf'y'y then join OA, OB, OC. Since the triangle 

ABC = OAB + OBC + OCA, 
we have 

A-4^c=i{yy'-jt'y+jt'y"-yy'+yy-yy"), (15) 

x'y y, I, 

=i ^", y, I, • (16) 

x"', y", I 

It is evident that we get the same result if we take the 
origin outside the triangle by attending to the signs of the 
areas (see Cor. 2, Art. 3). 



or 
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From this proposition it follows that the geometrical in- 
terpretation of the condition that three points should be 
collinear is, that the area of the triangle formed by them is 
zero. 

5. In the same manner it follows that the area of any 
polygon, in terms of the co-ordinates of its vertices, is 

i [xxy% - x-iyi) + {x^y^ - Xzy^) + . . . (^n>i - ^i^«) ) . ( 1 7) 



Examples. 

Find the areas of the triangles whose vertices are — 
I- (i» 2); (3,4); (5,2). >-2. (3,4); (5,3); (6,2). 
(- 5> 4) ; (- 6, 5); (6, 2). 4. (2, I); (3, - 2) ; (- 4, - l) 



3 
s 



6. 



7. 
8. 



♦9. 



10. 



(i8> 



^'^' 2'Zff''^*'"*"^-^'"^^-) 



I, /', f". 
Ans, c^ 



(19) 



I, t\ t"\ 
I, jf", /"'a 

Ans. Half the area of Ex. 2. 
(a cos ^', b sin ^'), (a cos ^"j ^ sin ^"), (a cos ^"', ^ sin ^"'). 

Ans, 2ab sm J (0' - <f) sin J (<^" - 0'") sin J (4>'" - 4>') . (20) 

( tf cos i (g -f i8) ^sin|(tt-f i8)| ( g cos \(^^y) h%\xi\{^ + y) ) 
(cosJ(a-i8)' cosi(a-^)i' \cos\(^-y)' cosJ(i8-7))' 

i ac<is\(y + a) h sin|(7 + a) ) 
( cosj(y-o) ' cosJ(7-a) )* 

Ans. tfJ tan J (0-/8) tan J (i8- 7) tan J (7-0). (21) 

(k tan 0, k cot 0), (>& tan 0', ;& cot 0'), (^ tan 0", >& cot 0"). 

I, tan0, tan^0, 

I, tan^", tan«/' 
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6. To find the co-ordinates of the point which divides in a given 
ratio I ; m the join of two points y x'y, afy. If i4, ^ be the given 
points, let C be the point of division, xy its co-ordinates ; 
then, drawing parallels, we have 

AC AE 



but 



Hence 



AC 
CB 



CB 


CD' 


I 


AE 


~ m' 


■• CD 


x-xf 


I 



ni 



x"-x 



m 




therefore 



Similarly, 



X = 



y = 



Ix'^ + mxf 
i+m 



(*3) 



If the join of the two points be cut externally, we get 

/ x-:f^ 



Hence 



and 



VI 



X = 



y = 



' x-x"' 

Ixf'- mxf 
l-m 

1y" - my 
l-m 



(H) 



Hence the formulae for external division can be obtained 
from those for internal section by changing the sign of the 
ratio. This is evident a priori if we consider that for internal 
section the segments A C, CB are measured in the same di- 
rection, and therefore have a positive ratio ; but for external 
section, being measured in opposite directions, they have 
contrary signs, and hence a negative ratio. 

Cor. I . — If the ratio — be denoted by X, we have 



X = 



m 

x' ■¥ \x" 



>'=■ 



y+ \y' 

I +A 



(*s) 
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Hence, by varying \ we get the co-ordinates of any point in 
the line AB^ in terms of a single parameter X. 

Cor. 2. — If X be equal to unity, we get 

x = — --, ^==-^— ^. (26) 

2 2 

Hence we have the following rule : — 

The co-ordinates of the middle point of the join of two given 
points are respectively half the sums of the corresponding co-ordi- 
nates of these points. 

Examples. 

1. If the segment AB be divided in the points Z, Af, N in the ratios 
A, ^ y respectively, find the ratios of the segments — 

•— ♦ I^ Into which AL is divided in M. Am. ^^iii^^ ; (27) 

/u-A 

2°. Into which ZJI/ is divided in iV: Am. f^^ -f r^— ^!. (28) 

(i+A) (i + m) ' 

2. The joins of the middle points of opposite sides, and the join of the 
middle points of the diagonals of a quadrilateral, are concurrent. For, if 
^\y\i x^y^y xzyz, xiyi be Jhe co-ordinates of its angular points, then the 
co-ordinates of the point of bisection of the join of the middle points of 
its diagonals, or of either pair of opposite sides, are 

i (x\ + :V2 + ^3 + ^4), J {yi +^2 +^3 +yi)- 

Def. — The point whose abscissa and ordinate are respectively the arith- 
metic means of the abscissa and ordinates of any system of points is called 
the mean centre of that system of points. Thus the point whose co-ordinates 
are those found in Ex. 2 is the mean centre of the angular points of the 
quadrilateral. 

~ 3. If C? be the mean centre of a system of m points, <9' the mean centre 
of another system of n points ; prove that the mean centre of the system 
composed of both divides the Une OCX inversely in the ratio oim:n. 

4. The medians of a triangle are concurrent (each passes through the 
mean centre of its angular points). 
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5. Find the co-ordinates of the mean centre of the points 
{a cos a, d sin a), [a cos /9, h sin i8), (a cos 7, ^ sin 7), 

(acos («+ /3 + 7), - ^sin (a + i3 + 7)). 

Ans. ,^ = a cos }(a + iS) cos ^(3 + 7) cos J (7 + o), ) 

}• (29) 
y^h sin J(o + iS) sin JO + 7) sin iK7 + o) J 

It is usual to put a horizontal line over the co-ordinates of the mean 
centre of a sjrstem of points. 

7. The definition of mean centre may be extended as fol- 
lows : — 

I/AyB, C . . . L be any system 0/ points Xiyi, ^2^2 • . • ^nj^u^ 
a, b, c . , . I, a corresponding system of multiples^ then the point 
whose coordinates are 

aXi ~r 0X2 • • • *Xfi 

a + b + ,, . t . , ^ 

- ayi-\-by2-\',..iyn 
a + b . , , I 

is called the mean centre 0/ the points A,Bf C . . . L for the system 
of multiples a^ b^ c , . , L — (Sequel to Euclid, p. 13). 

The equations (30) are, for shortness, usually written 

3^ = 2(^) 5;-2(^) (,0 

•^ s(«) ' ^- SW ^^'^ 



Section II. — Polar Co-ordinates. 

8. The polar co-ordinates of a point P are — 

1°. Its distance OP from a fixed point O, called the origin, 
OP is usually denoted by p, and is called the radius 
vector of the point P, 

2°. The angle 0, which OP makes with a fixed line {called 
the initial line)^ passing through the origin. 
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From these definitions it is evident that any equation in 
Cartesian co-ordinates will be 
transformed into polar co-ordi- 
nates if the initial line coincide 
with the axis of x, by the substi- 
tution ^ = p cos B, ^ = p sin ^ ; or 
by the substitution x = p cos {B - a), 
y = p sin (^ - a), if it make an 
angle a with the axis of x. 

ElXAMPLES. 

1. Change the following equations to polar co-ordinates : — 

2°. x^ ~yi = 2ax. 4° y = — ^^ -'. 

a — X 

2. Change the following equations to rectangular co-ordinates : — 

i"". p* = a^ cos le. 3°. p2 sin iS = a^. 

2°, pi^ cos J a = a*. 4°. pi = oi cos J 6. 

3. What is the condition that the points pi$i ; ^262; pzB^ may be col- 
linear ? Ans. pip2 sia{0i - $2) + f»2p3sin (^2 - <>3) + P3f>2 sin (63 - 61) = o. 

4. Express the area of any rectilineal figure in terms of the polar co- 
ordinates of its angular points. 

Section III. — ^Transformation of Co-ordinates. 

9. The co-ordinates of any point P with respect to one system of 
axes being known, to find its co-ordinates with respect to a parallel 
system. 

Let Ox, Oy be the old axes, CyX, ^l^the new, so that O' 
is the new origin ; then let the co-ordinates of 6^, with respect 
to Ox, Oy, be x^,y — that is, let OL-x', LO'^y', Again, let 
x,y be the old co-ordinates oi P, that is, let OM=x, MP^y^ 
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Lastly, let X, l^be the co-ordinates with respect to the new 



y 




( 


P 






N X 





L M * 



axes ; then we have 

therefore, since 

OM^OL^ON, and MP=La+NP, 
we have 

x^x^-vX, and y^y+V. (32) 

Hence, if in any equation we replace x,y by x' + X,y + V, we 
have it referred to parallel axes through the point x'y. 



Examples. 

1. Refer the following equations to parallel axes: — 

I**, x^ H-^2 _ 12^ _ i6y - 44 = o. New origin 6, 8. 

Ans. ^2 4. ^8 - 144 = o. 

2°. 3^2 _ ^y + 2^2 + 7JP _ 5j|/ _ 3 = o. New origin, i, i. 

2. Find the co-ordinates of a point, so that when the following equa- 
tions are referred to parallel axes passing through it they may be deprived 
of terms of the first degree : — 

I", z^'^-i-sxy+y^- 3Je+ 2j|/ + 2i = 0. ^«j. -H, fJ. 

2°. 5^2 + 2xy +^2 - lOJf + 2^ + 10 = o. Ans, f, — f. 

3°. 4«' + 4r^+^2- Sjnr - 6y - 10 = O. Ans, 00, co, 

10. 7%^ co-ordinates of a point Pwith respect to a rectangular 
system Ox, Oy of axes being known, to find its co-ordinates with 
respect to another rectangular system OX, OY, having the same 
* origin, but making an angle with the former. 



Transformation of Co-ordinates, 



13 



Let OM^ MPy the co-ordinates with respect to the old axes, 

y 




be denoted by^,^; and ONy iVP the new co-ordinates, by 

Let OP fee denoted by p, and the angle PON by <^. Now 
since 

cos (^ + <^) = cos 6 cos <^ - sin ^ sin <^, 

and sin (^ + ^) = sin ^ cos ^ + cos B sin ^, 

multiplying each by p, and substituting, we get 

x=^X cos B - J^sin Oy 



^ = A'sin ^ + Fcos^ 
Cor. — If the equations (33) be solved, we get 

X- X cos 6-\^y sin tf, 

l^=j/ cosd-o; sind 



(33) 



(34) 



Observation. — ^Those who are acquainted with the Diffe- 
rential Calculus will see that 

dy . dx 

x=-^. and j. = -^. 



Examples. 

1. If we transform from oblique co-ordinates to rectangular, retaining 
the old axis of ^; prove K=^sin«, -X'=^+^cos«. 

2. If in transforming from one set of oblique axes to another, retaining 
the old origin, a, jS denote the angles which ^the new axes make with the 
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old axis of ^; a'jS' those which they make with the old axis of y ; prove 

jc sin a = X sin a' + Fsin/S', 
^ sin<» = JTsin a + Ksin^S. 

3. Show that both transformations are included in the formulae — 

by giving suitable values to the constants x, |t, &c. 

*4. If the old axes be inclined at an angle a>, and the new at an angle »', 
and if the quantic clx^ + ihxy + hy^^ referred to the old axes, be transformed 
to a'X^ + 2h'XY^ b*Y^, referred to the new ; prove— 



i\ 



2\ 



ab-h^ cCV-hT^ 



sin^w 



sin^w' 



a + 3 — 2A cos » fl' + ^' — 2K cos »' 



sin^w 



sin'w' 



(35) 



(36) 




* Section IV. — Complex Variables. 

\\, An expression x + ty, in which x, y are the rectangular 
Cartesian co-ordinates of a point P, and i the imaginary radical^ 
V^- I is called a complex magni- 
tude. If P= \/ar»+y = OPy 

p is called the modulus, and the 
angle 0, made by OP with the 
axis of X, the inclination or 
argument. 

Complex magnitudes were introduced by Cauchy in 1825, 
in a memoir, **Sur les integrates difinies prises entre des limites 
imaginaires :*^ the method of representing them geometrically 
is due to Gauss. The introduction of these variables is one 
of the greatest strides ever made in Mathematics. The 
whole of the modem theory of functions depends on them, 
and they are so connected with modem Mathematics, that 
some knowledge of them is essential to the student. We 
shall give only their most elementary principles. 



Complex Variables. 



15 




12- Being given two points A, B, which are the geometric repre- 
sentations of two complex magnitudes z^ z^, it is required to find 
the point which represents their sum or their difference. 

1°. Their sum. — Let 2i = ^1 + /vi ; ^2 = ^2 + ^^2 ; then Zi + z^ 
= {xi + X2) + i{yi +j'2)- Now if C represent Zi + 22* the co- 
ordinates of C are Xi + Xz^ yi +^2. 
Hence the co-ordinates of C are the 
■doubles of the co-ordinates of D 
(Art. 6, Cor. 2), the middle point 
of AB. Therefore C will be the 
fourth angular point of the paral- 
lelogram which has OA, OB as two 
adjacent sides. Hence the vector, 
from the origin to the point which represents the stim of two com- 
plex variables J is the diagonal of the parallelogram which has the 
vectors of the two components as adjacent sides. 

2°. Their difference. — If we put ^i + Z2 = 2fs, we have 23= 03 -2fi. 
Hence we have the following construction for finding the 
vector and the point which represent the difference of two 
complex magnitudes. Draw from the origin a line OB equal 
^nd parallel to the line AC y joining the representative points A, C 
ofzu 03 ; then OB will be the vector, and B the point required. 

13. Being given the points which represent two complex magni- 
tudes , to find the points which repre- 
sent their product and their quotient. 

1°. Their product. — Let Si,02 be 
the given points, pi, p2 their mo- 
duli, and ^1, ^2 their arguments ; 
then we have 

Z\ = pi (cos 6x + i sin ^1), 
^2 = Pi (cos ^2 + i sin ^2) ; 
therefore ZxZ^ = p\p^[co% (^1 + 0^ + 1 sin (tfi + tfa)} 

= Ps (cos ^8 + i sin ^,). 
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Hence, if 03 be the point required, p3 its modulus, and ^3 its 
argument, we see that the product of two complex magnitudes 
is a complex magnitude^ whose modulus is equal to the product of 
their moduli, and argument equal to the sum of their arguments. 
Hence, if we make OA equal to the linear unit, the triangle 
AOzi is similar to ZiOz^y and the method of constructing the 
point 03 is known. 

2°. Their quotient, — This follows from 1°. For we have 

0a i' 

Hence the quotient 03 -f 02 makes with axis ofx an angle equal to 
that which 03 makes with 02, and the modulus is a fourth propor- 
tional to p2, ps, and I . 

Examples. 

1. Transform x + iy to polar co-ordinates. Ans. pe*9, 

2. Find the point which represents — 

1°. The square of the magnitude a + t/3. 

2**. Its square root. 3°. Its «'* power. 4°. Its «'* root. 

3. If z\, 22, 23 be three coinitial complex variables, prove that if three 
multiples /, m, n can be found satisfying the two equations 

hi + mz2 + nzz so, / + w + «sO, 

the corresponding points are collinear. 

4. If O be the origin, a, jS, 7 complex magnitudes representing the 
angular points of the triangle ABC; prove that if /a + mfi + wy = o, the 
points A'y jff', C", in which the lines AO^ BO, CO meet the sides of the 
triangle, are denoted by either of the systems 

— la — mfi — ny ^ mfi + ny «7 + la la + fn$ 
m + n n ■\- V I -{■ m* m -\- n * n + I * I + m ' 

5. If «, iS, 7, 8 represent any four coplanar points A, B, C, D, and. if 
the multiples /, m, » , p satisfy the two equations la + fnfi + ^7 + ^8 = o, 
l + m + n+p^o, prove that the point of intersection of AB and CD is 

— -, of BC, AD IS . and of AC, BD is -^ -, 

l + m * m + n ' l+n 

6. If i be the complex magnitude which represents the mean centre of 
the points zi, 22 . . . £», &c., for the system of multiples a, b, c, , , I, prove 

- S(flgi) 
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Miscellaneous Exercises. 

1. Show that the polar co-ordinates (p, 0) ; (- py ir + 0) ; (p, 9 - t), all 
represent the same point. 

2. Prove that the three points 

{a, *);(« + 28\/2, 6 + 28\/5) ; ( « + i|, * - :?|\ 

\ V2 V2/ 

form a right-angled triangle. 

3. Find the perimeter of the quadrilateral whose vertices, taken in order, 
are 

(«, «V3) ; (- *^^3» *) ; (-^, -^Vs) ; (^Vj, -rf). 

4. If the three sides of a triangle, taken in order, be divided in the ratios 
li-ntf m:—n, n:—l, prove that the three points of section are collinear. 

5. If {x, y) {x\ y) be the co-ordinates of a point refeired respectively to 
rectangular and oblique axes having a common origin, prove that if the 
axes of the first system bisect the angles between those of the second, 

X— {x' ■\- y) cos -, y — {x -y) sin -. 

2 2 

6. If the points (a*), [a' ft'), (a — a\ b - b') be collinear, prove ab'= a'b. 

7. If the co-ordinates (x'y), (x"y'), {x"y") of three variable points 
satisfy the relations 

{xf - x") = K{x" - x'") - yL^y - y"), 

{y-yi = ^(y-yi + m(^" -^"'), 

where \ and fi are constants, p ove that the triangle of which these points 
are vertices is given in species. 

8. If two systems of co-ordinates have the same origin and the same axis 

of x, prove that 

, sin («-«') ,sin«' 

x=:x -^v -. y y^y ~ . 

sm» ' "^ "^ sm» 

9. Prove that the orthocentre of a triangle is the mean centre of its 
angular points for the multiples tan A^ tan B^ tan C, 

10. For what system of multiples is the circumcentre of a triangle the 
mean centre of its angular points ? 

11. If j(?y, xf'y\ ^"y" be the vertices of a triangle, a, ft, c the lengths of 
its sides, prove that the co-ordinates of the centre of its inscribed circle are 

ax' + ft^r" + ex'" ay ■{■ by -{■ cy'" 
a-^-b •\-c ' a+ft + f 

12. If C7 be the mean centre of three points A^ B, C for the system of 
multiples^, q^ r; proved :g:r:: A OBC: OCA ; OAB. 

C 
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13. Prove that the degree of any equation cannot be altered by trans- 
formation of co-ordinates. 

14. HAy B, Cy D be four collinear points, prove that 

AB . CD + BC, AD + CA . BD = o. 

15. Prove the following formulae of transformation from oblique axes to 

polar co-ordinates : — 

sin ((» - 9) 



X = p 



smw 



y = p 



sin d 
sinw' 



16. Prove that the diameter of the circle passing through the two points 
p'0', p"6", and the origin, is 



y/p'2 + p"2 _ 2p'p" cos {&" - e") 



sin (a' - e") 
17. Find the area of the triangle whose vertices are the three points 

(a, a), ^2fl, ^ + p, (3^, ^ + 7)- 

•18. If O be the mean centre of the system of points A, B, C, Sec, for 
.the system of multiples a, 5, c, &c., prove, for any point P, 

2(« . AP^) = 2 (« . ACT) + 2a . 0P\ 

*ig. In the same case prove 

2(a) . ^{a,AO^) = ^ab . AB^. 

♦20. IfAjB, C, D be four coplanar points, and if we denote 

BC^y AJD^, by fl, /, 

CA\ BD^, „ b, g. 



ABS CD^y 
prove the determinant equation 

b, fl, o, 

/» gy ^> 
I, I, I, 






}> 



>i, 



o, 

^» 
I, 



o, 
I. 



[Multiply together the two matrices 
I, o, o, o, 

A/2+yS -2jp', -2/, I, 
&c. 



o, 
I. 



I, 
I, 
I, 
I, 

o, 

o, 

x\ 



= 0. 



o, 

&c. 



I, 



each consisting of five rows and four columns. — (Cayley). 



CHAPTER II. 



THE RIGHT LINE. 



Section I. — Cartesian Co-ordinates, 



14. 7b represent a right line by an equation^ there are three 
cases to be considered. 

i^. When the line intersects both axes, but not at the origin. 

First method, — Let the line be SQ, and let it cut the axes 
in the points A, B; then OA, OB 
are called the intercepts on the 
axes, and are usually denoted by 
a, b. Also when the axes are rect- 
angular, the tangent of the angle 
which the line makes with the 
axis of X on the positive direction 
(viz. the angle FAX) is denoted 
by m. Now take any point F in SQ, and draw FM parallel 
to OF; then OM, MF are the co-ordinates of F\ and if the 
axes be rectangular, we have, drawing BT parallel to OX^ 
since FT^ FM- OB =j/ - b, 

FT 



T 


p 


j/^ 


B 




T 


/ 




/h. 


M X 


s 





BT 



= tan PAX, 



or 



therefore 



y -b 



X 



= m\ 



y = mx + b^ 

C2 



(37) 
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If we had taken any other point in SQ^ and called its 
co-ordinates x and y^ we should have obtained the same 
equation. On this account j/= mx-\^h is called the equation of 
the line. If the axes were not rectangular, the equation would 
still be of the same form. For in that case PT^ BT= OB -f OA 
= sin OAB -J- sin OBA = sin -4 -^ sin (w - A\ 



or 



therefore 



y -b 



X 



= sin -4 V sin (w - ^4) = »i ; 
y = mx + by 



and the only thing changed is the quantity represented by m. 
Since x^ y denote the co-ordinates of any point along the 
line, they are called current co-ordinates. They are also called 
variableSy because they vary as the point which they represent 
moves along the line. 

The quantities m, b are called constants; because they 
retain the same value, while the line remains in the same 
position, and vary only when the position of the line varies. 
Hence we have the following definition : — 

The equation of a line is such a relation between the co-ordinates 
of a variable pointy whichy if fulfilled^ the point must be on the 
line. 

Second method, — Let AB be the 
line ; and denoting the co-ordinates 
of any point P in it by x^y^ and the 
intercepts {s^e first method) OA, OB 
by a, b, we have, from similar tri- 
angles, 

a'AB' "^"^ b ' AB' 




therefore 



X y 
a b 



(38). 
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Third method. — Let AB be the line, 
dicular OP from the origin ; and de- 
noting OP hyp, and the angles AOP, 
POB by a, /8, respectively, we, from 
(38), have 



X y 

— + ~= i; 



Let fall the perpen- 



OA OB 




hence 



P P 

OA^'^OB^^^^ 



(39) 



or X cos a +^ cos j8 =/. 

Hence, if the axes be rectangular, 

X cos a ^y sin a =/. (40) 

This form of equation, which in many investigations is 
more manageable than any other, has been called the stand- 
ardform. See Hesse, Vorlesungen Analytische Geametrie, 

Fourth method. — The general equation Ax+By+ C = o, o/tke 
first degree, represents a right line. 

Dem. — By transposition, and dividing by B, we get 

A C 

'^'-b'^'b' 

and this {^te first method), being of the form y = mx + b, re- 
presents a right line. 

15. 2°. When the line passes through the origin. 

Let OA be the line. Take any point P in it, and draw PM 
parallel to OF; then, if the angle 
POMht denoted by a, we have 

PM: OM : : sin a : sin (co - a), 

or 

y\x\\ sin a : sin (w - a) ; 

therefore 

sin a 

y = -r—f r X. 

sm (o) - a) 




Y 

A 


P 


xV 









M 
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TT ... sin a , ^ 

Hence, putting -: — ; : = m. we get y= mx. (41) 

sm (o) - a) ° -^ ^^ ' 

This equation may be inferred from (37) by putting h - o. 
Hence — If the equation of a line contain no absolute term, the 
line passes through the origin. 

16. 3°. When the line is parallel to one of the axes. 

Let the line AB be parallel to the axis of Xy and make an 
intercept b on the axis oiy. Now 
take any point P in AB, and draw 

the ordinate PM, which is equal A 1 j B 

to b [Euc. I. xxxiv.]. Hence the 

ordinate of any point /'in the line ^ M y^ 

AB is equal to by and this state- 
ment is expressed algebraically by the equation y = bj which 
is therefore the equation of the line AB. 

This result can be obtained differently, and in a way that 
will connect it with a fundamental theorem of Modern 

Geometry. 

X y 
From equation (38) we have - + 'r= ^ where a and b are the 

intercepts on the axes. Now if the intercept a be infinite, 

X 

that is, if the line meet the axis oix at infinity, the term - will 

vanish, and we get*^ = i, or j/ = ^ ; but^ = b denotes a line 

parallel to the axis of x* Hence a linejwhich meets the axis 
of X at infinity is parallel to it ; and we have the general 
theorem, that lines which meet at infinity are parallel. In a 
similar manner x=^a denotes a line parallel to the axis of 
y at the distance a. Hence we have the following general 
proposition : — If the equation of a line contains no x, it is 
parallel to the axis of x; and if it contains no y, it is parallel 
to the axis of y. 
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Examples. 

1 . What line is represented by the equation y — o} 

Ans, The axis of x. For if * = o in the equation y = b, we get y^o. 

2. Prove that if the equations of two lines differ only in their absolute 
terms, the lines are parallel. 

3. Find the intercepts which the line Ax -^ By -{■ C= o makes on the 
axes. . C C 

^'"- -A'-B- 

4. If the equation of a line be multiplied by any constant it still repre« 
sents the same line ; for the intercepts made by \Ax + \By + xC = o 
on the axes are the same as those made by Ax + By + C = o. 

5. Prove that the line which divides two sides of a triangle proportion* 
ally is parallel to the third side. 

6. Find the locus of a point which is equally distant from the origin 
and the point (2^, 2y). 

If (xy) be equally distant from (o, o) (2^, 2y), we have 

x^ +y^ ^{x- 2x'Y -hiy- 2y)2. 

Hence xx' -^-yy' = x'^ \y"^, (42) 

And since this contains x and^ in the first degree, the locus is a light 
line. 

7. Find the loci of points equally distant from the following pairs of 
points : — 

1°. (a cos ^, h sin ^) ; (a cos 0', h sin ^'). 

^'"^ cosJ» + »') - sini(» + »') = ("'-*'> =-i(*-*'). (43) 

2\ {(acos (o+iS), &sin(a + i3)}; {a cos (a -/S), *siu(o-/3)}. 

CLX hv 

Am, ^ = (a2 - *2) cos /3. (44) 

cos a sm o 



(45) 



4°. {afl, tat); {otT^, 2af). 

Ans. 2{t+t)x + 4y = a{i+f)(f'+f^ + 4.). (46) 
5°. {a sec ip, b tan ^) ; (a sec ^', ( tan ^'). 

^«.. "^ .+ . '^ =-^'-1^. (47) 

cos4>+cos^ sm(^ + ^') cos ^ cos ^ ^ ' 
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1 7 . If the equations Ax + By + C = o ; xcosa +y sin a -/ = o, 
represent the same line, it is required to find the relations between 
their co^cients. 

1°. When the axes are rectangular. 

Dividing the first equation by R, and equating with the 

second, we get 

A B 

-= = cos a, — = Sin a. 
Jti Jx 

Square, and add, and we get 
A^-{-B^ 



Hence 



B^ 

cos a = 



= I ; therefore B=*JA^ + B^. 
A B 



-^A^^B" 



, sina = 



V^* + ^ 



2°. When the axes are oblique. It 
is required to compare the equations 

Ax + By+C = o, 

and X cos a +y cos P -p^ o. 

Let OQ, OR be the intercepts ; 
then we have 



(48) 




Hence 

but 

Hence 



QR = 



AB 



^A^ + B^-zABcosia; 



QR : OR : : sin 0) : sin Q or cos a. 

A sin (0 



cos a = -=r- 



In like manner, cos P = 



^ A^ + B^- lAB cos to 

B sino) 

y/H^ + B^- 2 AB cos (*)' 



Cor. I. — 



sina = 



B-A cos 



0) 



'^A^+B^-2ABcos(o 



, sinj8 = 



A-B cos 0) 



^A^+B^-zABcosd} 



^ , B-A cos (0 ^ A-B cos w 

Or. 2. — tan a = — r—. , tan ^ = 



A sin (0 



B sin (0 



(49) 

(so) 
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1 8. To find the angle between the lines Ax + By+C = o (i); 
and A'x + B'y + C = o (2). 

1°. Let the axes he rectangular,' Then, if ^ be the angle 
between (i) and (2), it is equal to the difference of their 
inclinations to the axis of x ; but the tangents of these in- 
clinations are (see Art. i\j fourth method)^ 

A .A' 
- ;^» and - -^. 

„ ^ . fA' A\ f AA'\ A'B-AR . , 

Hence ,^ ^ ^ \^ - -^ [, ^ —y ,^^-^. (5,) 

Cor, I . — If the lines ( i ) and (2) be parallel, they make equal 
angles with the axis of x ; therefore 

_A __^ 
B~ B' 

Hence the condition of parallelism is 

AB'^-A'S^o. (52) 

IT 

Cor, 2. — If ^ = -, tan ^ is infinite, and the condition of the 

2 

lines, being at right angles to each other, is 

AA'+BB'=o: (53) 

That is, if two lines whose equations are given he perpendicular 
to each other, the sum of the products of the coefficients of like 
variables is zero. 

Cor, 3. — If the lines y = mx ■{■ h, y = m'x + V be perpen- 
dicular to each other, 

mm! +1=0. (54) 

Cot, 4. — ^The angle between the lines y= mx\ h, y= m'x + V 
is given by the formula 



m - m' 



tan ^ = ——-,. (55) 

I + mm 

Cor, 5. — If the equations of the given lines be in the 
standard form, 

^cos a +>'sina -/ = o, ^cos)8 +_y sin j8 -/>' = o, 

we have = a - j8. (56) 
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2°. Let the axes he oblique. 

If tf, ^' denote the angles which the given lines make \^^ith 
the axis oi x\ then {see i8, 2°) we have tf = + 90 ; therefore 

A sino) /, \ \ 

;. (See equation (50).) 



tan fl = - cot a = 



Similarly, 



tan^ = 



Hence tan0=tan(^-^') = 



A cos m-B 

A' sin CI) 
-4' cos (n-B* 

{A'B - AB') sin <o 



;. (57) 



AA'+ BB'- {AB'-vA'B) cos a>' 
Cor, — If the lines be perpendicular to each other 

AA' + BB' - {AB' + A'B) cos (0 = 0. (58) 

Examples. 

1. Find the angle between the lines 

X cos fl y sin jS X cos 7 1/ sin 7 

^ + <— ^-1=0, £+-:L_^-i=o. 

a o a o 

ah sin ()3 - 7) 

Ans. sm (i> = . — : — ^ — , ==• 

^ ^la^ sm«i8 + h^ cos^^ Va^ sin27 + d* COS27 

2. Find the angle between the lines jc — j^ = o and 



(59) 



X 



- + 



tan ^' + tan 4>" cot ^' + cot ^' 



= >&. 



P (:vy j 



, n + tand>' tanA") , , 

Ans, tan-M ^^ " ^ " (. 60) 

( I - tan 4>' tan ^" ) ^ ' 

Def. — 7%^ result of substituting the co-ordinates of any point 
in the equation of any line or curve is called the power of that 
point with respect to the line or curve, 

[This definition, first given by Steiner, 
is now employed by all the French and 
German writers.] 

19. To find the length of the perpen- 
dicular from the point ody' on the line 
Ax + ^ + C = 0. 

1°. Let the axes be rectangular. 

Let the line intersect the axes in 
the points Q^ R, then the perpendicular from P is equal to 
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twice the area of the triangle PQR divided by the base QR ; 
but the area of 

PQR = ^ {^Aod + By + C), (Equation (18).) 



and 



QR = ~^ VA" + B". 



(Equation (5).) 



Therefore the length of the perpendicular is 

Acd + By+C 

^aFTb" 



(61) 



Hence we have the following rule for finding the length of 
the perpendicular from a given point on a given line : — 

Divide the power of the given point with respect to the given 
line by the square root of the sum of the squares of the coefficients 
of the variables, and the quotient will he the length required. 

Cor, I. — If the equation of the given line be in the standard 
form X cos a +^ sina -/= o, the length of the perpendicular 
on it from any given point ody is equal to the power of that 
point with respect to the line, for the sum of the squares of 
the coefficients of the variables is unity. 

This result being a very important one, we shall give 
another proof of it. Let MN be 
the line x cos a -^y sin a - / = o ; 
R the given point xfy. Through 
R draw the line RQ parallel to 
MN, Draw OQ perpendicular 
to RQ, and let it cut MN in V\ 
then OV '\% equal to /, and .de- 
noting OQ by /', the equation of 
RQ is X cos a ■\-y sin a.-p'\ and since this line passes through 
the point xfy, these co-ordinates must satisfy its equation. 

Hence od cos a +y sin a=p'\ 

therefore x' cos a +y sin a -/=/'-/ ; 
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hut p* - p = OQ - 0V= VQ = TR = perpendicular from R on 
the line x cos a +j; sin a - / ; therefore 

perpendicular = x' cos a + j/ sin a -p. (62) 

Cor. 2. — From the figure it follows that if/' be greater 
than /, the point R is on the side of the line remote from 
the origin. 

Hence the power of any point with respect to a line which passes 
between it and the origin is positive^ and in the contrary case nega- 
tive. 

2®. Let the axes he oblique. 

Since the axes are oblique, the area of the triangle PQR is 

C{Ax'^By-\- C)sina) ^ 
zAB ' 

and the length of QR is 

C^A^+B'-zABcosu) 
AR 

Therefore the perpendicular is 

(Ax'-\'By+ C)sin<o 

y/A^ + ^ - 2AB cos <i> 

Cor. I. — The power of any point on a line with respect to 
the line is zero ; and, conversely, if the power of a point]with 
respect to a line be zero, the point must be on the line. 

Cor, 2.— If S^Ax + By-\-C==o, S' ^A'x + By+ C'= o, 
be the equations of any two lines, and /, m any two multiples 
(including unity), either positive or negative, then 

IS ■\-mS'=o (64) 

is the equation of some line passing through the intersection 
of the lines S and .S"', 

For, since S and S' are of the first degree with respect to 
X and y, IS + mS' = o will also be of the first degree, and 
therefore will be the equation of some line. Again, if P be 



(Equation (6).) 



(63) 



Cartesian Co-ordinates. 29 

the point of intersection of S and S\ the powers of P{^Cor. i) 
with respect to ^S*, S' are respectively zero. Hence the power 
of P with respect to IS -^^ mS' = o is zero, and therefore the 
line IS + mS' = must pass through P, 

Cor, 3. — ^The line^ -y- m{x-xf) = o passes through the 
point x'y'; for the power of;*// with respect to it is zero. 

Or thus : ^ -y = o denotes (Art. 16) a line parallel to the 
axis of X at the distance j/'; and ji; - ^= o a line parallel to 
the axis of ^^ at the distance a/. Hence, Cor, 2, 

y-y-m{x-x') = o (65) 

denotes a line passing through their intersection, that is, 
through the point x'y. 

Cor, 4. — In the same manner it may be shown that if 
5*= o, S' = o, be the equations of any two loci (such as a line 
and a circle, or two circles, &c.), iS + mS' - o will denote 
some curve passing through all the points of intersection of 
S and S'. 

20. To find the equation of a line passing through two points 
xfy, x"y. 

Take any variable point xj/ on the line, then the three 
points xj/, x'y, xf'y are coUinear. Hence, equation (12), 



= 0, (66) 



which is the required equation. 

It may be otherwise seen that this is the equation of a line 
passing through the two given points. 1°. It contains j; and_y 
in the first degree ; hence it is the equation of a right line. 
2°. If we substitute xfy for xy the determinant will have two 
rows alike, and therefore will vanish ; hence the co-ordinates 
x!y satisfy it, and the line passes through xfy'. Similarly it 



X, 


yy 


I, 


^, 


y, 


I, 


^', 


y, 


I, 
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passes through jdy\ The determinant (66) expanded gives 
{y-y')x - (^ - od')y + a;>" - Ji/y = o ; (67) 

« 

from which we infer the following practical rule for writing 
down the equation of a line passing through two given 
points ^y, c(fy' : — 

Place the co-ordinates of one of the given points 

under those of the other^ as in the margin ; then the af^ y^ 

difference of the ordinates of the given points will a/', y\ 
give the coefficient of x: the corresponding difference 
of the alsciss<B with sign changed will he the coefficient of y, 

Lastly^ the determinant, with two rows formed by the given co- 
ordinates, will be the absolute term. 

Cor. I. — If the equation of the line joining x'y, xf'y be 
written in the form Ax + jffj/ + C = o, we have 

y-y'=^A, {x'--x")=^B, x'y''x'y=c. 

Cor, 2. — Hence may be inferred the condition that the 
points xf'y\ x"'y" may subtend a right angle at j//. 
For, let the join of the points 

x'y, xfy be Ax + By\ C = o, 

and the join of the points 

ody, xf'y be A'x + ^> + C" = o ; 

and, since these are at right angles to each other, 

AA'^BF^o\ 
and, substituting, we get 

(^ - ^') (^ - y ") + (y ^y )(y -y ") = o. (Comp. (8).) 
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Examples. 

1. Find the equation of the join of (2, - 4), (3, - 5). 

Ans, X ■{■ y -^ 2 — 0, 

2. Find the medians of the triangle whose vertices are x*y\ x"y\ x'"y*\ 

Ans. (y" +y" - 2y')x- {x" + x" - 2x')y + {x" + x'") / 

~(y' + y")^' = o»&c. (68) 

3. Find the equations of the joins of the pairs of points — 

1°. (r cos <p'y r sin ^') ; {r cos ^", r sin ^") . 
Ans. cos \ (0' + ^") ^e + sin J (4> + ^")^ = r cos J (<^' - 4>"). (69) 
2°. (a cos^', ^sin^') ; (a cos^", h sin A"). 

^«j. cos \ (^' + ^") - + sin J (^' H- 4)") -^ = cos J (<^' - ^") . (70) 

3°. {acos(a + i8), ^ sin(a + j8)}; {a cos (a - i3), 5sin (a-iB)}. 

^ y 

Ans. coso- +sina T = cosj8. (71) 
a * 

4°. (fl^, 2a^); {alf^y zaif). Ans.. 2x-(t-{-t')y-{-2atf = o. (72) 
5°. {a sec ^, & tan (p) ; {a sec <f/, b tan ^'). 

^«j. cos J («^ - ^') - - sin J (4> + ^') -^ = cos J (^ + ^'). (73) 

►6°. (^ tan 9, k cot ^) ; (k tan 9', ^ cot ^'). 

^ 1/ 

^«J. ; J + —7 :^^ — -, = k. (74) 

tan 9 + tan 9' cot 9 + cot ^' ^'^' 

4. Find the equations of the joins of the middle points of the opposite 
sides, and also of the joins of the middle points of the diagonals of the 
quadrilateral whose vertices are j/y, ^'y, xf"y'\ jp""y'", and show that 
the three lines thus found are concurrent. 

21. To find the co-ordinates of the point of intersection of two 
lines whose equations are given. 

Since the co-ordinates of the point of intersection must 
satisfy the equation of each line, this problem is identical 
with the algebraic one of solving two simultaneous equations 
of the first degree. Thus the co-ordinates of the point ot 
intersection of the lines 

X y OQ y mn mn 
- +-^ = I, - + -^ = I, are ::—r-j 



m n n m m + n m + n 
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Examples. 

I. Find the co-ordinates of the points of intersection of the following 
pairs of lines : — 

1°. X cos ^ -^-y sin ^ = ^, x cos ^' -\-y sin ^' = r. 



rcosJ(^+^) rsin|(4> + »- ) 

^"^- "^ - cos i (^ - </,r -^ " cos J (^ - <^')* ^^^^ 



X y X y 

2°. - COS A + ^ sin = I, - cos 0' 4- T sin 0' = i. 

«cosi^0 + f) ^&sinjj0 + f) 
^'"•^-cosj(0-0r^-^f(0^)- <^^> 

3°, X - ty -if af^ - o, x-^fy + af^ = o. 

Arts, X = a^/', ^ = a (^ + Z'). (77) 

X ^ X "V 

2. If 1- =^ = I, — • + ^ = I be one pair of opposite sides of 

2a 2b 2a 2b' ^ ^^ 

a quadrilateral, and the co-ordinate axes the other pair; find the co- 
ordinates of the middle points of its three diagonals, and prove that they 
are collinear. 

3. Find the co-ordinates of a point equally distant from the three points 

{a cos 0, d sin 0) ; {a cos 0', d sin 0') ; (a cos <l>", b sin 0"). 
The locus of a point equally distant from 

{a cos 0, d sin 0) ; and {a cos 0', b sin 0'), 
ax bv 

ax bv 

Similarly, ^-— j- - . - / - ^ = (a^ - b^) cos J (0' - 0") 

^* cosi(0' + 0") smJ(0' + 0") ^ ' ^\Y' V ; 

is the locus of a point equally distant from 

(acos0', dsin0'); and (acos0", dsin0''). 

Hence, solving from these equations, we get 

2 A2 * 

X = — "— COS } (0 + 0') cos J (0' + 0") COS }(0" + 0), 

, . (78) 

y = -^ sin J (0 + 0') sin J (0' + 0") sin J (0" + 0) 
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*4. Find the co-ordinates of a point equally distant from — 
1°. {at^, 2af); {af^, 2af); {at"^, 2at"). 

2 

:^ = -7(^+O(^+O(^' + 0- (79) 

4 
♦2°. (asec^, Jtan^); (asec^', btajupT}; (flsec^", itan^"). 



Ans, x = 



a2 + b^ cos } (» - (p') cos J {f - 0") cos } {<!>" - 0) 



a 



cos cos 0' cos 0'' 



^ flg+&8 sin ^ (0 + 0^) sin j (f + 0'') sin j (0'^ + 

d cos cos 0' COS 0' 



. (80) 



t»» 



*3°. (i&tan0, *cot0); (>&tan^', >&cot4»'); (>&tan<^"). 
Ans, x= - (tan tan <l>' tan ^" + cot 4> + cot ^' + cot 0''), 



^ = - (cot 4> cot ^' cot <p" + tan 0+ tan ^' + tan 0") 



. (8i) 



*4°. (at COS o, * sina) ; {a cos (o + /3), ft sin (a + /8)) ; (a cos (a - i8), 
ft sin (a -i8)). 



Ans. X = cos (a-\p) cos a cos (a + J/3), 



jj/ = 



ft2~a» . 



. (82) 



sin (a - }/3) sin a sin (a + } /3) 



♦ c" 



5^ (^y), (*"/'), {x^y). 

Ans. If p', p", p"* denote the respective distances of the points from 
the origin, A the area of the triangle formed by joining them, 



X = 



I, 


I, 


I 




I, I, 


I 


A 


*", 


y" 


^A; y^ 


y, y, 


y 


f'. 


p", 


r 




f>', r, 


p'" 



-^A. 



(83) 



22. Tb ^«(/ M^ equation of the line through j//, making an 
angle ^ u;//A Ax -v By •{■ C - o. 

Let i4';r + B'y + C = o be the required line ; and since 

D 
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this passes through a/y, we have A'od + B^y + C = o. 

Hence A' {x - od) \ B' {y - y) - o is the form of the 

required equation. 

A'B - AB' 
Again, we have tan ^ = -j-^, — ^^. (Equation (51).) 

Hence A\B - A tan ^)^B'{A^B tan ^\ 

And the required equation is — 

"-^ -^.r^^x-. . (84) 



= o. (86) 



^-^tan^ ^+^tan^ 
which may be written in either of the following forms : — 

X- od y -y (^ X 

-5cos0-^sin^ -4 COS0 + -5sin0 ~ * ^ ' 

« 

i4 sin <^ - ^ cos <^, A cos ^ + -5 sin <^, o 

X, y, I 

23. If the angle ^ be right, the equation (84) becomes 

Hence the equation of the line through xfy^ perpendicular to 

Ax + By + C, is 

B{x-x')^A{y-y). (87) 

This may be otherwise proved as follows : — 

The line Bx - Ay + C fulfils the condition (53) of being 
perpendicular to Ax + By + C ; and if it pass through xy, 
we get Bx' - Ay + C = o. Hence, subtracting, we get the 
equation just written. 

24. The line through x'y', making an angle ^ with 
y = mx + 3, is 

X - x' y -1/ , , 

T—i ^ / ^ - (88) 

i+z«tan0 »i-tan^ ^ ^ 
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Cor. — ^The line through xfy perpendicular \,o y = mx -^ h \% 

Examples. 

1. Find the line through (o, i), making an angle of 30*, with x+y = 2^ 

2. Prove that the lines x -hy V3 - 6 = o, ^x -y *{^^ 4 = are at 
right angles to each other. 

3. Find the equations of the perpendiculars of the triangle whose angu- 
lar points are x'y\ x"y\ x'y\ 

4. Find the equation of the perpendicular to the line 

X cos a y sin a 

+ —r: — = I at the pomt (a cos a, 6 sm a). 

5. Find the perpendicular to 

x~y tan ^ + a tan' ^ b o, at the point (a tan'^, 2a tan ^). 
*6. Show that the orthocentre of the triangle formed by the lines 

^-^ + a/8 = o; x-fy-\-ai^ = o; Jtr - ^'^ + a/"* = o 
is the pomt -a, a{t-^f^r + tfr). (90) 

25. To find the equation of a line dividing either of the angles 
between the lines Ax + By + 6* = o, A^x + B^y + C = o, into 
two parts whose sines have a given ratio a : h. 

Let LL\ MM' be the given lines ; ON the required line. 
From any point XY on ON 
let fall perpendiculars on 
the given lines : these per- 
pendiculars will be to one 
another in the ratio of the 
sines of the angles, and will 
both be of the same sign 
(Art. 21, Cor, 2), if the origin 
of co-ordinates lies in either of the angular spaces LOM^ 

D2 
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L'OM' ; and of different signs, if in either of the two remain- 
ing spaces. Hence 

Ax^-By^ C . A'x +By^ C _ a 

^/A^ + B^ ' ^ A'^ + B*^ ~ ^' 

the choice of sign depending on the position of the origin. 
Hence the equations of the lines dividing the angles between 
Ax + By -\- C = o, A'x + B'y + C = o in the ratio a : J, are 

h{Ax^By\C) a{A'x + B'y+C) , , 

■ — = ± — ^j (9^3 

^A^^E" s/A'^^B^ 

the sign + being the proper one for one of them, and - for 
the other. 

Cor. I, — If we put 

= /, and - = tn, 



ylA^^B" ^IA'^\B'^ 

the equations (9 1 ) are transformed intOj 

l{Ax + By+C)±m {A'x ■{■ B'y + C) = o. (92) 

Now if a and b are given, / and m will be given. Hence we 
have the following important theorem : — If the equations of 
two given lines he multiplied respectively by given constants,- and 
the products either added or subtracted, the result will be the 
equation of a line dividing one of their angles into parts whose 
sines have a given ratio. 

Cor, 2, — If in the equation 

I {Ax '{'By+C) + m {A'x + B'y + C) = o, 
we put 

m 

y = X, wegetAx-^By+C + X{A'x + B'y -\-C) = o; 

and giving all possible values to X, we get all possible lines 
through the intersection of 

Ax + By-\-C = o, and A'x + B'y+C'-o; 
Compare Art. 6, Cor. i. 
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Cor. 3. — If the equations of the given lines be in the stan- 
dard form, the ratio of the sines will be the same as the ratio 
of the multiples. 

Cor. 4. — Since the line passing through a fixed point :xfy 
and the intersection of the lines 

i4a; + ^ + C = o, ^'a: + ^ + C" = o 

divides the angle between the lines into parts whose sines 
are in the ratio of the perpendiculars on them from afy'^ 
we have 

Aj(f + By + c ^ A'jd^By^a 

Hence, substituting these values in (91), we get 

{Ax-\-By-\- C){A':xf + By + C) 

-iA'x'¥By+C){Ax'+By+C) = o. (93) 

Cor. 5. — If three given lines be concurrent, viz., 

Ax-{-By-¥C=o, A'x + By+C=o, A"x^-B"y-\-C'=o, 

we see {Cor. 2) that the third must be of the form 

Ax + By+ C ■\-\{A'x + B'y -^ C). 

And, comparing coefficients, we get 

A^-XA'- A" = o, 

B^XB'^B"^ o, 

C7 + XC"-C" = o. 

Hence, eliminating A, the condition of concurrence is — 

A, A', A" 

B, B\ B" 

C, C", C" 

Cor. 6. — If the coefficients in the equations of three lines 
be such that when the equations are multiplied by any suitable 
constants they vanish identically, the lines are concurrent- 



= o- (94) 
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For if 

we have, comparing coefficients, 

\A + ^lA' + vA" = o, 
\B^li& + vB" - 0, 

and eliminating X, ^i, v, we get the condition (94) of con- 
currence. 

Examples. 

1. Find the lines which divide the angles between 

3 jp + 4^ + 12 = o, Zx + 157 + 16 = o, 

into parts whose sines are in the ratio 2 : 3. 

Ans, 51 (3^ + 4^ + 12) ± 10 (Zx + 15^ + 16) = o. 

2. Write the equations of the bisectors of the angles between 

^coso +>'sina-^ = o, ^e cos^B +^siniB -^' = 0, 
in the standard fonns. 

3. Form the equations of the perpendiculars of the triangle whose 
sides are 

Aix^-Biy-\-Ci = o,(i) ^a^+^2jK+G = o, (2) ^a^ + ^jiy+Cj,, (3)=o, 

the perpendicular on (i) must be of the form (2) - ^ (3), and the condi- 
tion of perpendicularity gives 

k = {A1A2 + B1B2) ^ {A^Ai + B^i). 

Hence the perpendicular is 

{A^i + BzBi) {A2X \B^ + C2) - (^1^2 + ^1^2) [A^ + Bzy^- C^ = o. (95) 

4. Find the equatioin of the line which passes through the intersection of 

Aix + B\y + A = o, A'i^ + Biy +6*2 = 0, 
and is parallel to A^ + Bzy +63 = 0. 

5. Find the co-ordinates of a point equally distant from the three lines 
in Ex. 3. 
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6. If the distances of a certain point from the lines 
X cos a + jK sin a —p = o, a: cos o' +^ sin a'-/' = o, jr cos a" ^y sin a" — /" = o 
be d^ d', d'\ respectively, and if 

\=p^d, \'=p'-\-d', \"=p"+d"; 
prove A sin (a - a") + X' sin (a" - o) + X" sin (a - a) = o. (96) 

♦7. If j:cosoi+jKsinoi-j^i = o, ^ cos aa+^ sin 09-/2-0, &c., 
be the bisectors of the internal angles of any pentagon ; prove 
pi sin Ai +P2 sin ^2 + . . . • +/6 sin A5 = o, where ^1 = 02 — 03+01 — 05^ 

A2 = 03 — 04 + 06 — 01, &c. 

*8. The co-ordinates of the vertices of two triangles are 

aibi, 02^2, as^a ; and cidi, Cud^y cs/ds, 

respectively ; the joins of corresponding vertices are divided similarly in 
the points (Z>, D', U') : if perpendiculars from Z>, />', Z>" on the sides of 
either triangle be concurrent, prove the relation 

d\y bi, 
d%, h, 



c\y ai, I 

^2, fls, I 
C3, as, I 



+ 



d. 



3t 



'3, 



I 
I 
I 



= O. 



(97) 



Baltzer. 

26. To find when an equation of the second degree is the 
product of the equations of two lines. 

1°. Let the equation contain only one of the variables, 
such as 

x^ - {a ^^ b) X ■{- cd>. 

Since this is evidently the product of the equations 

X - a = Oy X - b = o, 

we see that an equation of the second degree^ containing only 
one of the variables f represents two lines parallel to the axis of the 
other variable. 

2°. If the equation be homogeneous in both variables y it represents 
two lines passing through the origin. 

For example, 
^ - S^y + 6y = o is the product of {x - zy) = o, {x - ^) = o^ 
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3°. If the general equation 

ax^ + zhxy + by + igx + zfy + f = o 
denotes two lines, throwing it into the form 

we see that the second member must be a perfect square. 

Hence {J^ - ah){g^ - ac) - {gh - a/y = o, 

or ahc + ifgh - af^ - bg^ - ch^ = o. (98) 

This important function of the coefficients of the general 
equation of the second degree is called its discriminant. It 
may be written in determinant form thus : 

<iy k, g, 

h, b, /, =0. (99) 

The student should carefully commit each of the formulae 
(98) (99) to memory. The minors of the determinant (99) 
will be deftioted by the corresponding capital letters. Thus, 

A^bc^p, B = ca-g\ C=ab-h^, F^gh-af, 
G^hf-bg, H^/g-ch. 

27. If the general equation represent two lines y it is required to 
find the co-ordinates of their point of intersection. 

Let 

a^^ + 2hxy-\-by-\-2gx + 2j^ + c s {lx + my + n){l'x-\-m'y-\- n^). 

Hence, comparing coefficients, we get 

a = •//', b = mm', c = ««', 
2/"= mn' + m'n, 2g = nl' + n'l, ih = Im' + I'm ; 
and solving for x andy from the equations 

Ix + my -{■ n = o, I'x + m'y + n' = o, 
we get x:y :: i, : : mn' - m'n : nl' - n'l : Im' - I'm ; 
Hence x \ y \ i : : A^ \ B^ i C^, 

which are the required values. 
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Cor. I. — If the general equation represent two perpendi- 
cular lines, 

a + 3 = o for rectangular axes. (loo) 

a^>^h'-^h coscd = o for oblique axes. (^oO 

Cor, 2. — If the general equation represent two lines 
making an angle ^, we have for oblique axes, 



2 VA*-a3.sin<i> , . 

tan = r r . (102) 

a^-b - zh cos cd 

Hence, if J^ - ah = o, the lines are parallel. 

Examples. 

1. What lines are represented by jc* -^2 a_ o ? 

2. What lines are represented by jp« — ixy sec +^ = o ? 

3. Prove that the two lines ojc* + ihxy + ^' = o are respectively at 
light angles to the lines Jfx*" — ihxy + a^ = o. 

4. Find the angle between the lines a:^ + ihxy + ^ = o. If the 
equation represent the two lines y — tnx = o, ^ — m'x = o, w6 get 



^h\^h^-db , ^k-y/h^-ab 



tn ^ , ffi =3 



* ' ' h 



m—m' 2 ^ h^—ab 
and since tan <» = r, we have tan ^ = 7 — . (103) 

5. The angle between the lines 

(x^ +^2)(cos2 a sin2 o + sm« a) - (;if tan o -^sin 9f is a. 

6. The lines ^ + 2Jty sec 2a +^ = o are equally inclined to x-\-y=^ o. 

7 . Find the bisectors of the angles made by the lines ax^ + 2kxy+ 5^ = o. 
The bisectors of the angles between the lines y — mx = 0, y — mx* — o, 
are — 

y — mx y — m.*x y — mx y — m'x 

• + -^==z =■ O, „ z==z = O. 

V I + w* V I + »*'* V I + »** V I + »»'* 

Hence, multiplying and restoring values, we get 

h {x^ -jP) '-{a-b)xy = o. (104) 
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8. The difference of the tangents which the lines 

A:«(tan2a + cos2e) '-2xy tan0 +jK'sin2d = o 
make with the axis of x is 2. 

9. If A denote the discriminant (98) ; prove the following relations — 

a£i. = BC-I^y hL.^CA-G^, c6.=AB-H^. (105) 

10. When A = o; prove A \ B \ C \ '. -^ : — : -.=-. (106) 

1 1 . If ax^ + 2hxy + ^ + 2gx + 2fy + t s= o represent two lines ; prove 
that the lines cu^ + ihxy -^hy^ — o are parallel to them. 

12. Find the discriminant of 

(flue' + zhxy ■¥ b)^ + 2gx + 2fy + c) + X {x^ +y^ + 2xy cos »). 

13. Prove that if in the result (104) we change Xyy into 

Ai Bi 

we get the equations of the bisectors of the angles made by 

(dwp2 + 2hxy + iy^ + 2gx + 2^ + ^ = o), 

when it denotes lines. 

♦14. If the sum of the angles ^, <f>\ 4>", <i>"' be 2ir ; prove that the 
points 

{a cos 0, 5 sin ^) ; (a cos 4>', ft sin 4)') ; (acos^", ft sin ^") ; (a cos ^'", ftsin^'") 

are concyclic. 

♦15. If ^ + r + ^' + ^" = o ; prove that the points 

(afi, 2at); {af^, 2af); {a£\ 20/"); (a^"*, 2ar) 
are concyclic. 

*i6. 1i Xy y denote the mean centre of the points in Ex. 14 ; prove that 
the co-ordinates of the circumcentre are 

♦17. The points 

{Ji tan ^, k cot ^) ; (^ tan ^', k cot ^') ; (* tan ^", >& cot 4)") ; 
(^ tan ^ . tan ^' . tan ^", >& cot ^ . cot ^'. cot ^"), 
are concycUc. 
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Section II.-tTrilinear Co-ordinates. 

28. Definitions. — Let ABC he a triangle given in position 
and magnitude ; then if perpendiculars from 
any point P on the sides of ABC be denoted 
by o, Py y, a, P, y are called the TRILINEAR 
co-ordinates of p. If the point P be on 
the side BC, the perpendicular from it on 
BC will vanish. Hence, in this system of 
co-ordinates the equation oi BC will be B 
a = o. Similarly, the equations of CA, AB will be /3 = o, y = o 
respectively. The triangle ABC is called the triangle of 
REFERENCE, and its sides the lines of reference. The 
lines of reference a = o, fi = o, y = o, may themselves be 
expressed in Cartesian co-ordinates. Thus we may take 
them as abridgments for three equations of the form 
Lx+ My + N= o, &c. ; but it is more convenient to consider 
them as abridgments for three equations in the standard 
form. Thus, if the equations of BC, CA, AB be 

X cos a +y sin a-p = o, x cos ^ +y sin P -p' = o, 

X cos y -{-y sin y -/" = o, 

a = o, and ^cosa + >/sina-/ = o 

will be different modes of expressing the same thing. Again, 
if the Cartesian co-ordinates of Phe X, V, we see that 

as X cos a + l^sin a -/, P = X COS P + Y^in P -/', 

y = X COS y + l^sin y -/" ; 

and, therefore, that any equation expressed in trilinear 
co-ordinates can be transformed into one in Cartesian co- 
ordinates. 



Observation, — In these equations it will be seen that a, iS, 7 are used 
with different significations, but after a little practice this creates no con<« 
fusion. 
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2i). 1/ a line {CD) through the vertex {C) of a triangle 
{ACS) divide the base into segments ^ 

(BD, DA), whose ratio is \ ; and the 
vertical angle into segments, the ratio 
of whose sines is k ; then the ratio 
of \ \ k is independent of the line 
(CD). 

Dem. — From D let fall the per- 
pendiculars DEy DF on 'AC, CB; then we have 

\ = BD ^ DA ; k = FD ^ DK 

k FD DE 




Hence 



\ BD' DA 



= sin -5 4- sin A, 



(io8) 



Examples. 

1. Find the equations of the bisectors of the vertical angle. The equa- 
tion of any line through C is of the form a — k$ = o where k is the ratio of 
the sines (Art. 25, Cor. 3). Hence the internal bisector is a — jS <= o, and 
the external, a + 0-0. (109) 

2. Find the equation of the median that bisects AB. Here the ratio of 

BD : DA is unity. Hence X = i ; therefore k = -. — r, and the median is 

sm A 



a — 



sin^ 
sin^ 



P = o, or asin^ — i3sinj^ = Vp ^ 



(no) 



3. Find the equation of the perpendicular. Here k = cosB-^ cos A. 
Therefore the perpendicular is 

ocos^ — iS cos-5 = 0. (ill) 

Observation, — ^We may write the equations of the internal bisectors of 
the three angles of the triangle of reference, viz., 

a-/3 = 0, )B-7 = o, 7-0 = 0, in the form a = /8 = 7 ; {112) 

where, by omitting each letter in succession, we have the bisector of the 
angle between the sides denoted by the remaining letters. 

Similarly the three medians are 

asinA = fismB = ymiC, (113) 

and the perpendiculars 

a cos A = fi cos B = y cos C. (i 14) 
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.4. Three lines whose equations are in the form la. = wjS = «7 are con- 
current, and the co-ordinates of their point of concurrence are 

III / . 

I tn ft 

5. The lines la = mfi, - = — make equal angles with ^a ~ /9 on op- 

l tn 

posite sides. Hence, if three lines through the vertices of a triangle be 
concurrent, the three lines equally inclined to the bisectors of its angles are 
concurrent. 

Def. — ^The three lines which make with the bisectors of the angles of a 
triangle, on the opposite sides angles equal to those which the medians 
make, are called the symmedians of the triangle, and their point of inter* 
section its symmedian point, — M. D'OCAGNE. 

6. The three symmedians of the triangle of reference are 

a fi y 



wiA SVD.B sin C 



(116) 



7. If the three lines -a = -i8=T 7 meet in O, and the three lines 

c a o 

c d h 

-o=-i8 = -7 meet in (7, prove that the six angles OAB, OBC, OCAy 

oca 

OB A, (yCB, CfAC, are all equal. — Brocard. 

Def. — ^The points Oy (y are called the Brocard points^ and any'of the 
six angles OAB, &c., the Brocard angle of the triangle. 

8. Prove that the co-ordinates of the— 

I*. Circumcentre are cos^, cos^, cosC, •^ 

2^ Orthocentre „ sec^, secj?, sec C, 

3°. Centroid |, cosec^, cosec^, cosecC, 

4°. Symmedian point „ sin^, suij?, sinC, 

c^ a b 
c a 



5°. Point O „ ^; -, -, 



^^ ("7) 



6°. Point a 



b c a 

'' ? a' b 



7°. Centre of inscribed circle are i, i, i. 

9. If the Brocard angle be denoted by a, prove 

cot o = cot-4 + cot^ + cot C. 

10. If the perpendicular erected to the base AB of a triangle ABC^ at 
the foot of the symmedian line CSy meets in the points A\ B the perpen- 
diculars at A, B to the sides AC^BC\ prove AA .BB'iiAC^i BC^.-^ 

M. D'OCAGNE, 
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30. Def. I. — If a line AB he divided in C into segments whose 
ratio is X, and in D into segments whose ratio is X', then the ratio of 
\ : X' is called the anharmonic ratio of the four points AyB,C, D. 

In the special case in which X = - X', that is, when AB is 
divided internally and externally in the same ratio, AB is said 
to be divided harmonically, and the points C, D are called 
harmonic conjugates to A and B. 

Def. II. — If an angle AOB be divided by a line OC into seg- 
ments whose sine-ratio is k, and by a line OD into segments whose 
sine ratio is ^, the ratio k : k! is called the anharmonic ratio of the 
pencil {O.ABCD\ consisting of the rays OA, OB, OC, OD. 
The rays OC, OD are called conjugates to OA, OB, 

In the special case where k^-k , {O . ABCD) is called 

a harmonic pencil. 

Observation, — The function of the segments of a line made by four points, 
which we have called their anharmonic ratio, has received different names 
from Geometers. Mobius calls it the double ratio (doppelverhaJtniss), 
Chasles, the anharmonic ratio, and the late Professor Clifford, the cross 
ratio of the four points. Chasles' nomenclatrue, although perhaps the least 
appropriate, is almost universally adopted. 

'^i. If a segment PQ be divided in the points A, B, C, D 
in the respective ratios p A "B r T> n 

a: t, b: 1, c: 1, d: I, ' ' ' ' ' ' 

the anharmonic ratio {ABCD) is independent of PQ, 

PQ 

Dem. — Since PA\AQ\\a\\, we have AQ= — ^ ; simi- 
larly ^0 = 4t-' Hence ^^^ /^-y^ aSd we have 
^+ I (fl + i)(3+i) 

corresponding values for the other segments ; therefore 

AB,CD {d-b){e-d) 
AD.BC {a'-d){b-c)' 
32. The anharmonic ratio of four collinear points A, B, C, D 
is equal to the anharmonic ratio of a pencil of rays (O , ABCD) 
passing through these points. 

Dem.— Let the ratio AC\CB^\, AD.DB^W, €mAOC 
: sin COB = k, sin AOD : sin DOff = J^ ; then Art. 29, 
X : X' : : ^ : ^. Hence the proposition is proved. 
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'^l. If OPy OQ he two lines whose equations in the standard 
form are a = o, fi = o, and if OA, OB^ OCj OD he four rays 
passing thoough O, whose equations are a-kfi = o, a - k'fi = o, 
a - k^'P = o, a - kf"P = o, the anharmonic ratio of the pencil 
{O.ABCD) is independent of a and /3. 

Dem. — Draw any transversal cutting the pencil in the points 
A, B, C, D. Then, if PQ be divided in A, B, C, D in the 

ratios ^z : i, 3 : i, &c., we have k^a—. — 7,(Art. 29), &c. Hence 

sin Q 

{k-k'){k!'-Iif") (a-h)(c^d) ^ ^ . ^. ,^^^r.^ 

= the pencil {0 . ABCD). 

Examples. 

1. If two different transversals cut the same pencil, their anharmonic 
ratios are equal. 

2. If two equal anharmonic pencils have a common ray,, the intersections 
of the remaining three homologous pairs of rays are collinear. 

3. l£Fy G, Bhe three fixed points on a segment, A, B, C, D four other 
points on the same segment, such that the anharmonic ratios (FGHA)^ 
(FGHB), (FGHC)y {FGHD) are respectively equal to a, iS, 7, 5, prove 

that (ABCD) = ^r^\^r'l 

4. If the positions of four points A, B, C, ^on a segment PQ be de- 
noted by the ratios a : i, d : i, c: i, x:i \ and the positions of four other 
points A'y B', C, X' on another segment P'Q by the ratios a' : i, &' ; i, &c. ; 
then if (ABCX) =^(A'B' C'X'), prove that x, x* are connected by an equa- 
tion of the form 

jf^c' - /j: - /njc' + X = o. (118) 

Dem. — ^From the hypothesis we have \ '-^ - \-, — 4rrrt ;\> 

■"^ {p.-c){f> — x) (a — (f) (b - xy 

which, cleared of fractions, gives the required equation. 

5. If two variable points on two different segments be connected by the 
equation (118), prove that the anharmonic ratio of any four positions of 
one of them is equal to the corresponding anharmonic ratio of their four 
homologous positions of the other. 

6. If three sides of a variable triangle pass through three collinear points, 
and two of its vertices move on fixed lines, the locus of the third vertex is a 
right line. 
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34. The equations of any four lines, no three of which are 
concurrent, are connected by an identical relation — that is, the 
equation of any one can he expressed in terms of the remaining 
three, 

Dem. — Let the four lines be 

<? ^ ^1^ + ^siy + ^3 = o, 
H= hiX + h^ +^3=0, 
K = kiX + k^ + ^3 = 0, 
L = lix + l%y •{■ h - o. 

Now we can always determine four multiples a, b, c, d, such 
that the three following relations will be satisfied 

agi + bhi + cki + dli = o, 
ag2 + bh^ + ck^ + dl2 = o, 

agz + bhz + ckz + dl^ = Op 
Hence, for these multiples, 

aG + bir+ cIl-¥ dL 3 o, 

which is the required identical relation. 

This proposition may be stated and proved differently, 
as follows : — 

■^ tt, /3, y he any three lines form- 
ing a triangle A, B, C, the equation 
of any fourth line {DF) is of the 
form la. + mp + «y = o. 

Dexn. — Join CD. Now since 
CD passes through the intersec- 
tion of a and /3, its equation is' of ^ 

the form /a + /wj8 = o (Art. 25) ; and since Z?i^ passes through 
the intersection of la + mp = o and y =^ o, its equation is of 
the form la + mP + «y = o. 

35. Def. I. — The figure formed by four right lines produced 
indefinitely is called a complete quadrilateral. 
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Def. II. — The triangle formed hy the three diagonals of a com- 
plete quadrilateral is called its diagonal triangle, — (Cremona.) 

Def. III. — The triangle whose vertices are the intersection of 
two diagonals and the extremities of the third diagonal is called the 
harmonic triangle of the quadrilateral, — (Sequel to Euclid.) 

Def. rv. — Two triangles which are such that the lines joining 
their vertices in pairs are concurrent are said to be in perspective ; 
the point of concurrence is called their centre of perspective, 

36. If thee quations of the sides of a complete quadrilateral be 

la + mP + «y = o, ( i) J 

mp + «y - /a = 0, (2) Xn\ 

/a-OT/3 + «y = o, (3) / l\ \ 

la^-mfi-ny- o, (4) X I n \ 

prove that the triangle of h^:::^^^LjdjS!^^^\. 

reference is its diagonal tri- r'j)/ J^^^^^^f^^^^^^^^ 

angle. /^..--^li^^^-^^''''^^^ \ ^ 

Dexn. — By subtraction .^^^^^^'^ ^^N^ \ 

of (i) and (2), and addi- ^A 

tion of (3) and (4), we see that a passes through the inter- 
section of (i) and (2), and also through the intersection 
of (3) and (4). Hence a = o is one of the diagonals. Simi- 
larly j8 = o, y = o are diagonals. Thus in the annexed diagram 
let LKHG be the quadrilateral ; then if the sides taken in 
order be (i), (2), (3), (4), the equations of the sides of the 
diagonal triangle -ffC-4 taken in order are, a= o, /3 = o, y^= 0. 

Examples. 

I. The equations of the sides of the harmonic triangle IJB are 

/a + «7 = o, /a - «7 = o, and jS = 0. 

For la + ny = o evidently passes through By which is the intersection of 
a and y ; and by addmg the equations (i) and (3), we see that it passes 
through /. Hence /o + wy = o is the equation of BJ. Similarly la-ny^o 
is the equation of BI. 

E 
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2. The sides of the harmonic triangle taken in pairs form harmonic 
pencils with pairs of opposite sides, and also with the diagonals of the 
complete quadrilateral. 

For the lines /a + «7 = o, la — ny = o form a harmonic pencil with 
a and 7, (Art. 30, Def. ii.) 

3. The diagonal triangle is in perspective with the triangle formed by 
any three of the four sides of the complete quadrilateral. For the joins of 
the points A, By Cwith the points G, /, ^are 

mfi — »7 = O, ny — la = O, la — fnfi = o, 

which are concurrent. 

4. If the multiples /, w, « be variable, then the sides of the quadrilateral 
will vary in position ; prove that if one of them passes through a fixed 
point, each of the others wiil pass through a fixed point. 

5. If /, Tfif n be respectively equal to sin A, smBj sin C; prove that the 
lines (2), (3), (4) will each bisect two sides of the triangle of reference, 
and that (i) will represent the line at infinity. 

6. If two triangles be such that the points of intersection of correspon- 
ding sides are collinear, the triangles are in perspective. 

For if one be the triangle of reference, and the line of coUinearity be 
la + mb + «7 = o, the equations of the three sides of the other triangle 
will be of the forms 

^o + mfi-\- ny = 0, /a + w'/3 + «7 = o, la + mfi + n'y = O ; 
and taking the differences of these in pairs, we get the concurrent lines 

(l-^)a={m-m')fi = {n- n") y, 
which are evidently the joins of corresponding vertices. 

Def. I. — Tke line of coUinearity of the points of intersection of the 
corresponding sides of two triangles in perspective is called their axis of 
perspective, 

Def. II. — The centre of perspective of the diagonal triangle and the 
triangle formed by any three sides of the complete quadrilateral is called 
the pole of the fourth side with respect to the diagonal triangle, 

7. The co-ordinates of the poles of the four sides of the quadrilateral 
are — 

III III III III 

I m n I m n I m n I m n 

8. Being given the pole of a line with respect to a triangle, show how 
to construct the line ; and, conversely, being given a line, show how to 
find its pole with respect to a given triangle. 
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37. A notation has been devised by Professor Cayley, 
which has the advantage of abridging long expressions. 
Thus an expression such as ao^ + '^hx^y + icxy^ + ^ is de- 
noted by (a,3,f,</)(A:, j/)^, andaa:*+3y + f0*+ 2/V0+2^TB;t:+ xhxy 
by {a, b, c,f, g, h){x,y, zf. 

38. If the general equation (a, b, c,/, g, A) (a, p, y)' = o tn 
trilinear coordinates represents two right lines, it is required to 
find the conditions of parallelism and perpendicularity , respectively. 

1°. Parallelism. — Let the given equation be transformed ta 
Cartesian co-ordinates by the substitution oix cos a+>/ sin a-/ 
for a, &c. {see Art. 28) ; if the result be 

{a\b\d,f,^,h'){x,y,iJ^o, (i) 
by equating coefficients, we get 

fl'= (j, 3, f,/, ^, A)(cosa, cosjS, cosy)', 

b' = {ay by Cy/y gy A) (sltt o, siu ^, sin y)', 

A' = a sin a cos a + ^ sin P cos/3 + ^ sin y cos y +/"sin {fi + y) 

+ ^sin (y + a) + A sin (a + /3). 
Hence a'V -h*^ = {AyBy C, Fy (?, H) (sin Ay sin By sin C)\ 

where sin A, sin By sin C are the sines of the angles of the tri-> 
angle of reference, and the coefficients Ay By &c., are the 
minors of the determinant (99), Art. 26, 3°. 

If the equation (i) represents two parallel lines, a'b^- A'* = o, 
Art. 27, Cor. 2 ; hence the condition that (a, by Cyfy y, ^)(a, )8, y)' 
represents two parallel lines is 

AyByCyFiGyH){€xviAy €\n B y sinC)'*, or saytf = o. (119) 

Cor. — ^The equation S = o may be written in determinant 
form thus : 



<i. 


h, 


g^ 


sin^, 


K 


h 


/, 


%\ViBy 


g* 


/, 


c, 


sin C, 


sin^, 


sihj9. 


sin C, 


0, 



= o. (120) 
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2°. Perpendicularity. — By addition we get 
a'+3'=:a + ^ + r+ z/cos (fi-y)+ 2g cos (y- a) + 2A cos (a-^), 
or a' + b'= a+b + c-.2/cos A - zgcosB-zh cos C 

Hence, Art. 27, Cor. 2, the required condition is 

a + ^ + f-2/cos-4 -2y cos-ff-2AcosC or say ff=o. (121) 

39. u5^ /he equation {a, d, c, /, g, h){a, P, yY = o represent 
two lines, it is required to find the angle between them. 

If we transform to Cartesian co-ordinates, so that the point 
of intersection may be the new origin, we have identically 

(a, b, €,/, g, h){a, P, y)« s ky(j^ - ^ tan 4>), 

and, applying the results of Art. 38, 

a'b'-h'^=0, a' + b'^e^; 

but in the transformed equation 

a' =0, b'=^ k, h*-- \k tan ^. 

Hence k^ff, and-^l^^ = tf; 

4 

and, eliminating k, we get 

tan'^^-"!^. (122) 

Cor. ^^^"^"ffrrZff ^"^^ 

Examples. 

1. Find the condition that /a + mjS + ;f 7 = o, l'a-\- m'fi + n'y = o, shall 
be at right angles to ^ach other. 

Ans. I (/' — m' cos C— n* cos B) + m (m' — n' cos A^T cos C) 

+ «(«'-/' cos -ff-m' cos -4) =0. (124) 

2. Find the condition that la + m$ + ny = o shall be perpendicular to 
7 = 0. Ans, n tas m cos A ■\- 1 cos^. (125) . 
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3. Find the equation of the perpendicolan to the sides of the triangle of 

reference at their middle points. 

Ans, asin^ — i3sini9 + Ysin(^-^. 

4. Find the aii^le between /a + m3 + ^Y - o, Vn + W/B + »'7 s o. 

Here - tf = J {(/»«'- «'«) sin-4 + {nl'^n'l) sin^+ {lm*-Vm) sin C}2, 

9'=ll' + mm'+nn'-{mn'-^m'n)c03A--{nl''{-f/l)cosB''(lm'+Fm)}, 
Hence 

{mn' - m'n) sin ^ + («/' - w'/) sin jg+ (fa>' - /'m) sin C 

^^ Z/'+i»»»'+«« -(wn'+i»'«)cos^-(«/'+»7)cos-ff-(/w'+ rm)cos^' 

(126) 

Hence, if the lines are parallel, the numerator of this fiiaction vanishes ; 
and if perpendicular, the denominator vanishes. 

The condition of parallelism maybe obtained more simply as follows : — 
If the given lines be parallel they will meet on the line at infinity, that is, 
onasin^ + jSsin^+Ysin C=o, for which the condition is expressed by 
the equation 

/, m, n, 

1% m\ n\ =0, (127) 

sin^, sin^, sinC, 

which is the same as the foregoing. 

5. Find the equation of the perpendicular through a'P^'/ to the line 

la + m^ + ny. 

Let the required equation be Va + m'fi + n'y =0. Then, since it pas^s 
through a/8V> ^^ bave /V+ w'i9'+ »'y =0, and the condition of perpen- 
dicularity (Ex. i) is 

r(l—m cos C—ncosB)+m\m~lcos C-ncosA)-\-n'{n—m cosA-lcosB), 

Hence, eliminating /', m\ n', we get the determinant 

a, a\ I -mcosC-ncosB, 

fi, fi'f m- n co^A - 1 cos C, =0. (128) 

7, 7', n — l cos B —m cos A, 



6. Find the line through affy' parallel to la -^ m$ + ny ss o. 

a, a, j» sin C — « sin B, ! 



Ans. 



», 


ff. 


n sinA — /sin C, 


7, 


y% 


lwa.B ^m^D.A^ 



= 0. 



(129) 
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♦Def.— ^ line DE cutting the sides CA, CB of the triangle of reference 
in the points D, Ey so that the triangle CDE is inversely similarly to CBA^ 
is called an antiparallel to the base. — ^Lemoine. 

7. Find the condition that la + m$+ ny may be antiparallel to y . If ^ 
be the angle between la + m^ + ny ss o, and 7 = 0, 

m sin^ — / sin ^ .^ 

tan^ = ;j — (Ex. 4) ; 

n — m cos A — I cos B 

but if /o + »ij3 + »y be antiparallel to 7, - ^ = (^ - B). 

msinA — I siaB 



Hence 



-tan(^-^) = 



(130) 



n — tn cos A —l cos B* 
and reducing, we get 

/sin^^msin^ — ftsin(^— B), 

iBehich is the required condition. 

8. Find the equation of the line through the symmedian point anti-^ 
parallel to the base. 

an Ay siaB, sinC, 

smAy —sin B, - sin (^ - B)y 



Ans, 



= o, (131) 



or. 



a sin ^ cot ^ + /3 sin^ cot ^ = 7. 



(132) 



9. If through the symmedian point of the triangle of reference three 
antiparallels to the sides be drawn, they meet the sides in six points equally 
distant from the symmedian point. 

' ' 10. Find the equations of the perpendiculars of the triangle whose sides 
are the lines 

ha + miQ + niy = O, ^20 + m^fi + n^y = o, ha + m^fi + n^y = O. 

The co-ordinates of the points of intersection of (2) and (3) are the three 
determinants 



W2 ^2 




«2 h 




h ^2 


W3 «3 


> 


nz h 


» 


h ^3 



Denoting these by Z, My Ny and substituting for a , jS', y in Ex. 5, we 
have the equation of one of the perpendiculars ; and, interchanging letters, 
ve get the others. 
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II. Find the equation of the line through the middle point of BC^ 
parallel to the external bisector of the vertical angle (see Ex. 6). 



Ans, 



a, o, sin C — sin ^ 

iS, sin C^ sin A 

7) sin ^, - sin ^ 



12. Find the length of the perpendicuiar from o'/3V on 
la. + wjS + wy = o. 

/o' + mff + ««/ 



Ans, 



V P + m^-\- 1^ - imn cos A — 2nl cosB— 2lm cos 6" 



(133) 



40.. To find the equation of the join of the points a')8'y', a"j8'V'. 
If /a + m^ + »y = o be the required line, since it must pass 
through the given points, we have 

/a' + mp! + «/ = o, /a" + m^' + ni' = o. 

Hence, eliminating /, fw, «, we get 



a 



.// 



A 


y. 


/3'. 


7'. 


/3", 


y". 



= o; 



(134) 



or La + .^!/j8 + Ny = o, which is the required line. 

It may be seen otherwise that ( 1 34) is a line through the 
given points ; for it contains a, jS, y in the first degree, and 
is therefore a right line ; secondly, if for a, ^, y be sub- 
stituted the co-ordinates of either of the given points, 
the determinant will have two rows alike, and therefore 
vanishes identically. Hence the line passes through the 
given points. 

41. It is easy to see that the coefiicients Z, My N are 
equal to twice the areas of the triangles formed by the given 
points a'/Sy, a"/8"y", and the vertices of the triangle of tri- 
angle of reference^ multiplied respectively by sin A^ sin B^ 
sin C (see Art. 3) ; but these triangles having a cortimon 
base (the join of a'^Sy and a")8'Y0 ^^® proportional to the 
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perpendiculars let fall on Ihem from the vertices i4, B^ C. 
Hence we have the following theorem : — If X, /a, v he the 
perpendiculars from the angular points of the triangle of refe- 
rence on any line, the equation of the line may be written in 
the form 

(X sin -4) a + (/A sin B)P + (y sin C) y = o, 

or Xaa + /xbp + vcy = o. ('35) 

42. If in equation (135) we write a for aa, ^ for bp, 
y for cy, it is evident that the new co-ordinates of any point 
on the line will be proportional to the areas of the triangles 
formed by joining that point to the angles of the triangle 
of reference. These are called areal co-ordinates. Hence we 
infer the following theorem : — If in the equation Xa+/Ji)8 +17=0, 
a, Py y denote areal co-ordinates, X, /x, v are proportional to 
the perpendiculars from the angular points of the triangle on the 
given line. 

Examples. 



I. The point whose co-ordinates are a' + )&o", &-\-kff'y y' + Wt is 
coUinear with the points a'ffy\ a"fi"y'\ 



2. The determinant 



h, c. 



= 2A(a'-a'). 



(136) 



For 



by c, 

My Ny 



o, -c. 



Jl 



J8", 



7. 



I 

c 



o, 



a", 



-Cy O, 



/8', 2A, 
/8", 2A. 



3. Find the equations of the joins of the following pairs of points : — 

1°. Orthocentre and centroid. 

Ans, o sin 2^ sin (-ff - C^ + /8 sin 2-ff sin (C - ^) 

+ 7 sin 2 d7 sin (^ - -ff) = o. (137) 
2°. In -centre and circumcentre. 

Ans, a (cos B — cos C) + fi (cos c — cos A) 

+ y (cos A - cos B) = o. (138) 



= o. (141) 
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3**. Circomcentre and symmedian point. 

Ans. osm(^-C) + iBsin(C--4) + 7sm(^--ff) = o. (139) 

4°. The Brocard points O, (7. 

Ans, -(a*-ja^) + ^(M-Ai2>+ ^ (^-fl2d2) = o. (140). 

4. Find the equation of the parallel through a'0y' to the join of 

^«j. o', js*, y, 

a"-«- /3"-/8'", y-y", 

5. Prove that the join of the orthocentre and centroid is perpendicular 
to the line a cos -4 + /S cos ^ + 7 cos C = o. 

6. Prove that the join of the circumcentre and the symmedian points is 
perpendicular to the join of the Brocard points. 

7. Prove that 

2 A 5: V j^d^ + ij?b^ -Y vH^ - ibcikv cos A — zca vK cos B— labXfi cos C. (142) 

For, denoting the perpendiculars of the triangle of reference by Pj q^ r, 
and the radical by n, we have, letting fall from A — that is, from the point 
poOf a perpendicular on the line (135), 

A = — ^. Hence ap = n, that is, 2A «= n. 
n IT y y 

8. Prove that 

2A = VflMA.-/*)(A-v) + *^(M-v)Gu-A) + ^(v«A)(v-M). (143) 
Substitute, in Ex. 7, for 2bc cos A its value, b^ ■\' (^ — a', &c. 

9. Prove 

^ + ^; + ^.J^)cOS^-2f^)cOS^-2^COS^=I. (144) 
^ q* f» \qrl \fpj pq 

le. Find the condition that the points ^flf\ o"/3'y ', may subtend a 
right angle at a^y. 

Ans. a» {ffff* + 7 V 4- 08 V' 4- ^"7') cos A } 

-aiB{rt')8"+a"i8'+{7'x"+yV)cos^+(j8'7"+8'V)cos^-27'y'cosC} 
+ two similar expressions got by interchange of letters = o. (145) 
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43. To find the distance 8 between two points ai)8iyi, 02)8272* 
From the given points draw perpendiculars to the sides 



¥jko,o) 




{0,(1,0) o^ {0.0,7)0 



ABy A Cy and from OiP^y^ draw parallels to ABy A C ; then^ 
denoting the distance MN by /, we have 

S^sinM =P = (Pi- A)» + (n - 72? 

+ 2 ()8i - j8a)(yi - ya) cos A. (i) 

Again, evidently, 

a{ai - 03) + ^()8i - P2) + ^(yi - 72) = o ; 
therefore 

«*(ai-a2)»=^(/Jx-A)'+^(yi-y2)'+2(A-A)(ri-r2). (2) 

Hencej eliminating (Pi - fi2)(yi - y^) between (i) and (2), we 
see that 8* is of the form /(ai - 02)' + »i ()8i - ^2)^+^ (yi - y2)', 
where /, my n are constants to be determined. For that 
purpose, suppose the given points to be in succession 
By C ; C, A ; Ay By and we get the three equations 

a^ = mq^ + nr^ ; ^ = nr* + Ip^; ^ = /^* + mq^ ; 

32 + c* - tf » 



therefore 
therefore 


J be cos A 


- = be cos A ; 
sin 2A 



p^ 2 sin A sin -5 sin C 

and similar values for m and n. 
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Therefore 



2 sin A sin ^ sin C 



{ (ai - 02)'* sin zA + ()Si - JS2)* sin 2^ 
+ (yi-y2)'*sin2C). (146) 



Examples. 



I. Prove 



5 = — — — (147) 



asin^-hiS sin^ + 7 sin C 



2. Prove 
dbc 



52 = -— 3 {a(i3i-i38)(7i-72)+ft(7i-72)(ai-a2)+t(ai-a2)(/3i-/32)}. (148) 



44. To find the area of the triangle whose vertices are the points 

If the axes be oblique, the area of the triangle formed by 
the points x'/, od'y", ody" (Art. 4), is— 



sin (0 






4/ 1/' 1/" 



I, I, I. 



But taking as the oblique axes the lines a = 0, fi - o, we 
evidently have 

sin 0) = sin C, ^ sin w = a', ^ sin cu = ^', &c., 



A = 



cosec C 



a , a , a , 



i8'. r. r, 



I. I, I. 



cosec C 



a , a , a , 



O, O9 O* 



Now taking 5" = a sin ^ + jS sin -5 + y sin C, we get, dimi- 
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nishing the last row by the sum of the first multiplied by 
sin Ay and second by sin By 



A=: 



2^ 





a'", 


/8', /3", 


r, 


y, y. 


i". 



(149) 



Observation, — For shortness of notation, determinants such 
as (149) are written in the form (a'jS'V'O* ^^d the area may 
be written thus : 

Or thus : — ^Writing the equations o = o in Cartesian form, 

X cos a +jf sin a -/ = o. 
By multiplication of determinants, we hav< 



a , a , a , 



i^', ^\ r> 



Therefore 






y",y", I, 



area = 



cos a, sin a, -py 
cosjff, sinjff, -/', 
cos y, sin -/, -/', 

2^ • 



= 2^5'. 



(ISO) 



Cor, I. — If a', jS', y', &c., be not the actual lengths of the 
perpendiculars, let them be 

{mWy m'Py m'i) ; (;» V, m"P\ m'Y) ; (»*'V", m'"/8'", »*"V"X 



and we get 



area = 



Tn!m"m'" 



zS 



(a'iS'Y"). 



(151) 



C(?r. 2. — ^To find »z', m!'y m'". We have in this case 
m'a' sin -4 + m!p^ sin -ff + /»y sin C = S. 



Hence 



»i' = 



Cor, 3. — 



a' sin ^ + /3' sin i? + y sin C 6"' 
^•^(a'/JY") 



= TF' (152) 



2 area = 



^y/^//, • 



(153) 
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Examples. 

1. Find the value of m for the symmedian point sin A^ sin By sin C. 

Am. m = '. . . ' .op r-rr:,. (154) 

2. Find the vialue of m for the circmncentre. 

Ans> m = -: : : --. ficc\ 

sin 2-4 + sm 2^ + sin 2C ^ ^^' 

3. Find the value of m for the Brocard points. 

_ cosec^ coseci?cosec ^7.5 

" cosec'^ + cosec'^ + cosec*C* v 5 > 

4. Find the value for the orthocentre -.. =, . 

cos^ cos-ff^ cos C 

<g 

Ans. m^' -z — 7 = — - — —. (iS7> 

ton-4 + tan^+tanC ^ ^"^ 

5. Find the area of the triangle formed by the lines 

Solving between the second and third, we get the co-ordinates of their 
point of intersection proportional to the minors Li, Mi, M of the deter- 
minant {hminz)* Hence, equation (153), the area 



{Lj^amA+MiUnB+Nj^smQiL^iiaA+MasmB+N^smQiLssiaA+JIft^vciB + JV^smC) 

(iS«) 

6. The area of the triangle of reference is equal to 

{/sin (a^-a'')+/ sin (a"-a)+/'^ sin (a-aO}« 

2sin(a-a)sin(a'-a")sin(a"-a) * ^^^^' 

7. Find the area of the triangle formed by x cos a+^sina-/so, and 
the line pair ax* + 2hxy + b}^ = o. 



Ans. Area = — ^-r ^— ; , , . » * \^^) 

fl sm*a - 2A sm a cos o + & sm*a 
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Section III. — Comparison of Point and Line 

Co-ordinates. 

45. Def. — The coefl5cients in the equation of a line are 
called line co-ordinates^ Because, if the coefficients be known 

X V 

the position of the line is fixed. Thus, let — + "V - i = o be 

a 

the equation of a line ; then, putting — = «, - - = z/, we 

get xu->t yv -^ \ -o. (161) 

In this equation «, v are called line co-ordinates^ and x, y 
point co-ordinates. If x^y be fixed, and a, v variable, we shall 
have different lines, but each shall pass through the fixed 
point {xy\ Thus, if xy be the point {aV) ; then, in Modern 
Geometry, the equation 

au + bv + I = o (162) 

is called the equation of the point (ab), and the variables u, v 
are the co-ordinates of any line passing through it. Hence 
we have the following general definition : — The equation of a 
point is such a relation between the co-ordinates of a variable line 
which, if fulfilled, the line must pass through the point, 

46. The equation (161) expresses the union of the positions 
of the point and the line, in other words, it denotes that the 
point is found on the line, or what is the same thing, that the 
line passes through the point. And since it does not vary, if 
we interchange u, v with x, y, we have the following impor- 
tant result : — In the equation which expresses the union of the 
positions of the point and the line, point and line co-ordinates enter 
symmetrically. The point therefore enjoys in the geometry of 
the line the same role which the line does in the geometry of 
the point. 

47. The following examples will illustrate the reciprocity 
between both systems of co-ordinates : — 



•y 
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Examples. 

i"*. Take the general equation. 



Equation of the line, 



Equation of the point, 



we shall have — 



For the line co-ordinates, 
A B 

2°. Let there be given 
Two points, 



For the point co-ordinates, 
A B 



Two lines, 



we shall have- 



For the equation of their line con- 
nection, called the join of the two 
points. 



jt 



yy 


I, 


y, 


I, 


y, 


I, 



= 0. 



For the equation of their point of 
intersection, called the join of the 
two lines. 



Us 



u 



u 



tt 



V, 



V 



V 



I, 

I. 



= 0. 



The results and the operations which lead to them are the same in both 
<:ases. The significations of the variables only are different since the de- 
terminants will be satisfied if we put • 



x = lx'+ mx", 
y = iy+ my", 
1 =l-\- tn. 



usslt4f+ mu", 
V = Iv' -^^ mif* , 
I = / + w. 



For, in fact, they are the results of eliminating /, m, i. Between these 



tn 



Iwo systems of equations, we shall have, putting A = — , 



y = 



x'-\-\x! 
I+A 

y+xy 



It 



fi 



I +A. 

Supposing A variable, these two 
equations represent the co-ordinates 
of any point of a row by means of 
two special ones. Jt is the most 
genertU representation of a line as 
the base of a row of points^ Com- 
pare Art. 6, Cor. i. 



u = 



u' + xu" 
I+A. 

7f + KV" 



I +\ 

Supposing \ variable, these two 
equations represent the co-ordinates 
of any ray of a pencil by meai^ of 
two special rays. It is the most 
general representation of a point as 
the vertex of a pencil of rays. Com- 
pare Art, 25, Cor^ 2. 



Abridged from Clebsch 'Vcrlesungen uber Geometric.' 
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Exercises on the Line. 

1. Find the equation of the line joining the origin to the intersection of 

X y X y 

-+•^-1 = 0, -5+^=1. 
a o a o 

2. Find the line through the intersection of {x - tf) and (jc +^+ a) = o^ 
and perpendicular to the latter. 

3. Prove that zx^ + ycy — 2y® — 8jp + 4y = o denotes two lines at right 
angles. 

4. The opposite pairs of sides of a parallelogram are jc*— 5jp + 6 = o and 
^2- 13^ + 40 = o; find the equations of its diagonals. 

5. Find the area of the figure included by the four lines 

X ± y = a, X ± y = b, 

6. Find the area of the triangle whose angular points are the origin and 
the feet of perpendiculars from the origin on the lines 

X y X y 

7. If X=o, Z'aO be two parallel lines, prove Z + Z' = o is midway 
between them. 

8. If asQ, i3=o, 7=0, 8s=o be the four sides of a quadrilateral,, 
a, hy c, d their lengths, prove aa — hfi + cy — d9 bisects the diagonals. 

9. Find the locus of a point, the sum of whose distances from the sides 
of a given polygon is constant. 

10. Find the locus of the intersection of the diagonals of the quadri- 

X y X y 
lateral formed by the axes and the pairs of lines -+t— '» 1--^— it 

if X be supposed to vary. 

11. Find the equations of the line which is the join of the intersections*of 
the transverse and direct joins of the pair of points where x^ + igx + f = o 
meet the axis of ^ with the pair where^ + 2fy + r= o meet the axis of^. 

12. Prove that the lines represented by x^ — ^ — dy^ -{-ix^y-^- 1 = 
include an angle of 45^. 

13. If -4, Bf C; A', B', C be two triads of points on two lines inter- 
secting in 0\ then if the anharmonic ratios {OABC)^ (OA'BC) be equal, 
the three lines AA', BB\ CC joining homologous points are concurrent. 
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14. Find the equation of the parallel to a through the centre of any of 
the escribed circles. 

15. Find the equation of the parallel to a cos A — fi cos B=o through 
(sin^, sin^, o). 

a, sin^, cosB^ 



Ans, 



0, sin A, cos A, 



% o, I, 

16. Prove that the join of (i, i, i) and (cos(^ — C), cos(C-^), 
cos {A - B)), is perpendicular to 

aa b$ cy 



b — c c — a a — b 

17. Prove, by the properties of a harmonic pencil, that 7 is parallel to 

a sin^ + i3 sin ^ = o. 

18. Prove that the triangle whose sides are 

a+«i3 + — , i8 + /7+- = 0, 7 + ma+-r = 
tn n I 

is inscribed in the triangle of reference. 

19. If O be the circumcentre of the triangle of reference, and AG^AH 
be parallel to BO^ CO respectively, prove that their equations are — 

for AG, ficosC+ycos{C-A)=o; for Aff, ficos{A-B)-\-ycosfi=o. 

20. Prove that the locus of the mean centre of the points, in which paral- 
lels to la + mfi + ny = meet the sides of the triangle of reference, is 

^ + ? + 1 ^^=0. (163) 

m sin C — n sio. B nsiaA — lajiC IsmB—msmA' 

Def. — The line (163) is called the diameter of the triangle with respect 
to the line la + mj8 + «7 = o. 

21. Find the equations of the parallel to the sides of the triangle of 
reference drawn — 1°. through the incentre ; 2**. the drcumcentre ; 3**. the 
symmedian point. 

22. If on a variable line drawn through a fixed point O, meeting n fixed 
lines ia the points R*y R", . . . i?H a point R be taken such that 

6r' oF+ oi^"- O^' tl** locus of i? is a right line. 

23. Find the length of the perpendicular from (i, i, i) on 

aa b0 ey 



b—c c—a a—b 
F 
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= o makes with the lines ax^ + 2hxy + hy^ = o is 



24. Prove that the area of the parallelogram whose sides A;r + /uy + 8 = o 
and \'x-\-fiy ± 5' = o is 488' -^ (\/i' - x'fkY. 

25. If aifiiyiy 02)8273 be the areal co-ordinates of two points /*', P", 
and if 0102 = i8ii32 = 7172 J prove, if we join these points to the three ver- 
tices, that the lines thus obtained cut the opposite sides in points that are 
symmetrical with respect to the middle point. 

26. If three concurrent lines be drawn through the middle points of the 
sides of a triangle, three parallels to them through its vertices will be con- 
current. 

27. If Xo + /ui3 + ry = o meet the sides AB, AC in. the points D, Ey 
and if C7 be the middle point of DEy the equation of OA is 

(^ sin ^ ^ X sin ^))3 + (A sin C - y sin ^) 7 = o. 

28. Prove that the sum of the tangents of the angles which \x-{-fxy + v 

2(g-^)/H/a-A(\g-/i») 

29. Find the value of m (see Art. 44, Cor, 2) for the point 

cos (B^ C)a cos (C--4), cos (A - B). 

^^- ^ 

4 sm ^ sm ^ sm c 

30. Prove that the ratio, in ^idiidh the join of x'y, x" y is divided by the 
line Ax + -^ + C, is 

- {Ax" + By + C) : (^y ^By^- C), (164) 

31. If a transversal cut the sides of a polyg6n of n sides, the ratio of the 
product of one set of alternate segments of the sides to t^e product of the 
remaining segments is (- i)". 

32. The six anharmonic ratids of four coUinear points A^ By C, D can be 
expressed in terms of the six 
trigonometric functions of an 
angle. 

Dexn. — On AB, CT? describe 
semicircles. Let O, O be the ^ 
centres, P one of their points 
of intersection ; then OPO 
is equal to one of the angles 
of intersection of the circles, denoting it by e ; then it is easy to see that 

AB AD , CA CB BC BD 

^:;^=sec.J(^; -j-^ : ^^^^sinHa; _:_=-cot»H 

^^ ^^ 21- ^^ I>B o, CA DA 

3^:-^=cos2H; — : ^ =cosec4e; ■^:^ = - tan^*, 

and these are the six anhjflmonic ratios. 
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33. If a, iS, y, 8 be the four sides of a quadrilateral, prove that 

«+mi3+»7+/S = o represent the sides of an inscribed quadrilateral. 

34. If the joins of corresponding vertices of two triangles be concurrent, 
the points of mtersection of corresponding sides are collinear. 

For if the joins of corresponding vertices be the three lines a = /S = 7, the 
sides of Uie two triangles will be a + i3 + 8=0, /B+'y+8 = o, 7 + 0+5 = 0; 
and a + i3 + 5' = o, /5+7+8'=o, 7 + a+8' = o, and each pair of corre- 
sponding vertices intersect on 8— J'=o. 

35. If the coefficients in the equation of a given line be connected by a 
given linear relation the line passes through a given point. The given 
linear relation is the equation of the given point. 

36. If the vertical angle of a triangle be given in magnitude and posi- 
tion, and / times the reciprocal of one side plus nt times the reciprocal of 
the other be given, the base passes through a given point. 

37. Prove, by the method of complex variables, that if ABCD be any 
plane quadrilateral, the rectangles AB . CDy EC . AD, CA , BD are pro- 
portional to the sides of a triangle whose inclinations to the axis of x are 
inc. -4^+ inc. CD, inc. ^C+ inc. AD, inc. CA +inc.^Z>, respectively. 

38. If a variable triangle ABC have its vertices on three concurrent 
lines OA, OB, OC, and if two of the sides pass through fixed points, 
the third side will pass through a fixed point. 

For, if the reciprocals of OA, OB, OC be u, v, w, respectively, the 
conditions of the question give a« + Jz; - i =0, a'v+b'w -1 = 0; hence, 
eliminating v, we get a linear relation between u and w, which is the 
equation of the point through which the third side passes. 

Examples 39 to 42 — ^Lemoine. 

If through a point O we draw antiparallels — 

1°. to BC, cutting ^Cin ii, AC in 
I2, AB in I3 ; 

2^ to CA, „ „ 2i, 
23, AB in 23 ; 

3°- to AB, „ „ 31, 
32, AB in 33 ; 

then, denoting the segments 2131, 32I2, 
I323 by I, 71, f ; 

also, denoting the segments I2I3, 2321, 

3i32byC,V, C'. 

F2 



a 



ji 
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39. Prove -^ + -^+ -^= 2«5^. (165) 
•^^ cos -4 cos^ cosC 

_ {'cos^ rfcosB fcos^ , .,, 

40. Prove ^ + -^— ^ — + i— ^ — = I. (i66> 

41. Prove, if a, i3, 7 be the co-ordinates of (?, 

a&^cos^ fica cos B ^ yob cos C , , . 

1= — s — ' ^ = — s — ' ^"^s — • ^^^^^ 

^ g(^ + giB) , b{ca + ay) c {a$ + bg) 

42. 4= -^ — > "n = -^ » f ]^ — • (loo; 

43. If A, a' be the areas of two triangles, the Cartesian co-ordinates of 
whose vertices are (aJ), {bc)y (ca) ; and {ac-b^y ab-c^], {ab-i^, cb-a^}, 
{cb - a*, ca-b^], respectively, prove A' = (a + & + cy A. 

44. Prove that o»+i824.72+f-.+ |j fiy + (i+z\ya^(^^ i)«^ = °* 
represents only one finite line. 

45. If a denote one of the six anharmonic ratios of four points, prove 

/.I I a-i a 
that the other five are -, i - a, ; , , 



a I - a a a— I 

Observation. — Ifa= , then a is one of the imaginary cube roots 

I — a 

of —I, and the four points of the anharmonic ratio (ABCD) cannot be all 

real. This special system has been named equiahharmonic by Cremona. 

46. If the equations of the three lines AO^ BOy CO be /a =3 m^ = nyy 
prove that 

^AOB sin BOC sin CO A 



V/2 4- m^- 2lm cos C V w* + «* - 2mn cos A Vn^ + P - 2nl cos B' 



(169) 



47. Tf KffjLf V be the sines of the angles which the line la-\-mfi+ny=o 
makes with the sides BC, CA, AB of the triangle of reference, prove 

wsinC-«sin^ « sin -4 — /sin C IsmB—msinA 

X H "= a ' •" a ' ('70) 

where A = V/* + m^ + »■ — 2mn cos A — 2nl cos B - 2/w cos C. 
In the same case prove the following relations : — 

48. l\-\-mfjL + ny=sO. (171) 

49. aX+bfi-^-cp^o, (172) 

50. fi^ + v^ + 2fi.p cos A = sin*-4 , &c. (173) 

51. A* sin 2-4 + ju* sin 2^ +1^2 sin 2 C= 2 sin ^ sin ^ sin C. (174) 
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sin ^ sin ^ sin C sin ^ sin i? sin C , . 

52. — — + + + — — . . =0. (17s) 

53. If X, ft, V denote the perpendiculars from any point on the lines 
Ifx — m^^nrfi prove 

A Vw2 + «2 - 2mn cos A +ft V«* + 1^ - 2nl cos -5+ y V/* + w^ - 2lm cos C= O. 

(176) 

54. If X, /A, V, p be the perpendiculars from the point (-;,—»-) on the 

\* tn fif 

four lines la ± mfi ±ny = o, prove that 

^^ + \+\+\ = W^ + fn^ + n^)' (177) 

X* fT tr p* 

55. If the side BC subtend a right angle at the point (0^7), prove that 

i87 = a(acos^-i8cosi?-7COsC^. (178) 

56. In the figure, exercise 39, if C? be the symmedian point, prove that 
the three extreme points ii, 22, 3s, lie on the line 

a cot ^ )8 cot ^ 7 cos C ... 

sm^ smj5 smt^ 

57. In the same case, if ^Z> be perpendicular to BCj prove that the triangle 
JDCA is inversely similar to the triangle whose angular points are I2, 2i, 23. 

58. If e, 61, 82, 63 be four points, whose co-ordinates are — 
For e, 

sm^A-sHaiBsm^C sin|j9-sin}Csin}^ sin}C-sin}^ sinj^^ 

^nf4 ' ^^B * ^aJC ^" 
For ei, 

'sin|^+cos^^cos}C\ cos^^+cos^Csin}^ cosJC+sinJ^cosJ-ff 



(sm|^+cos^^cosf C\ 



cos^B cosJC 
For 62) 
cosJ-4+sinJ^cosJC /sinJj5+cosJCcosJ-<4\ cosJC+cosJ^sinJ^ 

c^A ' ~ \ T^iB ) ' cosJC • 
For 03, 

cosJ^+cosJ-ffsinJC cosJ^+sinJCcosJ-4 /sinJC+cosJ^cosJ-5\ 

cosiA * cos J -5 ' "V sinf^ )' 

prove that their six joins are parallel respectively to the bisectors of the 
internal and extecnal angles of the triangle of reference. — (Lemoink.) 

59. Prove a corresponding property for four points w, wi, 002, »3, whose 
co-ordinates are — 

For «, cosec^J^, cosec^J-ff, cosec^JC. 

For «i, cosec2J-<4, —sec* J -5, — sec^JC 

For «2, — sec* J A, cosec* ^B, - sec* J C. 

For W3, - sec* J ^, - sec* J B^ cosec* J C.^(Tbid.), 
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Section I. — Cartesian Co-ordinates. 



48. To find the general equation of a circle. 
Let (a3) be the centre, {xy) any 

point P in the circumference ; 

then, if the radius OP be denoted 

by r, we have (Art. i), 

{x-ay^{y-hj^f^\ (180) 



or 



(A 



which is the required equation. 

The following observations on this equation are very 
important : — 

1°. It is of the second degree. 2®. The coefficients of x^ 
and J/* are equal. 3°. It does not contain the product xy. 
Hence we have the following general theorem : — Every equa- 
tion of the second degree which does not contain the product of the 
variables^ and in which the coefficients of their second powers are 
equalf represents a circle. 

The following are special cases : — 

1°. If the centre be origin, the equation is x^ +y = r^y 
which is the standard form. (181) 

2°. If the origin be on the circumference, x^ +y^ - 2ax 
-2by = o, (182) 
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3°. If the axis of x pass through the centre, and the origin 
be on the circumference, ^ + j/* =» zax, (183) 

4°. If the axis oi y pass through the centre, and the origin 
be on the circumference, ^ +^' = zby, ( 1 84) 

Observation, — ^The criterion that the product xy must not 
be contained in the equation is true only when the axes are 
rectangular; for if they were oblique the equation would 
(Art, i) be 

{x - aj -t{y-})f-^x{x- d){y - b) coso) = r*. (185) 

^9. If the equation of a circle be given j we can construct it. 
For let the equation be a:x^ ■¥ ay + 2gx + zfy + c = o. 
Dividing by a, and completing squares, we get 

Comparing this with the fundamental equation (180), we see 
that the co-ordinates of the centre are 



£!" f "^ ff^-vf^—ac 

- -, - — ; and that the radius is "^ . 

a a a 

Hence the circle can be described. We have the following 
cases to consider : if ^ +/* be greater than ac, the circle is 
real, and can be constructed ; if ^ +/^ be equal to acy the 
radius is zero, and the circle is indefinitely small, that is, it is 
a point ; if ^' +y^ be less than ac, the radius is imaginary : 
there is no real circle corresponding to the equation ; in 
other words, ax^ + aji^ + 2gx + ify ■{■ c = represents in this 
case an imaginary circle. 

Cor. — Since the co-ordinates of the centre of the circle 
ax^ + ay + zgx + 2fy + f = o do not contain c, it follows 
that two circles whose equations differ only in their absolute terms 
are concentric. 
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50. Geometrical representation of the power of a point 
with respect to a circle. The power of a point with respect to 
a circle (Art. 20) is positive, zero, or negative, according as the 
point is outside, on, or inside the 
circumference, 

1°. Let(Ar-«)«+(^-3)»-/«=o 
be the circle cdy on external 
point ; then the power of afy 
with respect to the circle is 

that is (Art. i) OP^ - t^, or /», 
since OCP is a right angle. Hence the power of an extemvl 
point with respect to a circle is equal to the square of the tangent 
drawn from that point to the circle. 

2°. When the point is on the circle its power is evidently 
zero. 

3°. Let x'y be an internal point ; then 
denoting OPhy 8, the power of 6>Pwith 
respect to the circle is 

^-r^, or -(r+8)(r-S); 

that is = - AP.PB, a negative quan- 
tity. ^ 

Cor-Ai for shortness the equation of a circle be denoted 
by *$• = o, the power of any point ccfy with respect to ^S* will 
be denoted by *S", for this is the result of substituting the 
co-ordinates cdy in place of xy. 




Examples. 

1. If the equation of a line be added to the equation of a circle, the sum 
is the equation of a circle. 

2. The sum of the equations of any number of circles is the equation of 
a circle. 

3. Construct the circles — 

i\ ^•^+jv«-4j:-8;k=i6; 2^ 3^* + iT* + 7-* + 9r + 1 = o. 
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4. Find the equation of a circle, passing through the point (2, 4) through 
the origin, and having its centre on the axis of x. 

5. Find the locus of the vertex of a triangle, being given the base and 
the sum of the squares of the sides. 

6. Find the locus of the vertex of a triangle, being given the base and 
m squares of one side + n squares of the other. 

7. If S\ = 0, S% — o, Si — o, &c., be the equations of any number of 
circles; prove that the centre of IS\ + inS-i + nSz + &c. = o is the 
mean centre of the centres of 5i, S^, Ss, &c., for the system of multiples 
/, m, n, &c. 

8. What is the locus of a point, the powers of which with respect 
to two given circles are equal? 

9. Find the locus of a point, if the tangents from it to two given 
circles have a given ratio. 

10. What does Ex. 9 become if the circles reduce to points ? 

11. Find the equation of the circle whose diameter is the join of the 
points x^y, x"y'. 

Ans. {x - x") {x - Jt") + (y -y) {y -/') = o. (187) 

12. Given the base of a triangle and the vertical angle ; prove that the 
locus of its vertex is a circle . 

13. Given the base of a triangle and the vertical angle ; prove that the 
locus of the intersection of perpendiculars is a circle. 

14. Find the locus of a point at which two given circles subtend equal 
angles. 

15. If a line of given length slide between two fixed lines, the locus of 
the centre of instantaneous rotation is a circle ? 

16. Given the base of a triangle and the ratio of the tangent of the ver- 
tical angle of the tangent of one of the base angles ; prove that the locus 
of the vertex is a circle. 

17. If the sum of the squares of the distances of a point from the sides 
of an equilateral triangle or of a square be given, the locus of the point is 
a circle. 

18. If the sum of the squares of the distances from a variable point to 
any number of fixed points, each multiplied by a given constant, be given, 
the locus of the point is a cncle. 

19. If the base ^ of a triangle be given both in magnitude and position, 
and ad sin(C— o), where o is a given angle, be given in magnitude, the 
locus of the vertex C is a circle.— (M*Cay). 
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51. The equations of a line and a circle being given, it is 
required to find the equation of the circle whose diameter is the 
intercept which the latter makes on the former. 

Let the equations be — 

j;cosa+j/sina-/ = o. (i) 0(^ •\-^ -1^ = 0. (2) 
Eliminating J/ and x in succession, we get 

^^ - zpx cos a + />^ - r^ sin* a = o ; (3) 
j;2 _ ^py sin a + /* - r* cos' a = o. (4) 

Equation (3), being a quadratic in x, denotes (Art. 26) two 
lines parallel to the axis of j/ through the points of inter- 
section of (i) and (2). Similarly, equation (4) denotes two 
lines through the same points parallel to the axis of x. 
Hence, by addition, we get 

^ +J/' - 2/ (jt: cos a ^-j' sin a -/)- r^ = o, (188) 

which is evidently a circle passing through the four points 
in which the pair of lines (3) intersect the pair (4). Hence 
it has for diameter the intercept made by (2) on (i). See 
Art. 21, Cor. 4. 

Examples. 

1. Find the equation of the circle whose diameter is the intercept which 
the circle :r* ■\-y^ — 65 = o makes on yo -^y - 25 = o. 

Ans. x^ +7' - 15^ - Sy + 60. 

2. Find the condition that the intercept which jp* +^ - r^ = o makes 
on X cos a+^sina-^ = o subtends a right angle at xfy, 

Ans, The circle (188) must pass through j//. Hence the required 
condition is y* +y* — 2p (xf cos a+y sin a-p) -r^ = 0, (189) 

3. Find the condition that the intercept which jpcos a +^ sin a — / = o 
makes on x^ -{-y + 2gx -^-jify + 1 = o subtends a right angle at the origin. 
Eliminating x and^ in succession between these equations, and adding, 
we get a circle whose diameter is the intercept ; and by the given condi- 
tion this must pass through the origin ; therefore the absolute term must 
vanish. Hence 

2p' + 2p {g COS a + / sin a) + c = o. (189) 
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4. If a variable chord of a circle subtend a right angle at a fixed point 
x*y\ find the locus of the middle point of the chord. 

The middle point of the chord is evidently the centre of the circle (188), 
which has the chord for diameter. If, therefore, XY be the co-ordinates 
of the middle point, we have 

-X'=/ cos a, Y-p sin a ; therefore J^T* + I^ =^ ; 

and substituting in the equation (189), we get 

(2r- cffY + (K-y)2 + -ar^ + F* - ^-2 = o. (190) 

52. To find the equation of the tangent to a given circle 
(.r - a)' + ( y - hf = r^ at a given 
point (xy). 

First method, — Let O be the 
centre, Q any point xy in the 
tangent. Join 0Q\ then, since 
the points {xy\ {ah) subtend a 
right angle at (:«//), we have 
(Art. I, Ex. 5), {pd - x){pd - a) — 

+ (y - y){y - ^)I = o; also, 

since the point xfy is on the circle, we have 

[xf - of 4- (y - hf = r\ 
Hence, by subtraction, 

{x - a){pd - a) + (j/ - h){y - 3) = r^ (191) 
which is the required equation. 

Cor, — If the equation of the circle be given in the standard 
form ^+y=r^, the equation of the tangent is 

xx!-\-yy-r^, (192) 

Second method. — Taking the standard form of the equation 
of the circle, if xfy, x'y be two points on its circumference, 
then the equations of the circle described on the join of 
xfy, xfy as diameter is {x -xf){x- x") -¥{y -y'){y -y") = o 
(Art. 50, Ex. 11); and, subtracting this from the equation of 
the circle, we get 

^ +y _ ;^2 _ |(^ -x') + {y -y){y -y)} = o, 

or {xf + x'')x + {y +y')y - r^ - xfxf' -yY = o, (193) 
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which (Art. 21, Cor, 4) is the equation of the secant through 
the two points ^', xfy. Now suppose the points :*//, x'y" 
to become consecutive, the secant becomes a tangent, and 
this equation (193) reduces to 

xod +j^y - r* = o. 

Third method, — The polar co-ordinates of y/, ody are 
{r cos ^', r sin &) ; (r cos &', r sin ^'), and the equation of 
the join of these points is (Art 22, Ex. 3), 

X cos i ((^ + r ) +^ sin J {& + r ) = r cos i (^' - r) ; 

and if the points be consecutive, this reduces to 

X cos & \y sin & = r, ('94) 

which is another form of the equation of the tangent. 

53. Urom any point (Jik) can be drawn to a circle two tan- 
gentSy which are either real and distinct , coincident ^ or imaginary. 

For if xfy be the point of contact of a tangent from {hk), 
we get, substituting hk for xv in (192), hx' + ky = r*. Also, 
since atj/ is on the circle, x^ +y^ = r*. Eliminating y, we 
get 

{h^ + k^) x^-ir^hx' +r^- J^r" = o, (i.) 

the discriminant of which is r^W' {h^ -^ k^ -t^)\ and according 
as this is positive, zero, or negative, the equation (i.) will 
be the product of two real and unequal, two equal, or two 
imaginary factors. Hence the proposition is proved. 

54. If we omit the accents in equation (i.), we get 

(A» + /&=) :x^ - zr'hx + /^ - /^V = o, (11.) 

which represents two lines parallel to the axis of _>', passing 
through the points of contact of tangents from hk to the 
circle. In like manner, 

(A* + k^)y - zr'ky + r* - >&V = 4 (III.) 

represents two parallels to the axis of x passing through the 
same points. Hence, by addition, we get 

{h^ + k'^){x^ +y - f*) - 2r* {hx + ^j/ - r*) = o, (193) 
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which is the equation of the circle whose diameter is the chord 
of contact of tangents from hk to x^ +_>/* - r* = o. 

Cor, — If we multiply the equation j;* +^ - r*= o by A* + ^^ 
and subtract (19s) from it, we get hx + ky - r^ = o, which 
is the common chord of the two circles (Art. 21, Cor. 4). 
Hence 

hx + ky-f* = Q (196) 

is the equation of the chord of contact of tangents from {hk). 
This can be shown otherwise. From the demonstration. 
Art. 53, we have hx^ + ^' - r* = o. In like manner, if x^y^ 
be the second point of contact, we have hx^' + ky" - f* = o. 
Hence the line hx ■{■ ky - r^ = o is satisfied by the co- 
ordinates of each point of contact. 

55. To find the equation of the pair of tangents from {hk) to 
the circle. On either of the tangents from {hk) to the circle 
take a point {xy) ; then twice the area of the triangle formed 
by the origin and the two points xy, hk, is hx - ky, and 
twice the same area is equal to the distance between the 
points multiplied by the radius of the circle. Hence 

{hx - kyf = [{x - hf ■\-{y- hy]r^ ; 

or, reducing, 

(:»;» +y _ fa)(^2 + >&» - r») = {hx + ky - r^)\ (197) 

56. If {x- a)^+ {y - by = r», {x - a')"+ {y - bj = r'» be 
the equations of two circles, it is required to find the equations 
t>f the chords of contact of common tangents. 

Let 3(fy be the point of contact on the first circle, then 
{x - a){xf- a)-\'{y- b){y'-b) - r = o is the tangent ; and 
since this touches the second circle, the perpendicular on 
it from the centre of the second circle must be = ± /. 
Hence, remembering that V .^ - «)' + (y - by = r, we get 

(a/ - fl)(a' - a) + (y- ^)(^' - ^) - r» T ^y = o, 

the choice of sign depending on whether the common 
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tangent is direct or transverse. Hence the chords of contact 
are on — 

ist circle, 

{x-a) (a'- a)\{y-h){V-h)-r'^rr'^o\ (198) 

2nd circle, 

{x - a!){a - a') + ( jk - V){b - b') - r^ t fr' = o. (199) 

Examples. 

1. Find the equation, and the length of the common chord, of the two 

'Circles 

{x - a)2 + (^ - *)» = f«, (x- bf +(^ - af = rK 

2. Find the conditions that the lines axtby^o may touch the circle 
{x-af^(y-bf = r^. 

3. If tangents be drawn to ^2 +^' - r* = o from A/&, the area of the 
triangle formed by the tangents and chord of contact is 

-^-7^ — ^ — —- (200) 

4. Two circles whose radii are r, r* intersect at an angle B ; find the 
length of their common chord. 

5. Find the equation of the diameter oi x^ + y"^ — 6x — 2y + 8=0 
passing through the origin. 

6. Prove that the tangent to x^ -^y^-k- 2gx + ify = o at the origin is 
gx +fy = o. 

7. Prove that if tangents be drawn from the origin to ^* +^* + 2gx 
+ ^fy + <^ = o, the chord of contact is gx -^-fy + c = o, 

8. If the chord of contact of tangents from a variable point hk subtend 
a right angle at a fixed point ^y, the locus of hk is the circle 

(^ +^2) {pc^ +y* - f«) - 2r* (x^ ^yy - fS) = o. 

9. If R denote the radius of the circle in £x. 8, S the distance of its 
centre from the origin ; prove 

1 I _ I 

10. PAy PB are two tangents to a circle, whose centre \s 0\ Q any 
point in AP, QR a perpendicular on the chord of contact AB ; prove 
AP.AQ = QR,OPf and thence infer the equation of the pair of tan- 
gents from R, 



Cartesian Co-ordinates, 79 

57. Def. I. — If O he the centre of the circle ^^ +y - r* = o, 
P, Q two points collinear with Oy such that the rectangle OP . OQ 
= r*; Pand Q are called inverse points with respect to the circle. 

Def. II. — A perpendicular at either of two inverse points to the 
line joining it to the centre is called the polar of the other. 

58. The co-ordinates a^y of a point P being given, it is 
required to find the co-ordinates of the point inverse to it 
with respect to the circle 0^ +j/^ -r= q. 

Using polar co-ordinates, we have .r'= p' cos tf', y=p' sin O', 
a/'= p" cos ^, y = p" sin ^ ; and by the condition of inver- 



Ol/\T\ r\' rJ' . 


= rK 


Hence 


x"' p" p'p" r» 


sion, p p ■ 


0/ "p' " p'* ~:*^+y» 


Hence 






r'^af 


In like 


manner 





(201) 



(202) 

59. The polar of the point x'y is xxf -^yy - r' = o. For the 
equation of the perpendicular through od'y* to the join of xfy 
to the centre is, Art. 24, Cor. i, 

and substituting the values (201), (202) for ^"y, we get 

xxf ■¥yy - r* =r o. (203) 

Cor. I . — ^The polar of any point on the circumference of 
the circle is the tangent at that point. 

Cor. 2. — ^The polar of any external point is the chord of 
contact of tangents drawn from that point. 

Examples. 

1. Find the equation of the inverse of the line Ax+ By+C=o with 
respect to ^* +^ — f* = o. Substituting for Xy y the co-ordinates {201), 
(202), and omitting accents, we get 

C{p^-\-f)-\-Ar^x->tBr'''y^Q. (204) 

2. Find the inverse of the circle a:^ + ^^ + zgx + 2fy + 1 = o, with reiSpec t 
to the circle x^ +y^ - /« = o. 

Am. The drde c{x^ +y^) +2gf^x+2/r^y+r^=:iO. (205) 
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3. Find the equation to the pair of tangents from the origin to 

If the line y = mx be a tangent to x^-»r y^ ^ 2gx + 2fy + 1 = o, substituting 
mx for y^ the resulting equation, viz. , Jt* ( i + m^) + 2 (^ + mf) x-\-c = o must 

have equal roots. Hence ( i + /»') ^ = (^ + m/Y ; but w = - ; therefore 

c {x^ + y ) = (^^ + fyf, . (206) 

which is the pair of tangents required. 

We get the same pair of tangents for the inverse circle c{x^-{-y^)-\- igr^x 
+ ^f^g-^ r* = o. Hence the pair of direct common tangents drawn to a 
circle, and to its inverse, passes through the centre of inversion. 

4^ Find the length of the direct common tangent drawn to the circles 

x^-^^-\-2gx-\-2fy-\-c = O, x^-\-y'^-\-2g'x-\- 2fy+(f=o. 

Ans. If R, R' denote the radii of the circles, the length of their direct 
common tangent 

= ^c^(f-2gg'-2ff+RR'. (207) 

5. The ratio of the square of the common tangent of two circles to the 
rectangle contained by their radii remains unaltered by inversion. 

6. !£ A, jB he any two points. A', B', their inverses with respect to 
x^+y'^ — f^ = o; prove that if p, p' be the perpendicular distances of the 
origin from AB^ A'B' respectively, pi p' \: AB, A'B', 

7. If two points -4, ^ be so related that the polar of ^ passes through By 
the polar oi B passes through A, For if the co-ordinates of -4 be {aa\ 
and oiB {f>b\ the polar of -4 is aw? + a'y — r*, and the condition that this 
should pass through Bisac^+bb'= r\ which, being symmetrical with re- 
spect to the co-ordinates of A and B, is also the condition that the polar 
of ^ should pass through A, 

Def. — Two points so related that the polar of either passes through the 
other are called conjugate points^ and their polars conjugate lines. 

8. If a variable point moves along a fixed line, its polar turns round a 
fixed point. 

9. The join of any two points is the polar of the point of intersection of 
their polars. 

10. Two triangles which are such that the angular points of one are the 
poles of the sides of the other are in perspective. 

11. The anharmonic ratio of four coUinear points is equal to the anhar- 
monic ratio of the pencil formed by their four polars. For, let *'y , x"y* be 
two points, and P', P" their polars ; then if the join of x'y, x"y' be divided 
in two points in the ratios ^: i, 1^\ i, the anharmonic ratio of the four 
points is k-r^; and since the polars of the point of division are kP"-^ P'= o, 
j^p/f 4 />'-. o, the anharmonic ratio of their four polars is k-^Ji^. 
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60. To find the angle of intersection of two given circles, 

Def. — The angle between the tangents to any two curves at a 
point of intersection is called the angle of intersection of the curves 
at that point. 

Let r, r' be the radii of the given circles, 8 the distance be- 
tween their centres, ^ their angle of intersection ; then, since 
radii drawn to the point of intersection are perpendicular to 
the tangents at that point, the angle between the radii is <jE>. 

Hence 8* = r* + r'* - zrr' cos ^. 

Now if the circles be 

^+j/'+ igx + zfy + f = o, 

and :}^\y'^\z^x + zfy + ^ = o, 

we have ^^={g - gj + {f-f)\ r»-^'+/*-^, r'^^g'^+f^^c'. 

Hence, by substitution, we get 

f+r' + 2fr' cos <l> - 2gg' - ^ff- o, (208) 

which determines the angle ^, 

Cor, I. — If the circles cut orthogonally. 

Cor, 2, — If the circles touch, 

^± 2rr'- 2gg'- 2j5^+ ^ = 0; (210) 

the choice of sign being determined by the species of 
contact. 

Cor, 3.— If a circle S cut three circles 5", 5", -S"" ortho- 
gonally, it cuts orthogonally any circle \S' + fAS"+ vS"' ex- 
pressed linearly in terms of 5", S", 5"". This is proved by 
writing the equations -S", &c. in full, and applying the con- 
dition (209). 

61. 7b find the equation of a circle cutting three given circles 
x^ +y + zg'x + 2f/ + ^ = o, &c. at given angles <f>\ <^", <^'". 

G 
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If we put ir cos <^ = ^, the equation (208) may be written 
d '\^kf' - 2gg' - iff* + f = o. Hence, if the circle ^ + j^ + zgx 
f zfy-\-c intersect the three given circles at angles «^', ^'\ <^'", 
we have three equations of the form ^+ ^V- zgg'- ^/f-^- Ci = o, 
&c., and, eliminating g,/, c between these and x^+y + igx 
+ 2/y + c = o, we get . 



x^+y, 


-X, 


■^yy 


I, 


c^ + k'r^ 


g'. 


A 


I, 


<f'^k"r". 


g". 


r^ 


I, 


ffn^^fu^m^ 


g"\ 


r. 


I 



= 0. (211) 



If this determinant expanded be written in the form 
A {p^ +y^) + zGx + 21^ + = 0, and r denote the radius of the 
circle which it represents, we have 

A^r^=GP + F^-AC; 

but the quantities (r, F, C each contain r in the first degree. 
Hence we have a quadratic for determining r, either root of 
which substituted in the determinant (211) will give a circle 
cutting the given circles at the given angles. 

TT 

Cor. I. — If we suppose <^'= ^"= <^'"= -, we get the equa- 

tion of the circle cutting the three given circles orthogo- 
nally, viz.. 



•+^. 


-X, 


-y> 


<f. 


g'. 


f> 


<!', 


g", 


r. 


c"'. 


g'", 


f"> 



(212) 



Cor, 2. — By first putting ^' = <^" = <^'"= zero, and then = ir, 
we get the equations of two circles touching the three given 
circles ; or again, taking one or more of the angles ^\ <l>'\ 
^'" equal zero, and the remainder equal v, we get in this 
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manner eight tangential circles, all whose equations are 
included in the form 



x''\-y. 


-X, 


-y^ 


I 


dtrr'. 


g'. 


f. 


I 


d' ± rr". 


g"> 


f, 


I 


d" ± rr'". 


g'", 


/'". 


I 



= o : 



(213) 



the choice of sign depending on the nature of the contact, 
the radius in each case being determined as above. 

62. If four given circles be cut at given angles <^', <^", 
^'", ^//// Y)y a fifth circle ; eliminating g, f^ c from four equa- 
tions of the form (208), we get the equation 



^", g'". r\ I, 
(^"\ g"". f". I 



+ r 



r'cos<^', g\ f\ I, 
r"cos<^", g"J'\ I, 
r'-cos.^"', g"\ f'\ I, 
r'" cos 4^'", g*", f", I 



= 0. (214) 



63. If the four angles <^', &c., be right, the second of these 
determinants vanishes, and the first equated to zero is the 
condition that one circle may be cut orthogonally by four 
given circles, viz. : — 



<!, 


g'. 


A 


'", 


g". 


r. 


d". 


g'", 


f". 


d'". 


g'", 


/"", 



= o. 



(215) 



Now since ^ denotes the square of the tangent drawn 
from the origin to the first circle. Art. 50, and its minor in 
this determinant denotes twice the area of the triangle formed 
by the centres of the three remaining circles, we have the 
following theorem : — J/ A, B, C, D be the centres of four co- 
orthogonal circles ; /, /, /", /"' tangents drawn to these circles 

G2 
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from any arbitrary pointy {ABC) the area of the triangle y whose 
angular points are A^ B, C, dfc, then 

t^{BCD) - t'^CDA) + t"\DAB)-t'"^{ABC) = o. (216) 

64. If xy, xfy, x"y'y x"'y" be four concyclic points, they 
may be regarded as indefinitely small circles cutting a given 
circle orthogonally. Hence, substituting in the determinant 
x^ +j/* for c\ and x,y for -g'y -/', &c., we get 



^+y. 


X, 


J'. 


I, 


x'^+y\ 


X'. 


y, 


I, 


x"" +y". 


X", 


y. 


I, 


x"">+y"i. 


x"', 


y". 


I 



= o. 



(217) 



And the point xy being supposed variable^ we have the equation 
of a circle passing through three given points, x'y\ x^'y, 
x"'y". 

This may be shown otherwise as follows : — The determi- 
nant (2 17) evidently represents a circle, for the coefficients of 
x^ and y are equal, and the circle passes through the given 
points ; for if in the determinant we substitute x^y for xy, it 
will vanish identically, having two rows alike. 

65. If aS* = o be the equation of any arbitrary circle , 
S', S", S"' the powers of the points xfy, xfy, x"y" with 
respect to it, then the determinant 

s. 



S', 
S". 
S'". 



X, 
xf. 



y, 

y 



./// 



." 



JIf 



I, 



= o, 



(218) 



will represent a circle passing through the points xfy, xf*y\ 
yy. A form analogous to this is very important in Tri- 
linear Co-ordinates. 
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Examples. 

1 . Find the condition that the radius of the circle \S* + ^" + vS'" ^ o 
may be zero. 

If R denote the radius of \S' + fiS" + vS"\ we have 

^'^ (\ + /i + vf = M + fjLg" + vg''y +• {Kf + /i/" + v/y 
Hence, if i? = o, 

{^^' + Mj'" + 1'^'")" + {hf + /*/" + ^ry - (X + /i + 1') (xi:'+ /*^' + f^"') = o. 

If this be expanded, the coefficient of \' is ^'*+y — c', that is f^, and 
the coefficient of X/t is 2g'g" + 2/^/" — </ — c", which may be written 
-2r'r"cos(5'5"), equation (208), where (5' 5") denotes the angle of 
intersection of the circles. Hence, putting a = \r', )3 = ftr", y = rr"', the 
required condition is 

a» + /8* + 72 - 2aiS cos (5'^") - 2)87 cos (5"^'") - 27a cos {S'"S') = 0. (219) 

2. If two circles be inverted into two others their angle of intersection 
remains unaltered by inversion. 

3. Being given four points in a plane, the area of the triangle formed 
by any three of them, multiplied by the power of the fourth with respect 
to the drcumcirde of the triangle, gives a constant product. — (Staudt.) 

4. If Aif A%, Az, Ai ; B\^ ^2, B^y B^ be two systems of four points, 
and if drt denote the distance ArB%y then 



O) 


I, 


I, 


h 


h 


^ 


I, 


dxx\ 


^12,2 


diz\ 


du^ 




I, 


dzi\ 


d22\ 


d2i\ 


du^ 


= 0. 


I, 


dzi\ 


dz2\ 


d^\ 


du\ 




I, 


^4lS 


di2\ 


dis% 


du^ 


(Neuberg.) 



5. In the same case, if the points A^ Az, Az, A^ be concyclic, 

dii\ di2\ diz\ dii^f 
d2i^t dzz^y d%^, d^y 
dzi^t d^y dssTf dzi^, 



d4\\ diz^y dis^, 



dii' 



= o. 



66. Def. — If S =0, aS*' = o denote two circles j the pencil* 

♦ A system of curves of any order, passing through a number of points 
which is one less than the number required to determine a proper curve of 
that order, is called a pencil of curves. 
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S - ^^S*' = o, where k receives all values from -{■ oolo - oo is called a 
coaxal system, 

67. One of the circles of a coaxal system is infinitely large, and 
two infinitely small. For, let 

S=x^+y'^-{-2gx-\- 2fy-^c = 0y S' =x^ ^y"^ ■\- zg'x -^zfy ■\' c^ \ 

then 

-^-^^"^(i ■^k){:x^+y'')^r2{g-kg')x+2{f-kf)y■vc-kc'=^o (220) 

is the general circle of the system. Now, in the special case 
where ^ = i, this circle reduces to 

S-S'^2{g-g')x^2{f-f)y + c-c'^o, (221) 

which represents a line that is an infinitely large circle. This 
line is called the radical axis of the coaxal system. 
Again, if i? denote the radius of S-kS't we have 

^ (7317 • 

Now,, if *$* - ^aS" = o reduce to a point circle, i? = o ; 
hence {g- kg J + (/- kff -{i-k){c-^k^)^o, 

or (^H/»-(?)+/&(r + ^-2^^'-2;!7')+^*(^''+/'-^' = o), (222) 
which is a quadratic in k. If the roots be ki, ^2, the circles 
S-kiS'= o, S-k2S' = o reduce to points. These are called 
the limiting points of the system. Hence the proposition is 
proved. 

68. The limiting points of the coaxal system S-kS* = o are 
real when the circles S, S^ do not intersect, and imaginary when 
they do. 

The roots of the equation (222) will be real if 

or if 4r« r"^ bd less than {c-vc'- 2gg' 4 2ffy\ 

but r^ + r'2 = g^ +/2 _ c -Vg'^+f'^ - (f. 

Hence the roots will be real if 

(r + r'Y be greater than S'*, 
or (r - r') be less than 8^ 
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where 8 is the distance between the centres of S^ S\ that is, 
the roots are real when the circles do not intersect. Again, 
if <f> be the angle of intersection of S, S', the equation (222) 
may be written 

r* - zkrr' cos <f> -\- k^ r'^ = o ; 

therefore kr' = r(cos <^ ± sin <^ y^- i ). (223) 

Hence the values of ^ are imaginary when <^ is real, and 
the proposition is proved. 

69.-4 coaxal system may he expressed linearly in terms of any 
two circles of the system S - k^S = o. 

For, let S-lS'^(i"l)a; S -mS''^ {i-m)(/; then ^, 5" 
can be expressed in terms of o- and o-', and if /, m be given, 
cr, </ are given. Hence S - kS^ can be expressed in terms 
of two given circles <r, o-': k will be the only variable para- 
meter, and it will be in the first degree. 

Cor. I. — If 0-, 0-' be the limiting points, and k a variable 
parameter, then the equation <r - ka' = o represents the 
coaxal system. 

Cor. 2. — Similarly, if Z = o denote the radical axis, any 
circle of the system may be expressed in the form S-kL =0, 
Thus x^+y^± d^- zkx = o denotes a coaxal system, having 
a: = o for the radical axis, and real or imaginary limiting 
points, according as the sign of d^ is plus or minus. 

Examples. 

1. The radical axes of any three circles are concurrent. 

For if S, S\ S" be the circles, then (Art. 67) the radical axes are 
S-S'=o, S'-S" = o, S"-S = o, which, added, vanish identically. 

2. Tangents from any point on a fixed circle of a coaxal system to two 
other fixed circles of the system are in a given ratio. 

For let tangents be drawn from any point P of the circle S — k^S' = o 
to the circles *S, S'; then denoting these tangents by /, fy we have, since 
the power of P with respect to *S - k^S' is zero, 

fi - k^fi = o. 
Hence t : f : : k : i, that is, in a given ratio. See also Ex. 9, p. 73. 
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The following are special cases : — 

I^ Tangents from any point in the radical axis to all the circles of 

the system are eqtuU to one another. For in this case ^ = I. 

Hence t = f, 
2". The distances from any point of a fixed circle of the system to 

the two limiting points are in a given ratio, 

3. The limiting points are harmonic conjugates to the extremities col- 
linear with them of the diameter of any circle of the system ; because 
the ratio of the distances of the limiting points from one extremity is 
equal to the ratio of their distances from the other extremity of the 
diameter. 

4. The hmiting points are inverse points with respect to each circle. 

5. The distance of any point in a given circle of a coaxal system from 
the radical axis is proportional to the square of the tangent from the same 
point to any other given circle of the system. 

This follows from the equation S — kL = o. 

6. Any two circles and their circle of inversion are coaxal. 

For the inverse of x^ -{-y^ + 2gx + 2fy + c = o, with respect to j:* + y^ 
- y* = o, is c{x^ -^y^) + 2gf^x + ifr^y + r* = o ; and the first, multiplied 
by r* and subtracted from the last, gives {c — f*) (j:* +;k' - r*) = o. 

7. The polars of any point with respect to the circles of a coaxal system 
are concurrent. 

For if P, P' he the polars of the point with respect to S, S', its polar 
with respect to S—kS' is P-kP = o, a line passing through the inter- 
section of Pf P'. 

Def. — The RADICAL CENTRE of three given circles is the point of con" 
currence of their radical axes, 

8. The radical centre of three given circles is the centre of a circle, cut- 
ting them orthogonally. 

9. The inverse of a coaxal system is a coaxal system. 
For the inverse of S— kS' is of the same form. 

10. The inverse of a system of concurrent lines is a coaxal system of 
circles. 

11. The inverse of a system of concentric circles is a coaxal system, of 
which the centre of inversion is one of the limiting points. 

For the inverse of {x — aY + (y — b)^^ R^ = o with respect to x^ •\-y'^~r^ 
is S-R^S'=o, where S = (a^-\-b'^)(x'^+y^)-2ar^x-2br^y-\-r^, ^'sjc'+y*. 
Hence «S=o, S'^Oy are point circles. 

12. A coaxal Sjrstem having real limiting points is the inverse of a con- 
centric system, and a system having imaginary limiting points the inverse 
of a pencil of lines. 
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13. If a variable^circle cut two given circles of a coaxal system at given 
angles, it cuts every circle of the system at a constant angle. This may 
be seen at once by inversion : or without inversion, as follows : — ^If S^s^ 
H- y* + ^gx + 2fy + r = o cuts 5' = jc2 + ^* + 2^x + zfy + c' = o and 
^" = jr* +y* + 2^'x + 2f'y + ^" = o at angles <^', ^", it cuts the circle 
S' - kS" = o at the angle 

, (r' cos A' - r" cos A" ) 

cos "^ \ ^— \ . 

where R denotes the radius of S' — kS" = o. 

14. The radical axes of the circles of a coaxal system and a circle which 
is not one of the system are concurrent. 

15. The circles ^ + ^ - 2hx + ft* = o, ^« + ^» - 2>&y - *2 - q, cut 
orthogonally. 

Def. — 77ie two points which divide the distance between the centres of 
two circles intemaUy and externally in the ratio of their radii are caUed 
the centres of similitude of the circles. 

Thus if ;c« +y + 2gx ■{■2fy + c = Oj x^ -\-y^ + 2/x + 2/> + <^ = o be 
two circles, their centres of similitude are — 

internal, the point, [ ~^[^/'' . ^^^T^i ' 



and external, 






16. If, iS", S' be two circles whose radii are r, t^ ; prove that their 

S S' 
internal centre of similitude is the centre of — | — > = o, and the external 

r r 

S S' 

one, the centre of ; = o. 

r r 

S S' 

17. If «S, iS' be two circles, —+—7=0 will invert one into the other. 

In what respect do these inversions differ ? 

18. If S, S' be two circles, the circle described on the distance between 

S S' 
their centres of similitude as diameter is — : — -tt = O- This is called their 

r* r^ 

circle of similitude. 

19. Given any three circles, taking them two by two they have three 
circles of similitude ; prove that these circles are coaxal. 

20. Given any three circles *S", S", S'", their six centres of similitude 
lie three by three on iour right lines. 



= o. (224) 
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For if r', r", r"' be the radii of the cirdes, the three external centres of 
simiUtude are the centres of the three circles, 

that is, they are the centres of three coaxal circles. Hence they are col- 
linear. In like manner, it may be proved that any two internal centres of 
similitude are collinear with one of the external centres of similitude. 

21. If the three given circles be jc^ +^2 + 2g'x-{- if'y + c' = o, &c., the 
equations of the four axes of similitude are — 

o» -X, -y, I, 

±^» /, /', I, 
±^', g'\ /", I, 

Where the choice of signs in the first column is thus determined for the 
external axis of similitude the signs are all positive, and for each of the 
others, two are positive and one negative. 

22. If a variable circle touch two fixed circles, the chord of contact 
passes through one of the centres of similitude of the two fixed circles. 

23. In the same case the variable circle is cut orthogonally by one 
of the two circles of inversion of the fixed circles. 

24. A system of circles cutting three given circles isogonally are coaxal, 
their radical axis being one of the axes of similitude of the three given 
circles. 

•Section II. — A System of Tangential Circles. 

70. To find the equations of the circles in pairs, touching three 
given circles. 

This depends on the following theorem, which is an 
extension of Ptolemy's theorem. (See Sequel to Euclid, 
p. 103):— 

If Si, S29 Sz, Si he four circles which have a common tangential 
circle O, and if the length of the common tangent to Si, Sz be 

denoted by 12, then 

23 . 14 + 31 . 24 + 12 . 34 = o. (225) 

In this notation it is to be observed that the common tan- 
gent 31, in which the numerical order is transposed, is 
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negative. In order to apply equation (225), suppose the 
circle S^ to reduce to a point. In this case the common 

tangents 14, 24, 34 will be the square roots of the power 
of that point with respect to Sxy Sz, Sz ; and may therefore 

be denoted by \/ Si, \/ S2, \/ Sz, 
respectively ; and since the point 
to which .S** reduces may be any 
point on the circumference of O, 
we have, for any point on that 
circle, 

23 \/*S'i + 3i \/S2+it \/S3 = o; 
or, denoting . 

23, 31, 12 by v^/, y/ m, s/~n, respectively, 




y/ ISx-^- *y mSi + v^ nSz = o ; (226) 

this, cleared of radicals, becomes 

PSi'^ m^S2^+ fi'Sz - 2'lmSiSz - imnSzSz - miS^Si = o. (227) 

Now if we substitute for Si, S2, S^ their full expressions in 
X and J/ co-ordinates, the equation (227) will be of the fourth 
degree ; it must, therefore, be the equation of a pair of 
circles tangential to Si, S2, S3, as in the annexed diagram. 

Def. — The equation (226) is called the norm ofizzf). 

71. Since the points A, A' are common to OO' and Si, and 
since if in the equation (227) of OO' we make Si = o, we get 
{rnS2 - nSzf' = o, the circle mS2 - nSz = o passes through 
the points A, A' \ therefore the line AA' is the radical axis 
of Si and mSz - nSz, Hence its equation is 

(/» -n)Si- {mSz - nSz) = o. 
For this denotes a line, namely, 

m {Si -S2)-n (Si - S3) = o. 

Now 5*1 - 6*3 = o is the radical axis of Si, S2; and Si- Sz^ o 
is the radical axis of Si, S3 ; denoting these by A3, A2, we 
have mAz - nAz = o as the equation of AA'. Therefore the 
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(228) 



equations of jthe three chords AA\ BJff^ CC may be written 

A\ J±2 Az 
I m n 

This theorem gives a new method of describing a circle 
touching three given circles. For drawing the three lines 
(228), the two triads of points A, B, C ; A', j5', C are deter- 
mined. 

72. If the lengths of the transverse common tangents to 

^1, •S'2, Sz be denoted by >//', *ym\ \/n\ respectively, the 
norms of the other three pairs of tangentical circles will be — 

y/lSi + ^/m'Si + y/n'Sz = o. (229) 

^/rSi + ^/mSi + '/VSz = o. (230) 

\//^Si + -v/^ + 's/nSl = o. (231) 

73. If we denote the angles of intersection of the circles 

thus : {S^S^ by A, {SzS^ by B, and {S^S^ by C, we have 

2cosi^^= /-_; 2sinJ-4= \— — , &c. 
Hence the norm (226) may be written 

cos J^ J^ + cos J ^ J^ + cos J C J^ = 0; (232) 
and expanded, this may be written in determinant form : 



cos'* i C, cos'* i B, ^, 



cos i c, 



o, 



cos'i^^, cos* J -4, 



COS* J -4, 



o, 






^ 

n' 



r% 



= o, (233) 



and similarly for the others. 



A System of Tangential Circles. 93 



Examples. 

1. The poles of the chords AA\ BR, CC\ with respect to the circles 
S\, S29 Sz, are collinear, their line of coUinearity being the radical axis of 

a, a'. 

2. The radical axis of Q, Qf is the external axis of similitude of 

^S*!, S2, S3. 

3. The circle which cuts 5i, S2, S3 orthogonally inverts fi into Q,'. 

4. If the join of the points A, B, fig. Art. 70, intersect the circles ^^i, S2 
in the points i>, jE, respectively, prove that the rectangle AE . DB 
is = to the square of the common tangent of '^i, S2, and thence prove 
the theorem of Art. 71. 

5. Prove in the same manner the extension of Ptolemy's theorem^ 
equation (225). See Euclid, page 262, second edition. 

6. If 2 be the orthogonal circle of Si, S2i Sa, the radical axis of 35 and 
Si meets the radical axis of a and 0,' in the pole of A A' with respect to Su 

7. The circles fl, a' are tangential to the three circles 

ISi - 2mS2 - 2«iSs = o, mS2 - 2nS3 - 2IS1 = o, nS3 - 2IS1 - 2mS2 = o. 

8. Thethree systems of points ^,-4',^,^'; B,B', C, C\ C, C',A,A^ 
are concyclic, the circles through them being respectively 

ISi + mS2 - nS3 = o, mS2 + nSz - ISi = o, 7183 + ISi — mS2 = o, 

74. To investigate the general condition that any number of 
circles may have one common tangential circle. 

Lemmas. — If f{x) = o be an algebraic equation of the 
«* degree, whose roots, taken in order of magnitude, are 
a^h, c . • .ly then 

o g-^ h-c (/-g) . V 

' • {x'-a){x-h)'' {x-'h){x-c)"''' {x-l){x-ay'''^'^'^^^ 

Lemma 1° may be proved by dividing each fraction into 
the difference of two partial fractions. Lemma 2^ is well 
known to those acquainted with the theory of equations. 
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When « = 4, which is the only case in which we shall use 
this lemma here, it may be stated thus : — If a, 3, r, d be any 
four quantities, then 

^ P (^ 

{a - b){a -c){a-d)'^ {b- a){b - c){b -d)'^ (c- a){€ - b){c - d) 

d^ 

= o. (236) 



{d-a){d-b){d-c) 

75. If O be the origin, and A, B, C . . ., L any number 
of fixed points on a right line passing through O ; X any 
variable point on the same line ; then, if OA, OB, OC, . . . 
OLy OXhe denoted by a,b,Cy ... /, Xy we have, from lemma 1°, 

AB BC LA , , 

+ -- rTT .xr = 0> (237) 



AX.BX BX.CX LX.AX 

Now, if circles whose diameters are 8^, Sj, S^, . . . S„ 8^ touch 
the line OX at the points A, B, C, . ,. Z, ^, then from (237) 
we get 

AB AX.BX BC BX.CX 

V 8a . 8j V 8a . 8j. . 8i . 8;p 'v ^h *^c V 8j . 8« . 8c . 8^ 

Z^ LX.AX 

+ . . . "T =!=:=:=■ = 0. 

V 8j . 8a V 8j . 8;b . 8a . 82 

Then, inverting from any arbitrary point, since. Art. 59, 
Ex. 5, the square of the common tangent of any twq circles 
divided by the rectangle contained by their diameters re- 
mains unaltered by inversion, we have, after omitting common 
factors, the following general theorem : — If a circle O touch 
any number of circles Si, -Sa, . . . Si, Sg, and if common tan- 
^ents be denoted by 12, &^c,, then 

^2 23 li . ^. 

IX»2X 2X*IX iX.lX 
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76. If Sg reduce to a point, this will be a point on the 

circle O, and ix, 2X, $x, Sec, maybe replaced by \/Si, ^S^, 

v^aSs, &c. Hence we have the following theorem: — If a 
circle 12 he touched by any number pf circles Su S2, S^, . . . , /he 
equation ofH will be contained as a factor in the equation 

" ■ *' ■ '^ +&c. = o. (239) 



v Si »3 2 V S2 aSs V S^ Si 

Cor. I. — If there be only three tangential circles this 
equation reduces to equation (226), Art. 70. 

77. From lemma 2°, supposing f{x) to be of the fourth 
degree, we get in the same manner the following theorem : — 

If a circle O be tangential to five circles So, Si, S2, Sz, Si, 

then 

— 2 — 2 — 2 — 2 

01 02 03 04. 

=r-= + — — 4- 1 _ + _ I = 0; 

12. 13. 14 12.23.24 13.23.34 14.24.34 

and supposing So to reduce to a point, and denoting by P{i) 
the product of all the common tangents from Si to all the 
other circles, then 

Si , S2 Si Si , . 



P(i) F{2) Pis) FU) 



Examples. 

I. The circle through the middle points of the sides of a triangle touches 
both the inscribed and the escribed circles. For, let Si, S2, Sz denote 
the middle points of the sides, ^S** one of the circles touching the sides, 
say the inscribed circle ; then ix, 2x, pc are equal to J(^ — t), J(^ - a), 

J(fl - 5) respectively, and I2, 23, 31, equal to ^c, \ci, \b, and these sub- 
stituted in the equation 





12 

« . ..1 


" 1 


31 _ 

IX . IX 


= 0, 




IX • 2X 


2x • 3JP 


it vanishes 


identically. 
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2. The circle through the middle points of the sides passes through the 
feet of the perpendiculars. For, taking S\, S^y S3, as in Ex. i, and ^S"* the 
foot of the perpendicular on the side a, then 

IX =b cos C — Ja, 2x = — \bi 3JC = \c, 
and substituting as before. 

3. If ^i, ^2, Siy Si be the inscribed and escribed circles, then, Ex. i, 
they have a common tangential circle XI (called the * Nine-points Circle '). 
Its equation in terms of these four circles is 

^1 S2 Sz 

{a-b)(b-c){c-ay (a-\-h)(b-c)(c-\-ay {a -k- b) {p -\' c) (c ^ a) 

Si 

4. The equation (239) may be written thus : 

cos ^(i2)Vrir2 cosJ(23)V5^ cosJ(/i)\^in , . 

, 1- ; r . . . -==z = O. (242} 

VS^i y/SiSs ^SiSi 

5. If a circle Q, touch four circles whose radii are n . . . ^4, then 



As 



n cos J (12) cos J (13) COS i (14) rz cos J (21) cos J (23) cos J (24) 

+ ^ + ^ 

rs cos i (31) cos J (32) cos J (34) n cos J (41) cos J (42) cos J (43) 

6. If «$■ be a circle, O a point, and OPQ a line through O and the centre 

S OP 00 
ofS, meeting the circumference in Pand Q, then we have — = — ' ^. 

S 
Hence if aS open out into a right line, — becomes equal to OQ; that is, 

equal to the perpendicular from O on the right line, into which S opens 
out. By means of this principle we can express the equations of the 
escribed and inscribed circles in terms of the sides of the triangle of 
reference and the 'Nine-points Circle.' Thus, in Ex. 5, let Si, Sz, S^ be 
the sides a, fi, y of the triangle of reference, -S* the * Nine-points Circle; ' 
then, denoting the angles of intersection of the sides with ^4 by ^, B, C, 
respectively, the equation of the inscribed circle is 

[o cos \A /3 cos I ^ 7 cos J ^] 



ia cos \A /3 cos ^ ^ 7 cos J c'i 
sin 1^1 sin^^i sinJCi I 

= o- (243) 



cos }^ cos ^^ cos ^C ( sin|^i sin^^i sinJC 

Si 



Ti sin \A' sin \B' sin J C 
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7. The tangent to the *■ Nme-points Circle ' at its point of contact with 
the inscribed circle is 

<Uk hf^ C'i ^ ^ 

+ 7-^+:H^ = o- (244) 



h — c c — a a — b 



^ cos^^ cosi-4 a 

For . 1 ., = . 1 ,p ^, = 5: , &c. 



♦Section III. — ^Trilinear Co-ordinates. 

78. To find the equation of the circumcircle of the triangle of 
reference. 

Let A', B'j C be three collinear points, then we have 

BC + a A' + A'B = o. 

Hence, if p denote the perpendicular from any point O on 
the line A'C\ 

BC CA' A'B' 

p p p 

Therefore, inverting from the point O, and denoting the 

inverses of A'y B\ C, hyA^By C, and the perpendiculars from 

O on the lines BCy CA^ AB by a, /8, y, we have (Art. 59, 

Ex. 6), 

BC BC , 

— — = , &c.; 

P a 

^ ^ BC CA AB 
therefore + -s- + = o ; 

a P r 

or, denoting the lengths of the sides of the triangle ABC by 
a, b, c, and calling it the triangle of reference, we have the 
equation of its circumcircle, viz.. 

a b c .V 

-+^+- = 0, (z+5) 

H 
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sin -4 sin-ff sin C , ,. 

or + -—5— + = o. (246) 

a ^ y 

Or thus : — If in the general equation of the second degree, 

aa* + bp^ + cy'^ + 2haP + 2/Py + 2^a « o, 

the coefficient of a* vanish, the resulting equation will denote 
a curve passing through the point Ay for it will be satisfied 
by the co-ordinates )8 ;= 0, y = o. Similarly, if the coefficients 
of p^, y* vanish, the curve will pass through the points B, C, 
Hence the equation /j8y + mya + «aj8 = o denotes a curve of 
the second degree circumscribing the triangle of reference. 
In order to find the conditions that it should be a circle, 
transforming it into Cartesian co-ordinates, equating the co- 
efficients oix^ andJ/^ and putting the coefficients of ;^ = o, 
we get, 

/cos()5 + y) + wcos(y + a) + «cos(a + /8) = 0, 
/ sin ()5 + y) + »i sin (y + a) + « sin (a + /8) = o. 

Hence, eliminating /, m, n, we get 

Py, ya, a^, 

cos 03 + y), cos (y + a), cos (o + fi), 

sin (a + )S), sin (y + a), sin (a + j8) 

or '/8y sin -4 + ya sin ^ + aj8 sin C = o ; 

the same equation as before. 

79. It maybe proved exactly as in the first method. Art. 78, 
thai if a polygon of any number of sides be inscribed in a circle^ 
and if the lengths of these sides be a, b^ c, d, 6fc,, and their standard 
equations a = o, i8 = o, y = o, &c.y then for any point in the 
circle 



= 0; 



abed. 

"+o+~+¥ + &c. = 0. 
a p y 



(247) 
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80. To find the equations of the tangents to the circumcircle ai 
the angular points of the triangle of reference. 

Let CE be the tangent. Produce 
BC to G\ then, since CE passes D 
through the intersection of a and )8, 
its equation is of the form /a+ m^ = o, 
but the angles into which CJE' divides 
the angle GCA are (Euc. iii., xxxii.) 
equal to -4 and ^, respectively. Hence 
/, m are inversely proportional to 
sin^, sin B, or to a and h. 

Hence, the equation of CE is 




a j8 

- + J = 0. 
a 

B y 
Similarly the tangent at^ is - + - = o ; 

a c 



(248) 



(H9) 



and the tangent at B is 



y a 

^ + - = o. 

c a 



(250) 



81. From these equations we have the following infe- 
rences : — 

1°. The triangles DEF, ABC are in perspective. For, 

subtracting (248) from (249) we get =0, which is evi- 

c a 

dently the equation of BE, Similarly the equations C-F. AD 

a, B By 
are — t = o> ^ - ~ = o. Hence the three lines AD, BE, 
a c 

CE are concurrent ; therefore the triangles are in perspective. 



2°. The axis of perspective is 



a j8 y 
a 



(^SO 



for this evidently passes through the intersections of (248) 
and y, (249) and a, (250) and p, 

H2 



lOO 
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3°. The co-ordinates of the centre of perspective are a, d, c; 
for these satisfy the equations of the lines AD, BE, CP. 
Hence the centre of perspective of the triangles ABC, DEF 
is the symmedian point oi ABC, 

82. The chord joining two points o!p!^\ a")8"y", is 



aa bp cy 

for, since the points are on the circle, we have 

a b c 

a b c 
Hence 



a = k 



(25*) 



I I 




I 


I 




I I 


W" ? 


, hr.k 


y' 


^' 


, c^k 


a" f' 


I I 




I 


I 




I I 


/S'" y"' 




r 


7" 




fl?" w 



where k is any multiple. Therefore 

and substituting in 

a(i8' y" - P" y ) + /? (/a" - yV) + y {pipi' - a"i8') 



= o, 



which is the equation of the join of the points a'jS'y, a"P"y\ 
we get 



aa bB cy 



a' a" jS'iS"^ '/y'' 
Cor, — Hence it follows that the tangent at the point a'^y is 

aa bp cy , . 
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82. To find the equation of the circle inscribed in the triangle of 
reference. 

The general equation of the second degree, viz., a6? + 3j8* 
+ c-f + ^haP + 2/^y + zg^a. = o, represents a curve of the 
second degree cutting each side of the triangle of refe- 
rence in two points ; thus, if we make y = o, we get aa^+ lAajS 
+ h^ = o, which represents two lines passing through the 
vertex C of the triangle, and through the points where the 
curve meets y. Hence, if it touches y, these lines must coin- 
cide, and ac? + %ha^ + hp^ - o must be a perfect square. Hence 
it follows that the general equation of a curve of the second degree 
which touches the three sides of the triangle of reference must he such^ 
that if any of the variables he made to vanish j the result un'll he a 
perfect square. Therefore the equation /' a* + /tt*j8^+ t^-f- zlmaP 
- imnPy - 2«/yo= o represents a curve of the second degree in- 
scribed in the triangle of reference, because making any of the 
variables to vanish, the result is a perfect square. The norm 
of this equation is y/la-\- ^mfi + \/«y = o (Art. 70), and the 
problem to be solved is to find the values /, m, », so that it 
may represent a circle. Now, 
making y = o, we get {la-mpy=o ; 
hence the equation of CF is 
la-mP = o, and this must be sa- 
tisfied by the co-Ordidates of F^ 
which, from the figure, are evi- 
dently 2rcos^iB, 2r cqs^iA, o; 
r being the radius of the circle. 
Hence l\m\\ co^\A : co^^B, 
Similarly m\n\\ cos^iB : cos'^i^C 
Therefore the equation of the circle is 

cos^A y/a+ cosJ^\/^ + cos jC\/y = o. (254) 

This equation is a special case of equation (232), from 
which it may be inferred by the method of Ex. 6, Art. 77. 
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83. The equation of the incircle may be inferred from that 

of the circumcircle by the following method, which is due ta 

Dr. Hart : — Let a', j8', 7/ be the standard equations of the 

sides of the triangle formed by joining the points of contact 

of the incircle on the sides of the triangle of reference; a\ Vy r', 

their lengths ; then, since the incircle is described about this 

triangle, we have 

a' h' d 

but a'=\/j8^, p'^Vy^, i^V^^ 

since the perpendicular from any point on the circum- 
ference of a circle on the chord of contact of two tangents 
is a mean proportional between the perpendiculars from the 
same point on the tangents (Sequel, iii.. Prop, x.) ; 

therefore — = + + — = = o. 

Again, if the angles between the lines a = o, ^ = o be de- 

A 

noted by (a)8), &c., it is evident that a', 3', d are proportional 

AAA 

to cos J (a)8), cos J {fiy\ cos \ (7a) respectively ; hence 
the required equation is 

A A 

cos \ {afi) cos i ()8y) cos i (ya) _ 

^/aP V Py Vya 

Or, as it may be written, 

cos \A \/a+ cos iB -v/jS + cos iC \/y = o. 

In the same manner the equations of the escribed circles 
are 

cos Ji4 v^-a+ sinJ^\/^ + sini^C'\/7 = o, (255) 
sini-4y^a+ siniBy/-/^ + sin^^C-v/y = o, (256) 
siniAy/a+ siniB\/p ■¥ cosiC\/-y = o. (257) 
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84. To find the equation of the chord joining the points a' P''/, 
af'P" y" on the incircle. 

Put for shortness cosi-4 = /*, cos J^=»2*, cosiC = «*, and 
we have the two equations 



Hence l^ = k {v^i^'y - V P^'W ) » where k denotes some constant, 
with similar values for m^ and n^ ; therefore 

P'i'''P'^i^l\Vfi''^VWi\'-K &c. 
But the join of the given points is 

a(/J'y" - P"i) + /J (/a" - y"a') + y (a'/3" - a"^') = o. 
Hence, by substitution, we get 



/*a { v^iSy + VP"i\ + ;«» )8 { v/ya" + Vi'o!] 



+ «»y {v/a'iS" + v^a")8') = o, (250) 

which is the required equation. This result is due to 
Dr. Hart. 

85. If the points a'jS'y, a"j8"y" become consecutive, the 

equation (258) reduces to 

/*a wSP «*y 
— =+ — — + — ri = o, (259) 

v^a' VP' Vy' 

which is the equation of the tangent to the incircle at the 
point a'P'y'. 

86. If the equation (247) be transformed by Dr. Hart's 
method (see Art. (83)), we get the following general theorem: — 
If a polygon of any number of sides whose equations are a = o, 
P = o, y = o, 8 = 0, 6fc,, be circumscribed to a circle, the equa- 
tion of the circle is a factor in the general equation 



VaP VPy V 



ioa 
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87. If the equation {a, b, Cy/, g, ^)(a, fi, y)* represent a circle ^ 
it is required to find the invariant relations between the coefficients. 

Transforming to Cartesian co-ordinates and equating the 
coefficients oi x^yji^y and putting the coefficient of ^ = o, we 
get at once (see demonstration of Art. ^,38)), 0^ - 4^. This 
condition however, though necessary, is not sufficient, since 
two relations must be fulfilled in order that an equation of 
the second degree may represent a circle. The following 
solution is from Salmon's Conies y page 121: — Since asin^ 
+ j8 sin ^ + y sin C = twice the area of the triangle of refe- 
rence, the equation kS+{ia+mP-\-ny){a sin A+fisinB + y sin C), 
if •? denote any circle, must represent a circle. Hence, taking 
S to denote the circumcircle, equating the coefficients a*, /S*, y* 
in kS + (/a + mfi + «y)(a sin -4 + j8 sin j5 + y sin C), and in the 
given equation, we get 

- fl b ^ 

I -. -- — _ PI — — fi 



sm^l sm^ sm C 

Hence, substituting these values, and equating the remain- 
ing coefficients, we get, after eliminating k, the two following 
relations : — 

b sin^C-\-csin^B-2/sinB sin C=c sinM + a sin'C-z^sin C sin A 

= a sin^B + b sin^A - ih sin A sin B. (26 1 ) 

Examples. 

1. If the area of the triangle formed by joining the feet of the perpen- 
dicular from a pomt P on the sides of the triangle of reference be given, 
prove that the locus of -P is a circle concentric with the circumcircle. 

2. n through P parallels EPP^y FPUy DPE' to BCy CA, AB be 
drawn ; prove that the locus of Pis a circle, if the sum of the rectangles 
EP. PF'y FP, PDy DP, PE be given. 

The three rectangles are, respectively, equal 

ajS fiy y« 

sin ^ sin ^' sin ^ sin 6*' sin C sin ^ * 

Hence the locus is afi smC-\- fiy sin ^ + 7a sin ^ = constant. 
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3. If P be the symmedian point of the triangle, the six points 
Z>, />', E^ E\ F, F* are concyclic. 

4. If the intercepts DU^ EE\ FF* (Ex. 2), be denoted by X, F, Z, 
and the corresponding intercepts made by the antiparallels (Chap. 11., 
Ex. 39) by f, Tj, f, prove that the locus of P is a circle, if \X ^ nY-{- (Z 
= constant. 

5. If in the same case the intercepts on the parallels made by the sides 
of the triangle be denoted by Xi, Fi, Zi; prove, if {-^1 + ijFi + (Zi 
= constant, that the locus of P is a circle concentric with the circumcircle. 

6. Fmd the equation of a circle through o'iSV, a'0"y", QS"ff"i". 
If S = 0, denote any circle, say, for instance, the circumcircle, then 



s. 


a> 


0, 


y. 


s; 


«', 


/8', 


y. 


S", 


•", 


0", 


y". 


S'", 


«"', 


ff". 


i" 



= o 



(262) 



is evidently the required equation. 

7. . Find the pedal circle of a iS'^'. The co-ordinates of the feet of per- 
pendiculars are— o, /5'+ « cos 6", 7' + «' cos^ '^^-^ff cos C, o 7' + /B* cos ^ ; 
a + 7' cos^, /S' +7' cos A^ o. These substituted in (262) give, by expan- 
sion, 

<i87sin^ + 7asin-ff+ojBsinC)(i3'7'sin-4 + 7Vsin-ff + o'jS' sin C) (a sin -4 

+ i3'sin^+7'smC) 

•>!•/?•/-/ -^.o-z?. • ..V (aa'( j3^+7COS^)(7'+^cos^) 

= sm-4sm^smC^(asm-4+^smjff+7smc^){ — ^ t-^ : 

^ ( sm^ 

j8 j8^ (y + c: cos i8) (g + j cos i?) 77^ (a'+ ff cos ^) (^^ -f a cos C 
sin ^ sin 6" 



]• (263) 



This equation remains unaltered if we substitute for a , &, y their recipro- 
cals —ff —,, -J, Hence the pedal circle of a point and its reciprocal 

are the same. 
8. The Simson's line of any point a'P^*/ on the circumdrde is 

CM (/y + y cos^) (y -V^cosA) ^ff {y* + d cos B) {a' + y cos ^) 
sin^ sin^ 

+ yy(a+ycosO(g'4-a'cosC) ^ ^ 

sinC ^ ' 
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9. Prove that jS* + 7^ — 2)87 cos A = constant represents a circle. 

10. If «S = o, «S' = o represent two circles whose radii are r^f'*^ prove 
that the circles 

cut orthogonally. — (Crofton.) 

11. If (fl, &, c^ f, g^ A) (a, jS, 7)' represent a circle, and if the same, 
when transformed to Cartesian co-ordinates, becomes 

find the value of m in terms of the invariants. 

Ans. m = \.9f. 

Def. — We shall call m the modulus of the equation. 

12. Find the modulus for jSy sin A + 7* sin j? + ajS sin C. 

Ans. — sin -4 sin ^ sin C. 

13. Find the modulus for the incircle. 

ABC 
Ans. 4 cos* — cos* — cos* — . 
^222 

14. If «, hy c denote the lengths of the sides of the triangle of refe- 
rence, prove that ao* + *i8* + ^77* -f|(a + * + 1) (0^8 + i37 + 70) = o denotes 
a circle through the centres of the three escribed circles. 

15. If i? = radius of circumcirde ; prove that the modulus of the circle 
in £x. 14 is iR sin A sin B sin C. 

16. The equation ^jS« + ry* - ao* + 2 (*S- a) j/87 - 7a - oi8} = o de- 
notes the circle through the incentre and two excentres, and its modulus 
is — 2 i? sin ^ sin ^ sin 6*. 

17. If 8 = distance of incentre from circumcentre ; prove, by aid of the 
modulus of the equation of the circumcirde, that 

I I _ I 

18. If on the sides AB^ BC, CA of the triangle of reference portions 
BF^ CD, AE be cut oflf equal to 



KD'^C-)'^^)' 



respectively, where A. denotes a line of any given length, the triangle EDF 
is similar to ABC. For, by an easy calculation, 

r» T^ X*(a2*H*V + ^fl*) -Afl*t(aH J*+^)+fl**r2 

aW ' 

with similar values for FE?-^ EIP. 
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19. The equation of the circle 3 described about triangle EDF (see 
Ex. 6) ij 



s. 


«> 


fi, 


7> 


I, 


0, 


M-\ 


{ac^\d)-\ 


I, 


{ph^-KjcY\ 


0, 


M-S 


I, 


W'\ 


{bc-xay^ 






(26s) 



This is the trilinear equation of what Neuberg has called * Tucker's 
Circles,' and includes several important cases. For example, if A. = o, we 

get the circumcircle ; if A. = — — — — 5, the Lemoine Circle of Ex. 3 ; if 

A. = -= — j^ 5i the cosme circle, &c. 

a^ -r o^ + (^ 

20. Kthe other points in which the circle of Ex. 19 cuts the same sides 
be denoted by F', D\ E, prove that the triangles EDF, EUF' are equal 
and similar. 

21. Find the equation of the circle (called the * Brocard Circle ') through 
the drcumcentre and the Brocard points 



c a b b c a 
c^ a c a' 



o c a c a o 



Am. abc(c? + iS* + y^) = a^fiy + Ifiya + ^aj8. 

22. Find the radical axis of the incircle and the circle through the 
middle point of the sides. 

In Ex. 6 let ^S" denote the incircle, and *S', 5", *S"" the powers of the 
middle points of the sides with respect to the incircle ; then if affy\ 
a'fi"y", a"fi"'y"' be the middle points, the required equation is, 



{b-c)\ 
(a-bY, 






i8, 7, 



(266) 



where ^, q, r denote the perpendiculars of the triangle of reference. Ex- 
panding and putting for ^, q, r their values in terms of the sides, we get, 
after an easy reduction, the same result as in equation (244), which, by 
using areal co-ordinates, may be written 



a ^ , 



+ — ' -- = o. 



b ^ c c — a a— b 



(267) 
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Section IV. — ^Tangential Equations. 

88. To find the tangential equation of the circumcifcle of the 
triangle of reference. 

First method, — If we eliminate y between the equation of 

the circumcircle - + 7^ + - = o and the line Xa + ui8 + iry = o, 

a ^ y 

we get (5X)a' + {a\ + bfi- cv)aP + {afi)p^ = o. 

Now this denotes two lines passing through the point (aj3) 

and the points where the line \a + fi^ + vy = o meets the 

circle. Hence, if it be a perfect square, the line touches the 

circle ; that is, if 

a^X^ + b^fi^ + c^v^ - zabXii - ihciiv - icavK = o. 
But the norm of this is 

^/a\ + ^/bfx + ^cv = o. 

Hence ^ak + Vhii + */cv = o (268) 

is the condition that the line Aa +/4^ + ry = o should touch the 
circle, and is on that account called its tangential equation. 

Second method, — The same equation can be obtained other- 
wise as follows. Since A.a + /a)3 + vy = o is a tangent to the 
circk, if the point of contact be 0!^'-/, comparing it with 
equation (253), we have 

Hence -/ + tt/ + i = v^«^ + v^^/* + V^^- 

a! p' y 

But, since a')8'y' is a point on the circumcircle, we have 

a h c 

Hence y/a\ + y/bu + y/cv = o. 



Tangential Equations. 1 09 

89. To find the tangential equations of a circle circumcrihed to 
a polygon of any number of sides. 

This problem requires the following lemma : — If AB he a 
chord of a circle APB, and X, /a denote the perpendiculars from 
AyB on the tdngent at P\ a the perpendicular from P on AB ; 
then a? = A/a. [Euclid, vi. xvii., Ex. 1 1 .] 

Now, if a polygon ABCD, &c., of n sides be inscribed in 
the circle, and if the standard equations of the sides bea=o,. 
j8 = o, &c., we have by equation (247) 

AB BC CD DE ^ 

+ -S- + + -TT- + &C. = O. 

a p y 

Hence, if the perpendiculars from Ay B^ C, &c., on any tan- 
gent to the circle be denoted by X, /x, v, p, &c., we have 

AB BC CD ^ . LA , ^ . 

— = + "7=: + —= + &C. . . + -7=== O, (269) 
y/A/A V ftV V Vp V WA 

which is the required equation. 

Cor. — If the polygon reduce to a triangle, the equation 
(269) becomes 

c a h 



or 



aV^A. + 3\//iH- r\/v = o. (270) 



It will be observed that A, /a, v have different significa- 
tions from those in equation (268). In fact the A, /a, v in 
(268) are equivalent to a\ bfiy cv in (270) ; and this difference 
can be explained ; for in (268) the three ratios A : /a, [iiv^ 
V : A are those of the sines of the angles into which the 
angles of the triangle of reference are divided by lines from 
its vertices to the intersections of Aa + /aj8 + vy with the oppo- 
site sides ; and in (270) they denote the ratios of the segments 
into which the tangent divides the sides of the triangle of 
reference. Compare Art. 29. 
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90. To find the tangential equation of the incircle of the tri- 
angle of reference. 

If Aa + ft)3 + ry = o be a tangent to the circle, comparing it 
with equation (259), viz. 

— + ±L + — = = o, 



^/o! v'P' v^y 

^ - / 

we have — = = x^ &c. Hence /» v^a'= -, &c. 

But, since a'^'-/ is a point on the circle, 

/*a/^+ »z»v/i8'+ «i\/7= 0; 

^ I m n 

therefore r- + — + - = o I 

A /Lt V 

and restoring the values of /, m, n (see Art. 84), we get 

cos^i-4 cos^iB cos^jC 

/* 



X — + — - — +—7 — = 0' (^70 



which is the required equation. 

91. To find the tangential equation of the incircle of an n-sided 
polygon, 

\i ABh^ any chord of a circle, P any point in its circum- 
ference, Q the pole of AB ; then if a, \ be the perpendiculars 
from P on AB^ and from Q on the tangent at P respectively, 
it may be easily proved that a v X = sin^^^^ ; but if R be 
the radius of the circle, AB = zR cos iAQB. Hence 

AB zRcotjAQB 
a \ 

Now, for any inscribed polygon we have, by equation (247), 

AB BC CD ^ 

— + —77- + + &c. = o. 

a p y 

Hence, for a circumscribing polygon whose angles are 
Af B, C, &c., we have 

coti-4 cot iB cotiC « 

V + =— + =— + &c. = 0. (272) 
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where X, /x, v, &c., are the perpendiculars from the angles on 
any tangent to the circle. 

Cor. — In the case of a triangle we get 

cot ^A cot iB cot J C 
— r — + -f = o, 

which may be written 

cos'^i-^ cos^i^ cos^iC 
r — + — ^ + =o; 

and putting (see Art. 89) X, /*, v for a\, ^/a, cv^ we get the 
same result as in equation (271). 



Miscellaneous Exercises on the Circle. 

1. Find the centre and radius oi x^'\-y^—(ix-\-^y^ii =0. 

2. Find the value ofm My = mx be a tangent to x^ -^^ y"^ — 6x — 2y -{■ S =0, 

3. Find the points where jfi +^ — jx — Sy+iz^o cuts the axes. 

4. Find the drcle through the origin, and making intercepts h, k on the 
axes. 

5. Kthe axes be oblique, find the equation of a circle touching each at 
a distance a from the origin. 

6. Find the circle through the points (7, 5), (- 2, 4), (3, —3). 

7. Find the circle whose diameter is the intercept made by 

jc2+i/8=/« on -+'?-i=:o. 

a o 

8. Find in the same case the pair of lines from the origin to the points 
of intersection. 

9. Find the length of the common chord of (x — a)' + (^^ - h)^ = f^, 
{x-bY^-{y-af=r^, 

10. Find the equation of the circle whose centre is (2, 3), and which 
touches 3^ + 4jK + 12 = o. 

11. Find the condition that the line \x -V /ty + y = o may touch the 
circle (x - a)«+ (y - hf = r^. 

12. Find the radical centre of the circles ^'+^2 + 6jip+ 4^+ 12 = 0, 
x^-\-^-6x-\-\y+i2 =0, x^-^y^ + tx-^y-\-i2 = 0. 
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13. Through O, the origin, a line OPQ cuts jc^ + ^ + 2^:1? + %fy + r = o 
in the points P^ Q ; find the locus of i? in each of the following cases : — 

I®. When OR is an arithmetic mean between OP, OQ, 2*. A 
geometric mean. 3°. A harmonic mean. 

14. If two tangents be drawn to x^ + y^ - r^ = o from the point («, o), 
find the equation of the incircle of the triangle formed by the tangents and 
the chord of contact. 

15. If ^ be the centre of a circle whose radius is r, prove that the area 
of the triangle which is the polar reciprocal of a given triangle ABC is 

r* (ABC)^ ^ ^(AOB) . (BOC) . (COA). (273) 

16. Prove that a triangle and its polar reciprocal with respect to any 
given circle are in perspective. 

17. If a chord of a given circle of a coaxal system pass through either 
^^^iting point, the rectangle contained by the perpendiculars from its ex- 
tremities on the radical axis is constant. 

18. The three circles whose diameters are the three diagonals of a com- 
plete quadrilateral are coaxal. 

19. If from a given S in the axis of at a perpendicular SYhe drawn to 
the tangent at any point P of the circle jc' +^ = r', and the ordinate PJlf 
at P of the circle be produced to Q until MQ = SY, the locus of Q is a 
right line. 

20. Find the polar equation of the circle whose diameter is the join of 

the points 0>'0»(P" n- 

21. The equations of any two cirdes can be written in the forms 

jc« +^ + 2kx + 8 = o, ^ +>* + 2^x +8 = 0, and one is within the other 
if kk^ and 5 are both positive. 

22. If three given circles be cut by a fourth circle ft which is variable, 
the radical axis of fi and the given circles form systems of triangles in 
perspective. 

23. If i? be the circumradius of the triangle ABC, prove that the 
distance between its orthocentre and circumcentre is 



R v/ I - 8 cos A cosB cos C. (274) 

24. The locus of the radical centre of the circles (jc — a)^ + (^ — b)^ 

where r is a variable quantity, is a right line. 

25. If «y = i$B represent a circle ; prove that i = i, and give the 
geometrical interpretation. 
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26. If o-y = kf^ represent a circle ; prove /& = i, and give the interpre- 
tation. 

27. If /a^ + m^ + w^ = o represent a circle ; prove 

/ = sin 2 ^, m — ^\x\.2B, « = sin 2 C. 

28. Prove that the tangential equation of the circle whose radius is 
r, and centre a^'y, is 

f^ {\^ + At* + y2 _ 2fip COS A - 2yA. cos ^- 2\fi COS C) = (Aa'+ fijS'f iry')*. (275) 

29. If the four lines = 0, jB = o, 7 = 0, 5 = o, have a common 
tangential circle ; prove 

^« + »- 

cos J (aj8) cos J (ay) cos J (08) cos J (/3a) cos J {fiy) cos } (i35) 

v 8 

cos J (70) cos J (7^) cos J (78) COS J (80) COS J (8/3) COS J (87) * ^ ' ' 

30. Show that the equation, Ex. 28, is of the form r^cooo' = Z^, and 
give the interpretation of au. 

31. If the sum of the perpendiculars on a variable line from any number 
of given points, each multiplied by a constant, be given, the envelope of 
the line is a circle. 

32. Find the condition that the points are concyclic in which the circles 
xi -{.^^gx -irfy + r = o, a:2 +^2 + ^x \f'y + c' = O meet respectively 
the lines xjp + /ty + i' = o, x'a: + y^y + v' = o. 

33. Find the equations of the tangents to the * Nine-points Circle * at 
its peints of contact with the escribed circles. 

34. The circle which passes through the symmedian point P and the 
points By C of the triangle of reference is «S — 30 sin ^ sin d7 = o, (277) 

where .S" s o/B sin C + /37 sin .4 + 07 sin -ff . 

35. If P be the symmedian point of the triangle ABC; prove that the 
diameters of the circles APB^ BPC, CPA are inversely proportional to 
the medians of the sides AB^ BCy CA. 

36. If 6^ be the centroid of the triangle ABC, the diameters of the 
circles AGB, BGC, CO A, are inversely proportional to the symmedians 
of the triangle. 

37. The circle, whose diameter is the side a of the triangle of refe- 
rence, is 

o* cos -4 = i87 + o (3 cos -ff + 7 cos C). (278) 

I 



114 



The Circle. 



This may be inferred from Ex. 55, but we indicate an independent proof 
here. The equation will evidently be of the form 

>&a (a sin -4 + ;8 sin ^+ 7 sin C) + (ojS sin C+ ^87 sin^ + 7a sin -5) = o. 

Now, put /3 = o in this, and equate the result to a cos A — y cos C, and 
we get k = - cosA : this gives the required equation. 

38. To find the equation of the circle which passes through the feet 
of the perpendiculars. The line j8 cos B + y cos C— a cos A = o will 
evidently be the radical axis of this circle and the last. Hence the 
equation will be of the form 

(jB cos^+7COsC-- a cosA){p sin^-|- 7 sinC+ a sin -4) 

«= ^{a^ cos -4 — fiy- a{i8 cos^+ 7COS6')}; 

and this must pass through the point whose co-ordinates are o, cos C, 
COS B. Hencp >& = — 2 sin ^ ; and by substitution and reduction we get 

a^ sin 2 A + )8- sin 2^ + 7* sin 2 6*- 2 {fiy sin A+ya sin ^+ a)8 sin C)=o, (279) 

39. Deduce the * Nine-points Circle ' equation from Ptolemy's theorem. 
Let A\ B', C be the middle points 
of the sides of the triangle of refe- 
rence ; P any point in the circle. 
Let fall the perpendiculars PD, 
PE, PF on BC, CA\ A'B', re- 
spectively ; then we have, by equa- 
tion (245), 

B'C CA' A'B 

-J J = o • 

PD^ PE PF ' 



but PD is evidently 



1 {aa:^bfi+cy) 

= a — J = 

a 




a 



, li aa •\- b^ ■\- cy = 2S. 



Hence we get 



a^ 



b^ 



c^ 



S-aa S-bfi S-cy 
or, in areal co-ordinates. 



= 0; 



a* 



+ 



*2 



^-7 



= : 



(280) 



S ^ a ' S -fi 
this is a new form of the equation. 

40. If a, i3, 7 denote the tangents drawn from any point to three coaxal 
circles whose centres are A, B^ C\ prove that 

BCii^ + CAff"' + AB-f = o. (281) 



Miscellaneous Exercises on the Circle. 



"5 



41. Prove that a common tangent to any two circles of a coaxal system 
subtends a right angle at either limiting point. 

42. If through the symmedian point an antiparallel be drawn to one 
of the sides of the triangle of reference ; find the equation of the circle 
described on the intercept made by the other sides on it as diameter. 
This will pass through the three points tan A, sin C, o ; o, tan B, sin A ; 
sin^, o, tanC 

43. PascaPs Theorem, — The intersections of opposite sides of a hexagon 
inscribed in a circle are collinear. 

Let the equations of BC be a = o ; BE, 7 = 0; EF^ /3 = o ; CF^ 
= 0; then the equation of the circle will be ai3 — 78 = o. 




The equation of AB will be of the form /a — 7 = o ; of AF, /B — /8 = o ; 
of £>E, fi — my = o ; of CD, wa - 5 = o ; and the equation of the line 
PQR is Ima ~ = o; for it will be seen that this passes through each 
pair of opposite sides. 

44. If f, f'y f" be the tangents drawn to a circle from the vertices of 

a self-conjugate triangle ; R the radius of the circle, and A the area of the 

triangle; then 

-4A«^2 = r^r2r'2. (281) 

(Prof. Curtis, S.J.) 

For if {xy), {x'Y)y {x"y") be the vertices of the triangle, multi- 
plying the determinants 



*', 


y. 


ie. 


X", 


T' 


R, 


«"', 


y", 


R, 





^, 


y, 


-R, 




*", 


y. 


-R, 




*"'. 


y", 


-R, 



we get 



f^ o, o, 
o, n, o, 



o, 



f'K 



which proves the proposition. 
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45. Find the equation of the circle whose diameter is any of the perpen- 
diculars of the triangle of reference. 

46. If a = o, )8 = o, 7 = 0, 8 = o be the standard equations of the 
sides of a cyclic quadrilateral, and their lengths a, *, c, J, the equation of 
the third diagonal is 

(282) 



a )8 7 $ 
abed 



47 » In the same case, if e = o, ^ = o denote tlie other diagonals of the 
quadrilateral, and ^, / their lengths, the equations of the remaining sides 
of the harmonic triangle of the quadrilateral are 



-+-+- + ^ = 0, ^ + -+_ + r = o. 

a e c J o e a f 



(283) 



48. The circumcircle of the triangle formed by the side = 0, and the 
internal and external bisectors of the opposite angle, is 

€\Xi{B-C) (ojS sin C + )87 sin -4 4- 70 sin B) 

+ (iS sin 6* - 7 sin )8)(a sin^ + /3 sin^+ 7 sin C) = o. (284) 

This circle and its two analogues are coaxal, the radical axis being 

sin(^-C)a + sm(C-^)-ff+sin(-4-^)7 = o. (285) 

(Prof. J. Purser.) 

49. Find the equation of the pair of lines, from the origin to the inter- 
section of the circles 

jc2 +y + 2gx ■\-2fy + c = 0j x^+y^ + 2g^x + 2fy + </ = o. 

50. With the same hypothesis as in Ex. 44, prove 

72 + ^ + ?^ = ;^ • (Prof- Curtis, S.J.) (286) 
Equate to zero the product of the two matrices 



X 



o, 



y. 


-R, 




*', 


y, 


R. 


y. 


-R, 




X", 


/'. 


R, 


r, . 


-R, 






>'", 


R, 


0, 


-R, 




0, 


0, 


R 



51. If XI be the equation of the * Nine-points Circle,' prove that the 
circle whose diameter is the median that bisects a is 

XI — 2acos^(asin^ + )8 sin^+ 7 sin 6*) =0. (287) 

52. The radical axis of the circumcircle and the circle whose diameter 
id the median that bisects a is 

i3 cosi?+ 7 cos C= o. 
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53. Find the equations of the circles whose diameters are the joins of 
the feet of the perpendiculars of the triangle of reference. 

54. If the three sides of a plane triangle be replaced by three circles, 
then the circles tangential to those corresponding to the inscribed and 
escribed circles of a plane triangle are all touched by a fourth circle 
(Dr. Hart's), which corresponds to the 'Nine-points Circle' of the plane 
triangle. Its equation is 

=4^ + =^+=^^+^^-^ = o. (288) 
12' 13' 14 21' 23 24 31' 32 -34 41' -42 -43 

where Si^ S2, &c., correspond to the inscribed and escribed circles of 

the plane triangle, and 12', &c., denote a transverse common tangent. 

55. Find the equations of the circles whose diameters are the joins 
of the middle points of the triangle of reference. 

56. Find the equation of the circle which passes through the points of 
intersection of bisectors of angles with opposite sides. 

57. liABCD be a cyclic quadrilateral, -4Cthe diameter of its circum- 
circle; prove the diflFerence of the triangles BAD, BCD=^\AC^ sin^ BAD. 
— Steiner. 

58. If a point in the plane of a polygon be such, that the area of the 
figure formed by joining the feet of perpendiculars from it on the sides of 
the polygon be given, its locus is a circle. 

59. If any hexagon be described about a circle, the joins of the )hree 
pairs of opposite angles are concurrent. 

Let the equation of the circle be vTo + ^/mP + V«7 = o J -^^^ ^he tri- 




angle of reference ; and let the equations of the alternate sides DE, FG, 
HK oi the hexagon he respectively 

Xo + Ai)8 + V7 rs o, \'o + /u'/3 + v'7 = O. A"a + fi")8 + v"7 = O. 



ii8 



The Circle, 



Hence, equation (271), 



I m ft I tn n 

r + -+- = o, -7+-+- 



I m n 



(I-) 



Again, the equations of the three diagonals are easily seen to be- 
for 






f> 



» 



KF, 4., + ^,+ 7_ = o. 



And the condition of concurrence is the vanishing of the determinant. 



I 


I 


I 


/.V 


X'y* 


xV 


I 


I 


I 


ft y 


\'V 


/A \ 


I 


I 


I 

« 


tt t* 


aV" 


A/4 



this differs only by the factor 



Kyi, V 



from the determinant got by elimi- 



nating /, m, n from the equations (i.). Hence the proposition is proved. — 
See Wright's TrUinear Co-ordinates, 

60. One circle lies entirely within another ; a tangent at any point P to 
the inner meets the outer in ^, iV and the radical axis in Q ; prove, if S 
be the internal limiting point, that the angle MSN\& bisected. 

6 1 . The ratio of sin FSN : cos \ SQN is constant. 

62. The envelope of the circle about the triangle MSN is a circle. 

63. The diameter of the circle which cuts the three escribed circles ortho- 

d 
gonally is - — j- (i + cos ^ cos ^ + cos ^ cos C+cosC cos A)^. 

64. The diameters of the circles cutting the inscribed circle and two 
escribed circles orthogonally are 



(i + cos A cos B — cos B cos C + cos C cos A)^, &c. 



sin^ 



65. If 8 be the distance between the incentre and the circumcentre^of 
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iig 



the triangle of reference, prove by the modulus of the equation of the cir- 
cumcu-cle that 



I I 

+ 



R+B H-d r 
66. For any five circles prove — 



O, I, 


I, 


1, 


I, 


«, 


I, o, 


12', 


i3», 


i"?. 


15', 


I, 2I», 


0, 


23', 


242, 


25'. 


J, ^^■^ 


32', 


0, 


34', 


35'. 


h 41', 


42", 


43', 


0, 


45'. 


I, 51', 


52», 


53', 


54', 






= o. 



(289) 



(Salmon.) 
Multiply together the two matrices, each of six rows and five columns — 

0, o, o, O, I, 

1, ^', y, ^, y2+y2-/-'2, 

I, x", y, r", ^"2+y -r"2, 

See, &c. 

By supposing the circle S to touch all the others, ij, 25, 35, 45, all 
vanish, and we get a new proof of my extension of Ptolemy's theorem. 

67. Prove the following relation between the angles of intersection of 
four circles : — 



I, 


0, 


0, 0, 0, 


x^+y2_y2^ 


-2X', 


-2/, -2r', I, 


jv"2+y'2-^'a, 


-2^", 


- 27", - 2r", I, 



o, 
I 



J* 



I 
r 



,»/' ^»" ' y/'"' 



I, 



cos 12, COS 13, COS 14, 



= o. 



(290) 



— ;, COS 21, I, COS 23, COS 24, 
I 

— ,, COS 31, COS 32, I, COS 34, 

— ,, COS 41, COS 42, cos43i I I 

68. Prove by the modulus of the equation of the 'Nine-points Circle' 
that it touches the inscribed and escribed circles. 
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69. Prove that the detennmant 



= o (291) 



is the circle orthogonal to the three circles x^+jf^ + 2gx' + 2fy + ^r* = o, 
&c. 

70. The circumcircle of the triangle, found by drawing through the ver- 
tices of the triangle of reference parallels to the sides, in areal co-ordi- 
nates, is 

fl2 *2 c^ 

+ + ——L = o. 



)8 + 7 7 + o+)8 

71. Find the equation of the circle through the points 

(a cos a, ^ sin a) ; (a cos jS, h sin jS) ; (a cos 7, d sin 7). 

(R. A. Roberts.) 

72. Find the equation of the * Nine- points Circle* of the triangle formed 
by the same points. (Ibid.) 

73. Prove that the sides of a triangle DEF, homothetic to the triangle 
of reference with respect to its symmedian point, determine upon it six 
concyclic points ; and that the locus of the centre of the circle passing 
through these points is a right line. — (Neuberg.) 

74. If the base BC of a triangle be given in magnitude and position, 
and the Brocard angle a in magnitude, find the locus of the vertex. 

Arts. If the middle point of ^Cbe taken as origin, and the base and a 
perpendicular to it as axes, the locus is sfi -\-y^ — (a cot «) ^ + - — = o. 

{lUd,) 

75. Find the equation of the circle whose diameter is the join of the 
orthocentre and centroid of the triangle of reference. 

Ans, a'sin zA -|- /3* sin iB^ 7^ sin 2 C- {afi sin C+ fiy anA + ya siaB) = o. 

(Brocard.) 



CHAPTER IV. 

THE GENERAL EQUATION OF THE SECOND DEGREE. 

Cartesian Co-ordinates. 

92. The equation iS* s ao^ + zhxy +by-k- igx + 2/V + ^ = o, 
or, as it may be written, «2 + «i + «o = o, where «» denotes the 
terms of the second degree, &c., is the most general equa- 
tion of the second degree. The object of this Chapter is to 
classify the curves represented by this equation, to reduce 
their equations to the normal forms, and to prove some 
of the properties common to all these curves. It will be 
shown in Chapter viii. that every curve of the second de- 
gree can be obtained as the intersection of a cone standing 
on a circular base by a plane. In fact, it was from this point 
of view that these curves were first studied, and for this 
reason have been called " Conic Sections.'* 

If we suppose the terms of the first degree removed, the 
equation will be of the form ax^ + zkxy + dy^ -^ c = o, and this 
transformed into polar co-ordinates, gives 

(a cos^^ + bsinO cos ^ + ^ sin*^)p^+ f = o. 

Now, since this quadratic in p wants its second term, its 
two roots will be equal in magnitude, but of opposite signs. 
Therefore to each value of there will be two equal values of 
P, of opposite signs ; or, ip other words, every line drawn 
through the origin is bisected at the origin. Hence, When the 
equation of a curve of the second degree is of the form U2 + Uo= o, 
the origin is the centre of the curve. 



n 
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93. Terms of the first degree can he removed from the general 
equation S = o by transformation to parallel axes, unless 
ab - h'^ = o. 

Dem. — ^Writing x + x for x, and jf + J^ for _>/ in S = o, 
it becomes ax^ + ihxy + by + 2g'x + zfy + ^' = o, 
where g' - ^x + hy + g, f = hx + by +f 

c' = ax^+ zhxy + ^*+ zgx + zfy + c. 

Now, if the new origin be the centre, we must (Art. 92) 

have ^yf each equal to zero. Hence, solving for i, y from 

the equation 

dx \hy -^^ g-Oy Kx\by ■\-f-o, 

__ G _ F 

or X ^ —y y ^ r' (^^^ ^^' ^^'^ 

Hence, except when ah - J^ =^ zero, the values of i, J' are 
finite, but these are the co-ordinates of the new origin; 
therefore, &c. 

Cor, — The general equation .S* = o represents a central 
curve when the value of ah - A* differs from zero, and a non- 
central curve when it is equal to zero. In other words, When 
the terms u% of S form a perfect square it represents a non-central 
curve; and when they do not form a perfect square it represents a 
central curve, 

94. The lines ax + hy-{-g=o, hx+by +/* = o are diameters of S, 
For, solving from these equations, we get the co-ordinates 

of the centre. Hence each passes through the centre, and 
is therefore a diameter. 

Or thus : the equation S=o may be writ ten 

{ax-^hy+gy^[(h'-ab)y + 2{gh-af)y-\-(g^-ac)] = o. 

Or in the form 

X''+Cy-2Fy-¥B = o, (see Art. 26) 

putting X for (ax + hy + g). 
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It is evident that for each value of y there will be two 
values of -X" equal in magnitude, but of opposite signs: hence 
the line A* = o, or a jc + ^v + ^ = o is a diameter. 

Cor. I. — In non-central curves the lines ax ^hy \ g^o^ 
hx ^by -^^ f =0 are parallel ; for the condition of parallelism 
gives ab - h^ = o. 

Cor. 2. — ^When the general equation .S* = o is referred to 
the centre as origin, and written in the form ax^ + zhxy + by^ 
+ c' = o, then 

, abc -\- zf^h - aP - bp^ - ch^ A 

^ = ^^ °'c' (*") 

for the discriminant of ax^ + ihxy + bj^ + igx + 2/y + r = o 
is A, and the discriminant of ax^ + zhxy + ^* + ^ is abcf- (fh^ ; 

and equating these we get r' = — . 

95. /» every curve of the second degree two real and distinct 
lines, two coincident lines^ or two imaginary lines, can be drawn 
through the origin^ each of which will meet the curve once at 
infinity. 

Dem. — Transforming S to polar co-ordinates, we get 
(a cos' tf + 2 A sin B cos ^ + ^ sin' G) p'+ 2 (^ cos +ysin ^) p + r = o ; 

or for shortness, a'p' + zb'p + ^ = o ; and, putting p = —,, this 

P 

becomes cp'^ + zb'p' + a' = o. Now if a' = o, one of the values 
of p' in this equation is zero, and the other value is finite. 
Again, if not only a' = o, but 3' = o also, then the second value 
of p' will be zero. Now when p' is zero, p is infinite. Hence, 
if in the equation a'p^ + zb^p + c = o, a' = o, one of the values 
of p will be infinite and the other finite ; and if not only a '= o 
but also b' = o, the two values of p will be infinite. 

Now when a' = o, we have a cos^O+zh sin^ cos O-^-b sin'^= ; 
hence a + zh tan 6 -\- b tan' = o, an equation which gives 
two values for tan 6. Hence the proposition is proved. 
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96. If the two roots of the equation a + 2A tantf + ^tan'^=o 
(Art.95) be real and unequal, 
the lines from the origin to 
meet the curve at infinity 
are real, as in the annexed 
diagram, the angles corre- 
sponding to the two values 
of e being XOA, XOB. 
In order to find the equa- 
tion of the lines OA, OB, 
let the co-ordinates of any 
point P in OA be xy ; then 

, y PM ^ . 
we have - = -przrz - tan 9, 
X OM 

Hence, substituting - for tan m a + ih tsin 6 + b tan^^ = o, 

we get a^^ + ihxy + by* = o. (294) 

This form of the curve is called a hyperbola^ and we see that 
-S" = o represents a hyperbola when «2 = o represents two 
distinct lines. Now the condition that u^^ax^ + 2hxy-\-by*= o 
should denote two distinct lines is, that its discriminant 
^ - ab should be positive. Therefore if S = o represents a 
hyperbola, h^ - ab is positive. 

Secondly. — If the roots of ^ + 2^ tan 0-^b tan^ tf = o be equal, 
the two lines from the origin to 
meet the curve at infinity are 
coincident. This variety of the 
curve is called a parabola. 

As before, to get the equation 
of these two coincident lines, 

put - = tan 0, and we get 

X 

ax^ + 2hxy -\- by^ = o. 

Hence, When ao^ + ihxy + by- is a perfect square ; that is, 
when h'^ - ab = o, the curve is a parabola. 
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Lastly. — Suppose the roots oi a + zh tan -^r b tan* ^ = o to 
be imaginary, then no real line can 
be drawn from the origin to meet ^ 
the curve at infinity. This species 
is closed in every direction, and is 
called an ellipse. The equation of 
the imaginary lines from the origin 
to meet the curve at infinity is 




a:^ + zhxy + 3>/^ = o, as before. X 

Now if this represents two imaginary lines, we must have 
A' ~ ah negative. Hence the conditions for the three curves 
are — 

For hyberbola, h^ - ah positive. 

For parabola, h^ - ah equal zero. 

For ellipse, A* - ah negative. 

Cor. I. — ^The hyperbola meets the line at infinity in two 
real and distinct points — ^the parabola in two coincident 
points, and therefore touches it; and the ellipse in two 
imaginary points. 

Cor. 2* — In the equation S = o, if either a or h vanish, but 
not h, the curve is a hyperbola, for in either case h^ - ah i& 
positive. 

Cor. 3. — If a and h have contrary signs, the curve is a 
hyperbola. 

Cor, 4. — If a + h = o, the lines ax^ + zhxy + 3>/* = o are at 
right angles to each other. The curve in this case is called an 
equilateral hyperbolay and sometimes a rectangular hyperbola. 

Cor. 5. — ^The circle is a species of ellipse ; for in the 
equation of the circle h-o and a - b. Hence K^ - ah is 
negative. 

Cor. 6. — The ellipse and hyperbola are central curves, and 
the parabola non-central. 

97. The locus of the middle points of a series of parallel chords 
of a curve of the second degree is a right line. 
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Dem. — Let 5" represent the curve given by its general equa- 
tion ; ADE one of the chords \ 
of the system : bisect the inter- ^ 
cept DE in C ; the locus of C 
is required. Let the equation 
of AE be _y = mx + n ; and 
supposing m constant, and n 
variable, we have a system of _ 
parallel lines. Now, substitut- A X 

ing mx + n for _>/ in the general equation, we get 

{a + 2mh + fn^b) x^-\-2 (hn + mhn +^+ mf) ^ + «* + znf-\- c = o. 
Half the sum of the roots of this equation will be the ordinate 
of the middle point C. Hence, for that point, we have 

hn + dmn-\-£^+mf 

and, eliminating n between this and the equation y = mx + «, 

we get 

ax -^ hjf + g + m{hx + by +/) = o, (295) 

which is the locus required. 

Cor. I. — Since the lines ax-¥hy-\-g = 0y hx + by +/"= o are 

diameters, the line (ax + hx -^ g) + m [hx + by +/" ) = o is a 

diameter, as is otherwise evident. By putting m = tan ^, this 

may be written \ax -^ hy + g) cos + {/ix + by +/" ) sin 0. Hence, 

■putting first ^ = o, and then tf = , we see that ax + hy + g= o 

2 

is the equation of the diameter which bisects chords parallel 
to the axis of x, and hx -^ by +/ = o of the diameter 
which bisects chords parallel to the axis of^. Employing 
the notation of the Differential Calculus, these proposi- 
tions may be more simply stated, thus : — 1/ S= o be the 

general equation of the second degree^ — = o m the equa- 

ax 

tion of the diameter which bisects chords parallel to the axis 

dS 
<fx, and - - = o that which bisects chords parallel to the axis 

of y. 



Cartesian Co-ordinates, 127 

Cor. 2. — If S- o be a parabola, the lines ax -v hy -^ g = o^ 
hx -^ ly +/= o, are each parallel to the line which can be 
drawn from the origin to meet the curve at infinity ; for in 

that case h = ^/ad; and, substituting in ax^ + zhxy + dy^ = o, 

we get ( V^ .X -\-*y h .yf - o. Hence, in the parabola, the 
line through the origin to meet the curve at infinity is 

^a . X + \/^b .^ = o ; or, multiplying successively by v^«, ^/ K 
the line may be written either ax + by = o or hx -k- by = o, 
and the foregoing lines differ only by a constant from 
these. 

98. If two diameters be such that the first bisects chords 
parallel to the second, the second bisects chords parallel to the 
first. 

For if m be the tangent of the angle which the second 
diameter makes with the axis of x, the equation of the first 
diameter is 

{ax + hy -\-g) + m {hx + by +/") = o ; 

and if m! be the tangent of the angle which this makes with 
the axis of x, we get 

, a + tnh 
h + mb 

or a + {m •\- m') h + mm'b = o ; (296) 

since this remains unaltered by the interchange of m and in\ 
the proposition is proved. 

Def. — A pair of diameters, so related that each bisects chords 
parallel to the other, are called conjugate diameters. 

Cor, I. — If in the general equation A = o, the axes of 
X and y are parallel to a pair of conjugate diameters; 
for if h-o, ax + hy + g= o reduces to ax +'g = o, which is 
parallel to the axis of y ; that is, the diameter which bisects 
chords parallel to the axis of x is parallel to the axis 
ofy. 
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99. To find the ratio in which the join of the points :xfy, xf'y'^ 
is cut by S, — (Joachimsthal.) 

Let the ratio be ^ : i ; then the co-ordinates of the point 
of intersection are 

x' + kx" y + ky" ^ 

and these substituted in S, give the quadratic 

S' -v 2kP" + k^S"^ o, (297) 

where S\ S" denote the powers of the given points with 
respect to -S", and P' the power of x'y with respect to the 
line 

P^{ax'-¥hy'-\-g)x + {hx'^-by+f)y-^gx'-\-fy-\-c = o, (298) 

The equation (297) is a fundamental one in the theory of 
conies. Several important theorems can be inferred from 
it by supposing its roots to have special relations to each 
other. 

I**. Suppose the sum of the roots to be zero. Then P" = o, 
and the point xfy must be on the line P, 

Let, in the annexed diagram, Q, R be the points where 




the join of the points A and B meets the curve, the values 
of ^ are AQ: QB, AR : RB^ and these are equal, but with 
contrary signs. Hence AB is divided harmonically in Q 
and R, 

Cor, I. — ^Any line through A is divided harmonically by 
P and S. 
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Cor, 2. — P is the chord of contact of tangents from A, 
For if the line QR turn round A until the points 0. R coin- 
cide ; then,' since B is the harmonic conjugate of A with 
respect to Qy Ry when Q^ R come together, B coincides with 
them and AB will be a tangent. 

Def. — The line P is called the polar of the point ody. 

Cor, 3. — If a point be external to a conic its polar cuts 
the conic. If the point be internal its polar is external. For 
the harmonic conjugate to an internal point on any line pass- 
ing through it is external to the conic. Lastly, if a point be 
on the conic, its polar, being the secant through two conse- 
cutive points of contact, is a tangent. 

Cor, 4. — If afy be a point on *$*, the tangent at sd y is the 
equation (298). 

2°. Let the roots ofiz^f) he equal. Since the roots are the 
ratios AQ\QB, AR : RB, 

they will be equal only Rzrl^lIII— ----^'^ %y 

when the points Q, R coin- 
cide, that is, when the line 
AB is a tangent to the curve. 
The condition for equal 
roots in (297) is -S^'-S"'- P"2= o, 

which must be fulfilled when the point jd'y is on either of 
the tangents from xty to S, Hence, supposing the latter 
fixed and the former variable, we get the equation of tan- 
gents to S from afy^ by removing the double accents, to be 

SS' - P^ = o. (299) 

3*^. Let the anharmonic ratio of the four points Ay B^ Qy R be 
giveny then the roots of (297) have a given ratio. Let this 
ratio be X, and changing k into k\ in (297), we get 

Eliminating k between this and (297), and omitting double 
accents, we- get the locus of a point By which divides a secant 

K 
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of 5* passing through a given point in a given anharmonic 
ratio, viz., 

(i ^\JSS'- a;kF'=^o, (300 

100. If through any point P two chords^ whose direction angles 
are 0, tf', be drawn cutting the conic 

aD^ + zhxy + by^-h zgx -f ify + c=o 

in the points A, B\ C, D respectively, then 

PA,PB a cos^O' + 2h sin 6' cos O' + b sin'^^ 

PC .PD " a cos»^ + ih sin Oco^B-^b ^in^d' ^^^^ 

Dem. — Transforming the given equation to P as origin, we 

get 

S= ax^ + ihxy ■\-by^+ 2g^x + ify + f' = o ; (see Art. 94) 

and transforming this to polar co-ordinates, we get 

{a cos^O + ih sin cos + b s'ln^ 0)p'^ + 2 (^'cos -\-f sin 6)+^= o, 

and the roots of this quadratic are PA, PB, Hence 
PA.PB = 



c' 



a cos^O + ih sin cos 0-\- b cos^O' 
Similarly, 

PC.PD:= ^ 



a cos'^' + 2h sin ^ cos O'+b cos' ^' 

and dividing one of these equalities by the other, the propo- 
sition is proved. 

C(?r,— -If through any other point P' two lines P'A'B', FC'D' 
be drawn parallel respectively to the former, and cutting the 
conic in the points A' , B* \ C, D\ then 

PA.PBiPCPD:: P'A\ P'B' : P'C, P'D\ (301) 

loi. The theorem of the last Article corresponds to 
Euclid III., XXXV., xxxvi. The following are special cases : — 

i^ If P be the centre, then PA = PB, PC-- PD, and we 
have the following theorem from (301) : — The rectangles con- 
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I3J 



iained by the segments of any two chords of a conic are proportional 
to the squares of the parallel semidiameters. 

2°. If the lines PA, PC turn round the point P until they 
become tangents, PA . PB becomes PA^, and PC . PD be- 
comes PD"^, and we have the following theorem : — The squares 
of two tangents drawn from any point to a conic are proportional 
to the rectangles contained by the segments of any two parallel 
chords. Also two tangents from any point to the conic are propor- 
tional to the parallel semidiameters, 

3°. Let the join of PP' pro- 
duced be a diameter, and let 
the lines through P be this 
diameter and its conjugate CD, 
then the chords through P' A[ 
will be .4^ and C'U, of which 
the latter is bisected in P', 
Denoting AP by a, PC by b, 
PP' by X, and FC by y, we 
have, from (301), 




c^\W \\ {a^ x){a- X) :y; 



or. 



^ ^ 
^"^b 



-,2 + A2 ~ '' 



(302) 



which is the normal form of the 
equation for central conies. 

4°. Let PB, P'B' meet the 
curve at infinity, then in the pro- c' 
portion (301) it is evident that 
PB, PB' meeting the curve in c 
the same point at infinity have 
to each other a ratio of equality. 
Hence in this case we have 

AP\ AT':: CP. PD: C'P'.FU. 

(303) 

K 2 
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5°. Let the curve be the parabola, and let the line joining 
the points P, P' have the direction 
which meets the curve at infinity ; 
then if CD, CD belong to the 
system of parallel chords (Art. 97) 
which this line bisects, we have, 
froir (303), 

AP\AP'\\ CP^:CP^. 

Hence, supposing P fixed, and 

P' variable, and denoting AP\ 

P'C by x,y respectively, we have 

y : CP^ i\x\ AP\ hence, putting 

CP^ = ^AP, we have 




y^ = 4a:r, 



(304) 



which is the normal form of the equation of the parabola. 

102. It has been proved in Art. 94 that when the centre is 
taken as origin the equation of the curve can be written in the 
form aAT* + zhxy + 4>^ + ^ - o. We shall now show that, retain- 
ing the same origin (viz. the centre), this equation can be 
further simplified. Thus, transforming by the substitutions 
of Art. 10 to new rectangular axes inclined at an angle B to 
the old, that is, putting A:=ar cos^ -y sin Q^y^yzo^ B^-x^mQ^ 
we get a!o(? + zhxy + ^y + ^ = o. 



where 



a' = a cos'd + h sin^tf + h sin ztf, 
y = a sin*^ + 3cos*tf - h sin 2^, 
2A'= zh cos zB -{a-h sin 2^). 
From these equations we get, after an easy calculation, 
a' + 3' = tf + 3, and a*h* -h'* = ab- h". (308) 



(305) 
(306) 

(307) 



Hence a -{-b and ab - h^ are invariants. In other words, 
they are functions of the coefiicients which are unaltered by 
transformation. 



Cartesian Co-ordinates. 133 

103. If A'= o, we have, from equation (307), 

and the equation of the curve is reduced to the normal form, 
a'j(?\h'y^-\- {/= o. The value of 6 obtained from (309) sub- 
stituted in this gives the values of the new coefficients a', b' 
in terms of the old ; but we get them more simply from equa- 
tion (308) ; for if A' = o, we have a' + b' = a + b, and 

a'b'=ab-'h^: 

solving from these we get, putting 

J^ = ^h^ + (^a- b)\ 

,2'= j(a + 3 - R)y 3'= i(a + 3 + R). 

Hence the equation of the curve referred to rectangular con- 
jugate diameters is 

(a + ^ - R)x' + (a + 3 + ie)y + zc' = o. (310) 

Cor. I . — The equation of the new axes, when referred to 
the old, are x -y cot = o, x +y tan ^ = o. Hence, multi- 
plying and making use of (309), the equation of the axes is 

• 

hx^- {a - b)xy - hy^= o, (311) 

Cor, 2. — If the equation (310) be written in the form 

— h "— ■ = I 

a- ^ ^ ' 

a^, P^ will be the roots of the quadratic 

A A 

^'+^3^+^3 = 0' where C ^ ab - h\ (312) 

104. Def. — Any line^ except the line at infinity , which touches 
a curve at infinity is called an asymptote to the curve. 

105. Each of the lines represented by the equation ax^ + ^hxy 
-\- by^ = is an asymptote to the ccnic ax^ + zhxy + ^^ + c = o. 
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Dem. — ^The equation of the tangent to aoc^ + zhxy + by^ 
+ f = o at o(fy is {aod + hy^x + {hxf + hy)y + ^ = o (see Art. 

y 

99, Cor. 4). Now put "^ = /«, and we get 

c 
{a\ mh)x + (^ + mb)y + — = o. 

If the point of contact be at infinity, x' is infinite, and — ? = o> 

and we get {a + mh)x + (A + /»3i>/ = o, which represents a line 
passing through the origin ; and since it also passes through 

/ y y y 

xfy , we must have - = "^ = z«. Hence, substituting - for m^y 

we get a:)^ + 2A;r>/ + ^' = o, (3^3) 

which is the equation of the two asymptotes. 

Hence every central conic has two asymptotes, which for 
the hyperbola are real, because ax?" + zhxy + by^ = o is for 
that curve the product of two real factors, and imaginary for 
the ellipse. 

Cor, I. — When the equation of a conic is in the form 
«2 + «o = o, «2 = o denotes the asymptotes. 

Cor, 2, — If when a constant is subtracted from the equa- 
tion of a conic the remainder is the product of two lines, 
these lines will be the asjnmptotes. 

Cor, 3. — ^The line at infinity is the polar of the centre ; for 
it is the chord of contact of tangents drawn from the centre 
(the asymptotes). 

Cor, 4. — In order to find the asymptotes of the conic given 
by the general equation ^ = o, equate the discriminant of 

A 

-S" - X to zero, and we get A. = —. — r-. . 

ab - rr 

Hence 

A 

ax?" + zhxy + by + igx + 2/y + ^ - -7 — ~ = o, 

or 
{ab - h^) {axP" + ihxy i-by-^ zgx + 2/y) - 2/gh + a/^ + bg^ = o, 

denotes the asymptotes. 



Cartesian Co-ordinates, 135 

Exercises on the General Equation. 

1. Prove that five conditions are sufficient to determine a conic. 

2. Transform the following curves to their centres : — 

I^ \x^ - dxy + (yy^ + lox — i2y + 13 = o. 

2°. xy + ^x — 2by = o. 

3°. yc^ — 2xy — 3^ + 6x — gy — o. 

3. What curves are represented by the equations 

I", '^x ■{ a-^y + b = y/a + b; 
2°. (x + i)-i + (jK + 2)-i = 2 ; 

3°. cos-i jp + cor^^ = - ? 

4. Find the equation of the asymptotes of the hyperbola 

3JC* — ^xy - 5^ + 2x — ^y + 6 = o. 

5. Prove that the equation of the chord of the conic 

ax^ + ihxy + *^ + 2gx + 2fy + t = o, 

which passes through the origin, and is bisected at that poin,t v&gx-k-fy-o, 

6. The polar of the origin with respect to 5 = o is ^x +^ + r = o. 

7. The maximum and minimum semi-diameters of a central conic are 
conjugate semi 'diameters, and perpendicular to each other. 

For, transforming ax^ + 2hxy + J;^* + ^' = o to polar co-ordinates, we get 

(a cos' + 2/( sin 9 cos + ^ sin'tf)^)' + t' = o ; 

and p will be a minimum when a cos'0 + 2^ sini^ cos0 + h sin^0 is a 
maximum. Now this last will be a maximum when (a — h) cos 29 
+ 2^ sin 20 is a maximum ; but 

{(a - 5) cos 2a + 2h sin 20 }* + { (a - *) sin 20 - 2A cos 20}* = /?'. 

(Art. 103) 

2;^ 

Hence the required maximum is when tan 20 = ■ . (See equation 309.) 

a ^ o 

From this equation we get two values of tan 0, the product of which is 

negative unity, showing that they belong to perpendicular semi-diameters. 

b — a ± R 

The values of tan are ; . Hence the two semi-diameters are 

2h 

2hy -\- (a — b ± R)x = o\ or, multiplying and reducing, k{x^ — y^) 

— {a — b)xy = Of which is the equation of the pair of lines bisecting the 

angles between the asymptotes. Compare Cor. i, Arts. 103, and 104. 



136 The General Equation of the Second Degree, 

8. If the line joining any fixed point (? to a variable point Poi2i conic 
S meet a fixed line in the point Q ; prove, if i? be the harmonic conjugate 
of P with respect to O and Q, that the locus of i? is a conic. 

9. Find the locus of the centre of a conic passing through four given 
points. If S, S be two fixed conies passing through the given points, 
then S + kS' is the most general equation of a conic passing through 
them, and the centre of this is the intersection of the diameters 



dS dS' dS dS' 

—- •\- k -=— = o ; -T- ■{■ k-^— o. (See Art. 97, Cor. I.) 

dy dy ' 



dx 



dx 



Hence, eliminating J^, fhe required locus is the determinant 



dS 


dS' 


dx* 


dx' 


dS 


dS' 


dy' 


dy 



= o. 



(315) 



Thus, if one of the three pairs of lines passing through the four points be 
taken as axes, another pair may be written 

These being taken for S, S' respectively, the required locus will be 



the discriminant of which is 



(\ + V)2 (;u + /l')^ 



w 



= o. 



fifi 



(317) 



10. With the same notation, find the value of J^, in order that S + kS* 
may be an equilateral hyperbola. 

A I A' cos « /I'J fjiXfi cos <a A') ^^ ' 

11. If the harmonic mean between the rectangles contained by the seg- 
ments of two perpendicular chords of a conic be given, the locus of their 
point of intersection is a conic. 
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12. Prove that through four points can be drawn two parabolas, and 
that the directions of their diameters are at right angles to each 
other. 

13. Find the equation of the pair of tangents from the origin to the 
conic, ax^ + 2hxy + by^ + 2gx + 2fy + r = o. 

The line y = mx passes through the origin, and, eliminating y^ we get 

{a + 2mh + tn^b) je* + 2 (^ + mf) jp + r = O, 
the discriminant of which is 

4:{a-\- 2mh + m'^b) — {g-\- mf) * ■: o ; and, substituting - for m, we get 

X 

{ac-g^x^-^2 {ch -fg)xy-\- {be -/«)>» = o. (319) 

14. Find the equation of the chord joining the points x^y't od*y* on the 
conic S s ax^ + 2hxy + bp^ + 2gx + 2fy 4-^ = 0. 

The conic 

S'^a{x-^x')(X'-x")(^h{(x-x')(y-y")^-(x-x")(y^y")} 

+ b(y-^y'){y-^y')}^0 

evidently passes through j^y, x'y. Hence S - S' = is the required 
chord. 

15. Find the condition that xx + fiy-^y^o may be a tangent to *$"= o. 

Eliminating y between \x + fiy + p = and S = 0, and forming the 
discriminant 'of the resulting equation in x, we get A}\?-\- By? + Ci^']-2Ffxy 
-+ 2Gy\ + 2£f\fi = o, where A, B, &c., have the same meaning, as in 
Art. 26. (320) 

16. If a, /3 denote the co-ordinates of the middle point of the chord in 
Ex. 14, we get 

-5-5'= 2{aa+h0+g)x+2 (ha+bfi ^f)y-.\axf^'^- h {pdf\xfy) + byf } =0. 

If this chord make an angle with the axis of x^ we have 

tan e = - =-- — ^. 

ha + b& +/ 

Hence, putting xy for a/3, the locus of the middle points of chords making 
an angle 9 with the axis of x^ is 

{ax + hy + g) cos 6 + (hx -Vby -k-f) sin d = o. 

Compare Art. 97, equation (295). 

17. If two points A, B hQ such that the polar oi A passes through B, 
the polar of B passes through A. 
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18. To describe a conic section (x.) through five given points -4, B, d D, E. 

Jom B, D, C, E. Through A 
draw AG parallel to BD^ cutting 
the conic in G^ and AK parallel 
to CEy cutting BD in H, Then 
BI , ID : CI, IE '.: BH , HD 
: AH,HK\ therefore jST is a given 
point. In like manner, 6^ is a given 
point. Hence, bisecting AKmL, 
CE mN.AG'm P, and BD in Q, 
O, the point of intersection of LN" 
and PQ, is given. Again (Art. loi), PG^ : QD^ : : OV^ - OP^ CpV^ 
— OQP" ; hence F is a given point. In like manner C/" is a given pointy 
and OV, OQ are semiconjugate axes. Hence, &c. 




CHAPTER V. 



THE PARABOLA. 




1 06. Def. I. — Being given in position a point S and a line 
NN\ The locus of a variable point 
Py whose distance SP/rom S is equal 
to its perpendicular distance PNfrom 
NN'i is called A parabola. 

It will be seen subsequently 
that this definition agrees with 
that already given in p. 124. 

II. — The point S is called the 
FOCUS, and the line NN' the 

DIRECTRIX. 

III. — If from S we draw SO perpendicular to NN, and bisect 
it in A; then, since OA =AS, the point A (Def. i) is on the 
parabola, and is called the vertex. 

IV. — If the line AS be produced indefinitely in the direction AX, 
the whole line produced is called the axis. 

107. To find the equation of the parabola. 

Let the vertex A be taken as origin, and AX and -41^ per- 
pendicular to it as axes. Then denoting OA = AS by a, and 
the co-ordinates of any point P in the curve by x, y, we 
have (Def. l) SP= PN\ but PN = 0M= OA + AM=a-v x; 
therefore SP = a + x. 



Again, 



SM= AM- AS = x-a, and PM=y. 
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Hence, from the right-angled triangle SMP, we have 

{x - ay +j/^ -{a + x^^ ; therefore j/* = j^x, (32 i ) 

which is the standard form of the equation of the parabola. 
Compare Art. loi, Cor, 5, equation (304). From the equa- 
tion of the parabola, we* see that two values of j/ correspond 
to each value of :r ; and that these are equal in magnitude, but 
contrary signs. Hence, if PM be produced, it will meet the 
curve on the other side of the axis in a point P, such that 
PM = MP^. Hence the axis of the parabola is an axis of 
symmetry of the figure, 

V. — Tlie double ordinate LL* through the focus is called the 
LATUS RECTUM of the parabola. 

Cor, — The latus rectum = 4^2: ; for SL = LR = OS = la ; 
therefore LL' = 4a. 

108. The co-ordinates of a point on the parabola can be ex- 
preseed in terms of a single variable. 

For, writing the equation in the form zx ,2a= y^y it is 
a special case of LM = R^^ a form in which each of the 
three conies may be written ; and we may put ix =y tan ^, 
2a =^ y cot 4>9 or which is the same thing, y =^ la tan <^, 
X = a tan* <^. Hence the co-ordinates of a point on the 
parabola may be denoted by a tan* <^, 2a tan ^, We shall 
for shortness call it the point <f>, and <^ the intrinsic angle of 
the point. 

Cor, I. — Since PS - a + x = a + a tan* (f> = a sec* <^, the 
distance of the point <f> from the focus is a sec* <^. 

Cor, 2, — The angle ASP is equal to twice the intrinsic 
angle of P. 

For cos MSP = -^777 = ■ ^r-;— = - cos 26 ; 

SP a sec^ <t> 

therefore ASP = 2<l>, 
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log. To find the equation of the chord passing two points 
^y* ^y on the parabola. 

Let the intrinsic angles of the points be ^\ <^" ; then the 
required equation is (Art. 20, Ex. 3, 4*^). 

zx - (tan 4>' + tan «^")^ + ^^ *^^ ^' *^^ <^" = ; (322) 
or, putting for tan <^', tan <^" their values in terms y, y, 

4^^ = (y +y')j^ -yY' (323) 



Examples. 

I. If a chord of a parabola cut the axis in a fixed point, the rectangle 
contained by the tangents of the intrinsic angles of its extremities is 

constant. 

Because if we put ^ = ^C7, ;|/ = o, in equation (322), we get 



tan ^' . tan <p" = 



a 



(324) 



■ 2. If PM, P'W be the ordinates of the points P, P', and OQ the 
ordinate of O, PM, P'M' = - OQ^. 
For, from equation (324), we get 

(2a tan ^') {la tan ^") = - 4^ . O^ = - 0(^, 
"^ 3. In the same case, AM . AM* — AO^, 
^ 4. The direction tangent of PP' is 

fo^ V ^ fo^ v/ ' <^^^ equation (322).) 
tan ^ + tan ^ ' 

Hence, if a chord of a parabola be parallel to 
a fixed line, the sum of the tangents of the 
intrinsic angles of its extremities is constant. 

^ 5. K PN^ P'N' be perpendiculars from the 
extremities of a focal chord on the line Ax -^ By -^c C ^o\ prove 




PN P'N' 

+ 



Aa-\-C 



^S P'S a<:^^VB^ 
6. If PP' cut the axis of ^^ in a fixed point Q, from equation (323) we get 



2a 



cot ^' + cot 4>" = -^. Hence, If through a fixed point on the\tangent at 

AQ 

the vertex of a parabola any secant be drawn^ the sum of the cotangents of 
the intrinsic angles of its points of intersecting the parabola is constant. 
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1 10. To find the equation of the tangent to the parabola of the 
point x^y. 

In equation (322), suppose the points <^', ^" become con- 
secutive, then their joining chord 
becomes a tangent, viz. 

.v.-j/tan<^' + atan'^' = o, (324) 

or putting od - a tan'* <^', y = 
^a tan ^\ 

yy =za{x ^ x!\ (325) 

Cor. I — If PT be the tangent, 
putting^ = o, we get from (325), 

^f '~~ *"" fc-V • 

but when >' = o, ar = -47'. Hence, since x' - AAf, we have 
AT=-AM; therefore TA = AM. Hence TM is bisected 
in A. 

Def. — The line TM^ intercepted on the axis between the ordi- 
nate and the tangent, is called the sub-tangent. Hence in the 
parabola the subtangent is bisected at the vertex. 

Cor. 2. — The axis of ^ is the tangent at the vertex of the 
parabola ; for if in (325) we put ji/ = o,y = o, we get x = o. 

Cor. 3. — The equation (324) may be written _y = :i: cot ^' 
+ a tan <^', from which it is seen that ^' is the angle PBY^ 
which the tangent i^T^at P makes with AF, the tangent at A. 
Hence we have the following theorem : — 

The intrinsic angle of any point of a parabola is equal to the 
angle which the tangent at that point makes with the tangent at 
the vertex. 

If s denote the length of an arc of any curve measured from some fixed 
point ^ to a variable point P; ^ the inclination of the tangent at the 
latter point to the tangent at the fixed extremity A ; then the equation 
expressing the relation between j> and ^ has been by Dr. Whewsll 
{Phil. Trans., vol. viii., p. 659) termed the intrinsic equation of the curve. 



The Parabola, 143 

a nomenclature which has been adopted by mathematicians. It was this 
that suggested the propriety of calling ^ the intrinsic angle. 

Cor, 4.— Since 7!4 = a:', TS ^ of ^- a ^ a sec^ = SP, 
(108, Cor, i); hence TS^SP\ therefore the angle SPT 
= STP = TPN, Hence PT bisects the angle SPN. 

Def. — If from a fixed point in the plane of a curve perpendi- 
culars he let fall on its tangents, the locus of their feet is called 
the first positive pedal of the curve with respect to the point. Also 
the pedal of the first positive pedal is called the second positive 
pedal, dfc. Conversely, the curve itself is called, in relation to a 
positive pedal of any order, the negative pedal of the same order. 

Cor, 5. — If PT" meet the tangent at the vertex in B, since 
TA =AM, TB^BP', hence the triangles TBS, PBS are 
equal in every respect ; therefore the angle PBS is right, and 
SB is perpendicular to the tangent. Hence the pedal of a 
parabola with respect to the focus is the tangent at the vertex. 

Cor, 6. — If/ denote the length of the perpendicular from 
S on PT, 



p = ^ a{a + xf'). 

For since the angle ASB is equal to ^', we have 

a 
AS ^ SB = cos ^', that is - = cos ^'. 



Hence p-a sec <^' = \/a (a + x!y (326) 

Or thus: the triangles ASB, SBP are equiangular ; hence 

AS : SB ::SB: SP; that is, a : p : : p : a -\- x*. 

Cor, 7. — ^The equation of any tangent to a parabola may be 
written in the form 

m 
for equation (324) will reduce to the form if we put m = cot<l>\ 
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Examples. 

mmm I . The fiFst negative pedal of a right line is a parabola. 

2. The circle described about the triangle formed by three tangents to a 
parabola passes through the focus ; for the feet of perpendiculars from 
the focus on these tangents are collinear. 

3. The polar reciprocal of a parabola with respect to the focus is a 
circle ; for the reciprocal is the inverse of the pedal with respect to the 
focus, which (Cor. 5) is a right line. 

4. The polar reciprocal of a circle with respect to a point in its circum- 
ference is a parabola. 

5. Given four right lines, a parabola can be described to touch them. 
The focus is the point common to the circumcircles of the triangles formed 
by the lines. 

6. The orthocentre of the triangle formed by any three tangents to a 
parabola is a point on the directrix. (See Equation (90).) 

7. Find the co-ordinates of the intersection of tangents at the points 

^', 4>". Ans. a: = a tan ^' tan ^", y = a (tan ^ + tan ^"). (328) . 

8. If tan ^" bear a given ratio to tan ^\ the envelope of the chord 
joining the points ^', 0" is a parabola. 

9. The area of the triangle formed by three tangents to a parabola is 
half the area of the triangle formed by joming the points of contact. 
(Compare Art. 5, Ex. 2, 3.) 

10. Three tangents to a parabola form a right-angled triangle ABCy 
having the angle C right. If Z> be the point of contact of the side AB 
with the curve, prove that the points B, Z?, with one of the Brocard 
points of the triangle BCD, and the focus of the parabola are concyclic. 

11. If a triangle be formed by two tangents to a parabola and their 
chord of contact, prove that the symmedian line of this triangle, through 
the vertex, passes through the focus. 

12. In the same case, prove that the chord of the circumcircle through 
the vertex and focus is bisected at the focus. 

III. To find the locus of the middle points of a system of 
parallel chords. 

Let PP* (see fig. Art. 109) be one of the chords, m its 

direction tangent; then m - , „ . (See Equation (323).) 
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Again, \iy denote the ordinate of the middle point of PP'y 
we have 

j'=*(y+y'); (329) 

therefore J' = — J 

m 

or, putting m - tan tf, 

y = za cot B. (330) 

Hence the locus of the middle points of a system of parallel 

chords of a parabola is a line parallel to the axis. 

Def. — A bisector of a system of parallel chords is called a dia- 
meter. 

Cor, I. — The tangent at the end of a diameter is parallel 
to the chords which the diameter bisects ; for the tangent is 
a limiting case of a chord of the system. 

Or thus : 

Let x'y be the point where the diameter j/ = 2a cot ^ meets 

the curve. Hence j/ = 2a cot 0, and since the tangent at 

x^y is 

yy = 2a{x + x'), (Art. 1 10) 

we have ^ = tan ^ (;tr + x'), 

which is parallel to the chords, since its direction tangent is 

tan 0, 

Cor, 2. — ^The tangents at the extremities of any chord meet 

on the diameter which bisects that chord ; for the diameter 

which bisects a system of chords parallel to the join of <^', <^" 

\^ y =a (tan <^' + tan ^") (Equation (329)), which passes 

through the intersection of tangents at the points ^', <^". 

(See equation (324).) 

Cor. 3. — The diameter through the intersection of two 
tangents bisects their chord of contact. 

Cor, 4. — If ^ be the intrinsic angle of the point where the 
diameter which bisects the join of </>', ^" meets the curve, 
tan ^ = i (tan ^' + tan ^")- (330 

Cor. 5. — If denote the direction angle of the tangent at 

*'* + '^=r (Art.. 10. Cr. 3.) (33^) 
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Examples. 

1. The distance of the focus from the intersection of two tangents is 
a mean proportional between the focal vectors of 

the points of contact. 

For if 4)', ^" denote the points of contact, /, p", 
their focal vectors, we have (Art. 108, Cor.'i) 

p'p" = a2 sec2 4>' sec^ <f>". T'/t 

Again, the co-ordinates of T are a tan ^' tan 0", A( — o^ 
a (tan^' + tan <f>"). Hence the square of the dis- 
tance of this point from ^S*, whose co-ordinates are 
fl, o, is fl* sec^ <f>' sec^ <f>". Hence 

ST^ = py. (333) 

2. If The the intersection of tangents at 4>', ^", 
A the vertex, ^the focus, the angle AST= <(>' + <(>", (334) 

For, substituting the co-ordinates of T and S in the equation 




x'-x' 



It 



= /«, 



wliich gives the direction tangent of the line through two points, we get 

,^«^ tan <b' + tan d>" „ , „„ tan A' + tan A" 

tan XST^ f-^ ^ — . Hence tan ^^r= ^—, ^. 

tan tp . tan ^ ' - i i - tan ^ tan <p" 

3. Since ^-5P" = 2<p", ASP'^ii^* (Art. 108, Cor. 2), ^^r= J (^-S"/** 
+ ASP"). Hence Pr bisects the angle P*SP". 

4. The triangles FST^ TSP" are equiangular (Exs. i and 3). 

5. The angle P'TP" is the supplement of half P'^P". 

6. If FT, P"T, be two tangents, 
TM the diameter through T, meeting 
the chord P'P" in M, TM is bisected 
by the curve. For, draw the tangent 
AQ. This is parallel to P'P"\ and 
since the diameter through Q bisects 
AP" {Cor. 3), we have AN^NP". 
Hence TQ = QP'\ and therefore 
TA = AM. 

7. Find the co-ordinates of the 
point A. 

_ /tan 0' 4- tan ^' 

V 2 




Ans. 



)• 



jj/ = fl(tan^' + tanf). (335) 
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8. 



AM 



"( 



tan ^' + tan ^" 



)■■ 



(336) 



AS = a + jcf = ai 1+ [ 



tan 4»' + tan ^" 



)!■ 



10. If a quadrilateral circumscribe a parabola, the rectangle contained, 
by the distances of the extremities of any of its three diagonals from the 
focus is equal to the rectangle contained by the distances from the focus of 
the extremities of either of the remaining diagonals. 

112. To find the equation of the parabola referred to any 
diameter and the tangent at its vertex as 
axes. 

Let P'P" be a double ordinate to the 
diameter AM\ AY the tangent at A ; 
then AY {hii, iii, Cor, i) is parallel ^y^ 
to PP", Let 4/, ^" be the intrinsic 
angles of the points P\ P" ; then (Art. i ) 

pfpm ^ ^2 (tan^ ^ - tan^ ^")' 

+ 4^2 (tan ff/ - tan <^")' ; 
therefore 




MP"'- = 4^' 



/tan <^' - tan ^ 



-)'i 



I + 



tan ^' + tan ^ 



-)1 



2 / f V 2 

= 4AS.AM, (Art. Ill, Exs. 8, 9.) 

Therefore, denoting AS by a:', AM, MP" by x, >', we have 

y = 4^'-^» (337) 

which is the required equation, and identical in form with 

the old one. 

Cor. I. — If the angle between the axes AX, AY be denoted 
by 0, and if ^ be the intrinsic angle of the point A^ we have, 
since 



y = j^x. 



IT 



+ ^ s - , cosec* 6 = sec* ^ ; but AS = a sec* ^ : 



therefore 



AS = a cosec* 6. 

L2 



(338) 
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Cor, 2. — The equation of the tangent to the parabola at 
any point xfy, referred to the new axes AX, AV, is the 
same as for rectangular axes, viz., 

yy = 2a{x + x!\ 
Examples. 

1. From any external point hk can be drawn two tangents to a parabola. 
For the tangent at a point x'y of the parabola is y^ = 2a {x + x') : if 
this passes through the point hk, we have 

ky = 2a{h + x') ; 
but y* = /\ax\ 

Hence y* - 2k/ + ^h = o. (339) 

This quadratic, giving two values for y, proves the proposition. 

2. Find the equation of the chord of contact of tangents fh)m hk. 
By removing the accents from equation (339), we get 

y - 2ky + 4flA = o. 

This denotes two lines parallel to the axis of x, and passing through the 
point of contact ; and since the parabola is y — ^ax = o, subtracting and 
dividing by 2, we get the required equation — 

2a{x + h)^ky = o. (340) 

3. If the chord of contact of two tangents pass through a given point 
kk, the locus of their intersection is a right line. 

For if ajS be the point of intersection of the tangents, the chord of con- 
tact is 2a{x + a) ^ fiy = o; and since this passes through hk, we have 
2a (A + a) - j8^ = o, or, putting xy for afi, 

2a{x-\-h) - ky = o, 

an equation which is the same in form as (340). 
Def. — The line 2a(x ■{■ h) — ky = o is called the polar of the point hk, 

4. If there be two points A, B, and if the polar oiA passes through B, 
the polar of ^ passes through A. 

5. The intercept made on the axis by any two lines is equal to the 
difference of. the abscissae of the poles of these lines. 

6. The polar of the focus is the directrix. 

7. If any chord pass through the focus, the tangents at the extremities 
are at right angles. For in the equation of the chord, viz., 2x — (tan ^' 
+ tan ^*^y + 2a tan ^', tan ^" = o, substitute the co-ordinates of the 
focus, and we get tan ^', tan <p" = - i. 
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8. The difference between the intrinsic angles of two points being given, 
to find the locus of the intersection of tangents at these points. 

(tan ^' + tan ^"Y - 4tan ^' tan ^' 



Let4>'-^" = «; then tan2« = 



X y 



(i+tan^'tan^")» 



and, 



substituting -, - for tan ^'. tan ^", tan ^' + tan ^", respectively, we 
(L a 

get (_y2 _ ^^ = (a + xY tan* 5, which is the required locus. 

9. Any line meeting the parabola, and passing through a pole, is cut 
harmonically by the polar. 

10. Find the co-ordinates of the point of intersection of the lines P'P"^ 
ST (Art. Ill, Ex. I, fig.). 



Ar_ sin'^' + sin'^ 



y sin 2^'-\- sin 2^" 
a "" cos* ^'+ cos* ^"' a "" cos»^' + cos=»^"* 

DsF. — Tlie normal at any pwnt of a plane curve is the perpendicular to 
the tangent at that point, 

113. To find the equation of the normal at the point x'y. 
Since the equation of the tan- 
gent is 

yy=2a{x'{- x'), 

the equation of the normal is 

y-y=-{-^{.x-xf). (341) 

Cor. I. — If in the equation of 
the normal we put^ = o, we get 
or - at' = 2a ; but in this case x = AN^ xf - AM. Hence 
X- xf ^ MN\ therefore MN ^ za. 

Def. — The line MN intercepted on the axis between the ordi" 
nate and the normal is called the Subnormal. Hence in the 
parabola the subnormal is constant. 

Cor. 2. — Since SM^xf - a, and M2V= 2a, we have SN=x' 
-\-a = SP. 

Cor. 3. — From any point afi can be drawn three normals 
to a parabola; for if the normal (341) passes through a^, we 
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get, after substituting for :xfy their values in terms of the 
intrinsic angle, 

atan'^- (a- 2iz)tan^ - j8 = o, (342) 

a cubic giving three values for tan </>. 

Cor, 4. — Since the cubic (342) wants its second term, the 
sum of the three values of tan ^ must be zero. Hence, if 
from any point three normals be drawn to a parabola, the 
sum of the ordinates of their feet is zero. 

Cor. 5. — If ^, ^', ^" be the intrinsic angles of three points 
on a parabola, the co-ordinates of the centre of a circle pass- 
through them are (Art. 23, Ex. 4) — 

^ = - (tan^^ + tan*</»' + tan V + tan ^ tan ^' + tan ^' tan ^" 

+ tan ^" tan ^ + 4), 

>' = - - (tan ^ + tan </>') (tan ^' + tan ^") (tan </>" + tan ^). 
4 

Hence, if the three points be consecutive, the co-ordinates 
of the centre of curvature at the point ^ are 

ar = iz(3tan*^ + 2), ^ = -2atan'^; (343) 

and eliminating ^ between these, we get the locus of the 
centre of curvature, viz. 

4(:r-2a)»=27«y. (344) 

Examples. 

I. Find the relation between the co-ordinates of the intersection of 
normals and the co-ordinates of the intersection of corresponding tangents. 
The normals at the points ^', ^" are 

^ + ^ tan ^' = tf (2 tan 4>' + tan^ ^'), 
jj/ + ^ tan 4>" = a (2 tan 0" + tan^ <^"). 

Hence the co-ordinates of the point of intersection are 

^ = 2a + fl (tan* 0' + tan 0' tan ^" + tan^ ^"), 
y = -a (tan ^' + tan <p") tan <l> « tan 0". 
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But if a, iS denote the co-ordinates of the intersection of corresponding 
tangents, we have 

a = fl tan 4>' tan ^", ^-a (tan ^' + tan ^") . 

Hence :v = 2fl + a, 

a 

^ \ (345) 

2. If two normals be at right angles, the locus of their points of inter- 
section is a parabola ; for if the normals be at right angles the difference 

between the intrinsic angles is - . Hence, putting ^" = ^' + -, we get for 

z z 

the intersection of the normals — 

x — yi^a (tan ^' - cot 0')', y^a (tan ^' - cot ^'). 
Hence y = a (jp - 3^ ). (346) 

3. The radius of curvature at the point ^ is 2a sec^ ^. 

4. \iPS (see fig.. Art. no) be produced to R until RS—SP^ the per- 
pendicular at R to PR will meet the normal at P in the centre of cur\'a- 
ture. 

5. Find the locus of the intersection of normals at the extremities of a 
chord which passes through a given point. 

Since the chord passes through a given point, the intersection of the 
tangents will be on the polar of the point ; and eliminating aiS between 
the equation of this polar and the co-ordinates of the point of intersection 
(see Ex. i) of normals in terms of the co-ordinates of the point of intersec- 
tion of tangents, we get the required locus. 

6. If normals at x'y\ x"y\ x*"y"' be concurrent, 



X* - x" x" - x'" ^'" - x' 



= 0. 



7. If four parabolic points be concyclic, the sum of the tangents of their 
intrinsic angles is zero. 

8. If the normals at the points ^', <p'\ <p"' be concun-ent, the vertex and 
the points ^', ^", 0'" are concyclic. 

9. If the normal at ^ meet the curve again in <p\ then 

tan <p (tan ^ + tan ^') + 2 = o. (347) 

10. Find the condition that two of the normals which can be drawn 
from the point (o^) are coincident. The condition will evidently be the 
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vanishing of the discriminant of the cubic in Cor. 3, which is (see Bumside 
and Panton's Theory of Equations) ^ 

4(a - 2a)' - ^1af^ = o. (Comp. Cor. 5.) 

1 14. To find the polar equation of the parabola y the focus being 
pole. 

Let 5 be the focus, P any point in 
the parabola ; then denoting the angle 
OSP (in Astronomy called the trae 
anomaly) by ^, and SP by p. Since j^ 
SP^ PN^ 0M= la - SM, we have 

p = 2a- p cos 6 ; 

therefore 

2a 







P = 



= asec^i$, (348) 




I + cos 6 
which is the required equation. 

Cor. I . — If PS produced meet the curve again in P\ 

PP = 4acosec*$. (349) 

Cor. 2.— PS . SP' = PP .a. (350) 

Cor. 3. — ^The polar equation of the tangent at the point 
whose angular co-ordinate is a, is 



2a 



— = cos + cos (0 - a). 

p 



(351) 



For this will be satisfied if we make $ = a; and for other 
values of 0, the value of p derived from this equation is 
greater than the corresponding value obtained from the 
equation of the curve. Hence, except at the point a, the 
line (351) does not meet the curve. 

Cor. 4. — The polar equation of the normal at the point a 
is 



- = cot - cos - sin I ^ 
p 22 



-i> 



(352) 
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for if we make tf = a, we get p = a sec' iii. Hence the line 
passes through the point a. Again, if we make ^ tt, we get 
the same value for p. Now, the focal vector of the foot of 
the normal is equal to that of the point of contact (Art. 113, 
Cor, 2). Hence the line (3S2) passes through two points on 
the normal, and therefore must coincide with it. 



Examples. 

1. Find the polar co-ordinates of the intersection of tangents at the 
points whose angular co-ordinates are (a + jS), (a - /9). 

2. The equation of the chord joining the points (a + iS), (a — iS) is 

— = cosd + sec /3 cos ((> — o). 
9 

3. If ^', ^", ^"' be the intrinsic angles of three points on the parabola, 
prove that pcos^' cos^" cos^"' s a cos(^'+ ^" + ^'** — 0) is the equation 
of the circumcircle of the triangle formed by the tangents at ^', ^'\ ^"*, 

4. Find the polar co-ordinates of the point of intersection of the para- 
bolae^ = 4flup, x^ = 4^, the origin being the pole. 

5. Find the locus of the centre of the inscribed circle of the triangle 
formed by a focal vector, the tangent at its extremity, and the axis of the 
parabola. 

6. Tangents at two points P, P' meet the axis in the points T, T'\ prove 

TT = SF- 5P'. 

7. If through the focus a perpendicular be drawn to the focal vector, 
meeting the normal at P in T, the locus of T is 



a 

- = cos* 



\2 4/^"^ \2 4/ 



8. If /i, I2 be the lengths of two tangents to a parabola, ^ their con- 
tained angle, then /i* + Z^' + 2/1/2 cos <b = , . 

a* 

9. If p, p' be the radii of curvature at the extremities of a focal chord, 
then 

p-% + p'-l = (2a)-t. 



154 



The Parabola. 



115. To find the length of a line drawn from a given point in 
a given direction to meet the parabola. 

Let O be the given point, OP the given direction, and let 
the rectangular co-ordinates of O, P be ody\ xy respectively ; 
then, denoting OP by p, we have p 

:v = a/ + p cos^, y -y + p sin ^. 

Substituting these values in the equa- 
tion _>'* = ^Xy we get 




p* sin*^ + 2(y sin^- 2a cos^)p 

\y-Afi3d=o, (353) 

a quadratic whose roots are the values 

required. If the roots of this equation 

be fiu p2> and if OP meet the curve again in P', we may 

put OP = pi, OP' = pj. 

Cor. I. — If PP' be bisected in O, we have pi =- P2, and the 

coefficient of the second term in (353) is zero. Hence, if 

6 be constant and _>'' variable, we see that the locus of the 

middle points of a system of parallel chords is the line 

y = 2acotO, (Comp. Art. III.) 

Cor. 2 — The product of the roots of equation (353) is 
(_y* - ^ax') cosec^ 6. Hence 

OP . OP' = (j/'2 - ^ax') cosec* 0. 

Similarly, if another chord QQ' be drawn through O, making 
an angle 0' with the axis, we have 



Hence 



OQ . OQ'^ {f-^xf) cosec^^'. 



OP . OF \ OQ . OQ \ : cosec^^ : cosec^^. 
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Examples. 

1. 11 AX, AX' be two diameters of a parabola, (7, Cy any two points 
in them, PP', QQ parallel chords through Oy (/ respectively, 

AO : A'O .'.OP .OP' .OQ. OQ'. 

2. If TR, TV he two tangents, S the focus, 

TR2 . TV^ :: SR: SV. 

3. If c, c' be the lengths of focal chords parallel respectively to TRy TVy 

TR2 : TV^ i:ci<f. 

4. If a chord PP' through the point ^ of a parabola make an angle ^ 
with the tangent at ^, and an angle with 

the axis, 



sini^ =3 



PP'cos<psm^9 
4a 



Let PTy P'T be the tangents at PP'; and 
since the angle MTP is the complement of rn 
1^, we have 

sin ^ : cos <p : : MT (or 2AM) : MP ; 
therefore MP sin if' = 2 AM cos ^. 
Again, if iS be the focus, 

/[AS . AM= MP^ ; (Art. 112.) 
therefore 2AS . sin 4^ = MP cos ^. 

But AS -a cosec* a. 

PP* cos <p , sin^a 




Hence 



sintf^ = 



4a 



(Art. 112, Cor. i.) 
(354) 



5. If through any point ^ in a parabola be drawn two chords making 

angles if^, 4»' with the tangent at 4» ; then, if c, c' be their lengths, 0, 0' their 

direction angles, 

sin^ : sin4'' : : c^a^Q : d svc^9^» 

116. ^ A, /A, V ^<?»(?/^ M^ perpendiculars from the angular 
points of a circumscribed triangle on any tangent to the parabola^ 
and if^\ </>", ^'" be the points of contact of its sides , 

tan <^' - tan ^" tan 6" - tan <^'" tan 6'" - tan <^' 

— :_-- z- + — z: r_ + — r r. = o ; 



/* 



(355) 



-tan^T 
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for the equation of any tangent is x -^ tan <^ + a tan* ^ = o ; 
and \ being the perpendicular on this from the intersection 
of tangents at </>', <^", we have 

\=a cos ^ (tan <^ - tan </>') (tan ^ - tan <^") ; 

therefore 

tan ^^- tan <^^^ _ i ( 1 

A acos^ (tan <^ - tan </»' tan</» 

with similar values for 

tan ^" - tan j^'" tan </>^^^ - tan </>^ 

and these added vanish identically. Hence the proposition 
is proved. 

Cor. I. — If y, y, y denote the ordinates of the points of 
contact of the parabola with the sides of the triangle, 

y_y' /'_/" y"-y 

Cc?r. 2. — In like manner, if a polygon of any number of 
sides be circumscribed to a parabola, 

y-y l-Ti y;;-jr y'-y ^ , . 
-x- + n^ ~T~ ~f — °- (357) 

Cor. 3. — If the co-ordinates of the angular points be a';8', 
<i!'^"i &c., it is easy to to see that 

v/^'* - 4aa' = « (tan ^' - tan ^")- 

But ^'* - 4aa' is the power of the point a'^' with respect to 

the parabola. Hence v^^'*- 4aa' may be denoted by VaS". 
Hence we have 

-r— + + + &C. = O, (358) 

A /A V 

for any circumscribed polygon. 
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Cor, 4. — If a circumscribed polygon consist of an odd 
number of sides, y,y, &c., can be expressed in terms of the 
ordinates of its angular points ; thus, in the case of a tri- 
angle, if )8', p!\ &c., be the ordinates of the angular points, 
we get, instead of (356), the equation 

^'_^" )8"-)9'" )5'"-)5' , , 

^Hr^ + ^^^ ^^"t-- ^ = 0. (359) 

Cor, 5. — ^The perpendiculars from the points </>', ^" on the 
tangent at ^ are 

a cos ^ (tan ^ - tan <^')', a cos ^ (tan <^ - tan ^")* ; 

and the perpendicular from the point of intersection of tan- 
gents is 

a cos ^ (tan ^ - tan <^') (tan ^ - tan </>"). 

Hence we have the following theorem : — The perpendicular 
from an external point R on any tangent to the parabola is a 
mean proportional between the perpendiculars on the same tan-- 
gent from the points where the polar of R meets the parabola. 

Cor, 6. — From Cor, 5 we have immediately the following 
theorem : — If a quadrilateral circumscribe a parabola^ the pro- 
duct of the perpendiculars from the extremities of one of its three 
diagonals on any tangent is equal to the product of the perpendi- 
culars on the same tangent from the extremities of either of the 
remaining diagonals. 

Exercises on the Parabola. 

1. Find the polar equation of the parabola, the vertex being the pole. 

2. What is the intrinsic angle at either extremity of the latus rectus ? 

3. What is the equation of the tangent at an extremity of the latus 
rectum ? 

4. Find the co-ordinates of the centre of a circle passing through the 
vertex of a parbola, and touching it at the point <p. 

An.. x= "^'^'t . ;>' = « (^^»^3tau»») 
4 + 2tan2^ -^ 4 + 2tan-<^ 
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5. Find the equation of the normal at the extremity of the latns 
rectum. 

6. Find the radius of a circle touching a parabola at a point whose 
•abscissa is x. 

Ans. p — 2^la(a-\-x). 

7. In the figure, Art. 114, prove that the points P', A, Nare collinear. 

-^ 8. If the ordinates of three points on a parabola be in geometrical pro- 
gression, prove that the pole of the line joining the first and third lies on 
the ordinate through the second. 

9. If from a point O whose abscissa is ^ a perpendicular be let fall on 
the polar of O, if this meets the polar in H and the axis in G, 

SG==SR = x + a. 

10. If two equal parabolae have a common axis, but different vertices, 
the tangent to the interior, and bounded by the exterior, is bisected at the 
point of contact. 

11. The tangent at any point of a parabola meets the directrix at equal 
distances from the focus. 

12. If a chord of a parabola subtend a right angle at the vertex, the 
locus of its pole is x + ^a = o, 

13. Prove that the locus of the pole of a chord which subtends a right 
angle at the point hk is 

fljca _ ^y + (4a2 + 2ah) x - 2aky + a (A* + k^) = o. 

14. If from any point in the line x = a' tangents be drawn to a para- 
bola, the product of their direction tangents is « -r a', 

15. Find the locus of the intersection of tangents at the points ^', ^", 
if tan 4/=- fi tan <ft'\ Ans. jv® = (m* + fi'^yax. 

16. Prove that the equation of the chord whose middle point is hi is 

i&(^-i&)= 2a(x- h). 

17. If a chord of a parabola subtend a right angle at the vertex, the 
locus of its middle point is ^* = 2a{x — ^a), 

18. The area of the triangle formed by tangents, at' the points ^', ^" 
and their chord of contact is 

-(tan^'-tan^")'- 

2 

19. If a variable circle touch a fixed circle and a fixed line, the locus of 
its centre is a parabola. 
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20. If the difference between the ordinate of two points on a parabola 
be given, the locus of the intersection of tangents at these points is an 
equal parabola. 

21. If two tangents to a parabola from a variable point P include an 
angle ©, prove, if «S be the focus, PN z. perpendicular on the directrix, 

PiV=5PcosO. 

22. If the points ^', ^" subtend a right angle at the vertex, prove 

tan ^' . tan ^" + 4a = o. 

23. The area of the triangle formed by the points ^\ ^" and the focus is 

fl'(tan ^ + tan ^") ( i + tan ^' tan 0"). 

24. A triangle ABCis inscribed in a parabola whose focus is P; show 
that one of the circles touching the perpendicular bisectors of PA, PB, PC 
passes through the circumcentre of the triangle ABC, (R. A. Roberts.) 

25. The co-ordinates of the centroid of a triangle ABC inscribed in the 
parabola y^ — /^ax are a, iS ; show that the co-ordinates of the centroid of 
the triangle formed by the tangent at ^, ^, C are 

—^ ' ^' (^^') 

26. The area of a triangle inscribed in a parabola is 

(y-y'){y'-y"){y"-y) 
IS • 

27. The area of the triangle formed by three tangents is 

{y-y'){y'-yn(y"-y) 

l6a 

28. If a series of circles ^S", Si, S2, S3, &c., touch each other conse- 
cutively along the axis of a parabola; then, if the first be the circle of 
curvature of the parabola at the vertex, and the others have each double 
contact with the parabola, prove that their diameters are proportional to 
the odd numbers i, 3, 5, &c. 

29. If 9 be the distance between the centres of curvature of two points 
at the extremities of a focal chord, which makes an angle $ with the axis ; 
prove 8 = i6a cot $ cosec*^. 

30. If p, ff be two radii vectores of a parabola from the vertex at right 
angles to each other ; prove />Jp'l = i6a' (/»§ + p'i). 
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31. The perpendicular from the focus on any chord of a parabola meets 
the diameter which bisects that chord on the directrix. 

32. If from any two points 4>', 4>" of a parabola perpendiculars be drawn 
to the directrix, the intersection of tangents at ^', 4>" is the centre of 
a circle through the focus and the feet of the perpendiculars. 

33. If from any point P a perpendicular PQ to the axis meet the polar 
at Pin i? ; find the locus of/*, if PQ,PR be constant. 

Ans, A parabola. 

34. Find the circle whose diameter is the intercept which y^ — ^x = o 
makes on the line y = mx + n. 

Ans. m^ [x"^ -^-y^ + 2 [mn — 2a) x — ^amy + i^mn + »* _ q. 

35. The equation of the circle passing through the feet of normals, from 
the point hk, is a?- +jk' — (2a ^ }i)x — \hy ^o, 

36. If SL be the perpendicular from the focus of a parabola on the 
normal at any point, find the locus of Z. 

37. If a chord of a parabola be bisected by a fixed double ordinate to 
the axis, the locus of the pole of the chord is another parabola. 

38. If in the equation w = «*, w and z denote complex variables ; prove, 
if z describe a right Hne, that w describes a parabola. 

39. Two chords from the vertex to points 4>', ^" of a parabola make an 
intercept on the directrix, which is bisected by the join of the vertex to 
the intersection of tangents at ^', ^". 

40. Two fixed tangents to a parabola are cut proportionally by any 
variable tangent. 

41. Trisect an arc of a circle by means of a parabola. 

42. The radical axis of two circles whose diameters are any two chords 
intersecting on the axis of the parabola passes through the vertex. 

43. A coaxal system of circles, having two real points of intersection, 
are intersected by two chords passing through one of these points. In two 
systems of points P, P', P", &c. ; Qy Q, Q\ &c. ; prove that the chords 
PQy PQy P"Q', &c., are all tangents to a parabola. 

44. LO is the perpendicular at the middle point Z of a focal chord, 
meeting' the axis in O. Prove that SO, LO, are the arithmetic and the 
geometric means of the focal segments of the chord. 

45. Ifybe the intercept which a tangent to a parabola makes on the 
axis of y, and ^ the angle it makes with it, prove that v^ a tan <p is 
a tangential equation of the parabola. 
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46. If two circles touch a parabola at the ends of a focal chord, and pass 
through the focus, they cut orthogonally : also the locus of their second 
intersection is a circle. 

47. Give a geometrical construction for drawing a tangent to a parabola 
from an external point. 

48. If a given parabola roll along a right line, find the locus of its 
focus. 

49. The area of the parabolic segment cut off by any chord is two- 
thirds of the triangle formed by the chord and the tangents at its 
extremities. 

50. Find the locus of a point P if the perpendicular from it on its polar 
is constant. 

51. Prove that the angle of intersection of ^'^ - ^ax = 0, ^c^ — ^hy = o, 

tan-. { 3f « J. 



is 



52. If the base of a triangle be given in position, and its area in magni- 
tude, the locus of its orthocentre is a parabola. 

53. If the normal at a point ^ on a parabola meet the axis in K, the 
envelope of the parallel through K to the tangent at ^ is a parabola. 

54. If the sum of the abscissae of two points on a parabola be given, the 
locus of the intersection of the tangents at the points is a parabola. 

55. If from the vertex ^ of a parabola a perpendicular AP be drawn to 
any tangent, the locus of the point inverse to /*, with respect to a circle 
whose centre is ^, is a parabola. 

56. Find the locus of a point /*, if the normals corresponding to the 
tangents from P meet on the line Ax + By + C = o. 

Ans, Ay'^ - Bxy - Aax + 2c^B + aC=:0, 

57. If ajS be the co-ordinates of the intersection of two normals ; prove 
that the co-ordinates of the intersection of the corresponding tangents are 
given by the equations 

x^ + ax^ = a{$ - 2ay, y^ - aay = a(2a^ - pP), 

58. If normals be drawn from the point x*y to the parabola ; prove 
that {x - a)(x -\- x' - 2a) ■\'y(y +y) = o is the circumcircle of thejtri- 
angle formed by the corresponding tangents. 

M 



1 62 The Parabola. 

59. Two parabolae, S^ S\ have a common focus, parameter, and axis, 
their vertices being on opposite sides of the focus ; show that if from 
any point on S two tangents be drawn to S\ the circumcircle of the 
triangle formed by these tangents and their chord of contact touches S\ — 

(Prof. F. Purser.) 

60. Two equal parabolae, S, S', have coincident axes, which have the 
same direction, while the focus ^ of 5 is the vertex of S\ Show that 
if P be a point on S\ the chord of S through P, which passes through 
F, is the minimum chord through P. 

{Ibid.) 



CHAPTER VI. 



THE ELLIPSE. 



117. Def. I. — Being given in position a point S, and a line 
NN', The locus of a variable 
point Py whose distance from -^ 
S has to its perpendicular dis- 
tance from NN' a given ratio 
£y less than unity, is called an 

ELLIPSE. 

Def. II. — The point S is 
called the focus, the line N* 
NN' the DIRECTRIX, and 
ihe ratio e the eccentricity of the ellipse. 

118. To find the equation of the ellipse^ 

1°. Take the focus as origin, and the line through 5 per- 
pendicular to the directrix as the axis of x, and a parallel to 
the directrix through S as the axis oiy\ also denote the 
perpendicular SO from *? on the directrix by/"; then, if 
tlje co-ordinates SM, MP be xy, we have SP^ = a:* + >/', 
PN-- X +/; but (Def. i.) SP ^ PN= e ; therefore 




x^+y = ^{x +/)', 
which is the required equation. 



(360) 



Observation. — It will be seen .that equation (360) includes the three 
conic sections. Thus, when e is less than unity, it represents an ellipse ; 

M2 
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-when [equal, to unity, a parabola; and when greater, a hyperbola. Also- 
the general equation awe* + 2hxy + lyy^ + 2gx + ify + t = o may obviously 
be written in the form (^ - a)* + (7 - i3)* — {}x '\- my ■{■ tCf ; for, by 
expanding and comparing coefficients, we shotdd obtain a sufficient 
number of equations to determine a, iS, &c., in terms of the coefficients 
of the general equation. And it is evident that (jp — o)* + (^ - fff 
— (Ix + my + «)2 can by transformation be reduced to the form (360). 

2°. If in'(36o) we put x = x -^^ — =^, 

we get ^ + r:7 = (TT^- (^-^ 

Hence, if C be the new origin, 

SC=^. (II.) 

I -r 



Now, putting J/ = o in (i.), we get 

x^ = 



...IP 



(i -^Y 

giving for x two values, equal in magnitude, but of opposite 
signs. Hence, denoting the points where the ellipse meets 
the axis of ^ by ^, A\ we have 

CA> = -^^, CA i^; 

I - e^ 1 - e^ 

therefore AC = CA\ and the line AA' is bisected in C 
Hence, denoting AA' by 2a, we have 

Again, putting ^ = o, and denoting the points where the 
ellipse cuts the axis oiy by B^ B', we get^in the same manner 



C/" nn, 'f 



CB = . •^,.. , C^' = - 



Hence BB^ is bisected in C ; and, denoting ^^ by 23, we 
have 
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Now, since equation (i.) may be written 

(i -^yo^ (i -Qj/' 

from (ill.) and (iv.) we get 

^ + ^=.. (360 

This is the standard form of the equation of the ellipse. 

Def. III. — The lines AA\ BB' are called^ respectively, the 
TRANSVERSE oxis and the conjugate axis of the ellipse, and 
the point C the centre. 

Def. IV. — The double ordinate LL' through S is called the 

LATUS RECTUM Or PARAMETER. 

The name parameter is also employed by mathematicians in another 
and a widely-different signification. Hence, to avoid confusion, it would 
.be better to discontinue its use as a name for the latus rectum, 

119. The following deductions from the preceding equa- 
tions are very important :— 

i^ 3* = a*(i - ^), from (ill.) and (iv.) 

2°. If CS be denoted by c , c- ae, from (11.) and (in.) 

3°. CO = -, for CO=CS^/=-^ +/= -^. 

4^. ^» + ^ = a", from i*' and 2°. 

5°. CS.CO = a^, from 2^ and 3^. 

6®. Latus Rectum = 2^1(1 -<?*). For in equation (360) put 
x = o, and we get SL =? e/; therefore LL' = 2^= 2a {1 - ^), 
from (ill.) 

7°. From 1° and 6°, we infer that the transverse axis AA\ 
the conjugate axis BB', and the latus rectum LL\ are con- 
tinual proportionals. 

8°. From the equation (361) it is evident that the ellipse 
is symmetrical with respect to each axis. Hence if we make 
CS' = SC, the point S' will be another focus. Also, if 
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we make CO = OCy and through O draw MM' perpen- 
dicular to the transverse axis, the line MM' will be a 
second directrix corresponding to the second focus. 




Examples. 

1. Given the base of a triangle and the sum of the sides, find the locus 
of the vertex. p 

Let SS'P be the triangle, let the sum 
of the sides equal 2ay half the base = c^ 
and xy the co-ordmates of P; then SP 
= {(^+A:)2+y}», 5'/>= {{c^xY-\-fY, 
Hence {{pj,x)^ ^•f}\\{{f-xf-^f}\ 
= la, (I.) 

This cleared of radicals gives 

(a» - (F)x^ + aV = fl« (tf2 - c^) ; 

or putting a* - ^r^ = V^, 

Hence the locus is an ellipse, having the extremities of the base as foci. 

Cor, I, — S'P= a -ex, (362) 

For in clearing (i.) of radicals, we get 

a{{c - xf +>^}* = fl2 - fje ; 
that is, a S^P = a^ - aex ; therefore S^P =a~-ex. 

Cor, 2.-1 SP=a-{-ex, (363) 

This is also obvious, from Def. i. 117. 

2. Given the base of a triangle and the product of the tangents of the 
base angles, the locus of the vertex is an ellipse. 

3. Given the base and the sum of the sides, the locus of the centre of 
the inscribed circle is an ellipse. 

For if xy denote the co-ordinates of the incentre of SPS\ we have the 
perimeter =2a + 2c. 

, « , ^, J — ^ a I 

tan JiS.tanjy = 



Also 
Now 
hence 



tan}5 = 



f a-\- c 1 + e 
^ , tan}5'=-:^; 



C + X 



C — X 
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Therefore 






(364) 



In a similar way it may be proved that the locus of the centre of the 
escribed circle, which touches the base externally, is the ellipse 



*2 



t'(i +^) 



= 1; 



(365) 




and the loci of the centres of the escribed circles which touch the base 
produced Jare the directrices of the ellipse which is the locus of the 
vertex. 

4. MN is a parallel to the diagonal AC of 3, fixed rectangle ABCD, 
AE is made equal to AD ; and EM, DN 
joined ; prove that the locus of their "' 
intersection T' is an ellipse. — (Poht.kf.) 

5. If a Une AB of given length slide 
between two rectangular lines OAy OB, 
the locus of a point P fixed in the sliding ^ 
line is an ellipse. For let AP = ft, BP — a ; 
then, denoting the co-ordinates of P hyxy, 
and the angle OAP by $, we have 

x = a cos 0, y^bsiaS. 
Hence, eliminating 0, we get £ 

x^ j/a 

6. If a fixed point S, and a fixed circle, whose 
centre is O, be both at the same side of a fixed line 
AW, and through S any line be drawn meeting 
the circle in P, and JIN in P ; then if PO be 
joined, meeting a parallel to OP, drawn through 
S ia p, the locus of ^ is an ellipse. — 

(BOSCOVICH.) 

7. Prove that the radius of the Boscorvich Circle, 
divided by its distance from the fixed Isie, is equal 
to the eccentricity. 

8. CB is a fixed diameter of a given circle, 
A a fixed point in CB produced. Through A draw any line meeting 
the circle in D and E, Join CD and produce to F, making CF— AE ; 
the locus of /^is the eUipse 




+ 



AC^ AB^ 



I. (Sir W. Hamilton.) 
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120. To express the coordinates of a point P on an ellipse 
ABA'S in terms of a single variable. 

Let AA\ Bff be the transverse and the conjugate axes of 
the ellipse upon A A' as diame- 
ter ; describe the circle AP'A'. 
Let P be any point of the ellipse, 
MP its ordinate ; produce MP 
to meet the circle APA' in P, 
Join 0P\ and denote the angle 
MOP' by ^; then, since OM=x, 
OP' = a, we have x = a cos ^. 
This value, substituted in the 
equation (361) of the ellipse, 
gives J/ = ^ sin ^ ; therefore the co-ordinates of P are a cos ^, 
b sin ^. 

Def. — Tlie circle described on AA' as diameter is called the 
AUXILIARY circle of the ellipse^ and the angle ^ the eccentric 
imgle. 

The term eccentric has been taken from Astronomy; the angle in 
that science being called the eccentric anomaly. 

Cor, I. — Since PM- b sin <^, and P'M- a sin ^, 




FM\PM,xa\b. 



(366) 



Hence we have the following theorem : — ^The locus of a 
point P which divides an ordinate of a semicircle in a 
given ratio is an ellipse ; or again. If from all the points in 
the circumference of a circle in one plane perpendiculars be let 
fall on another plane^ inclined to the former at any angle, the 
locus of their feet is an ellipse {called the orthoGtONAL pro- 
jection OF the circle). Fori the diameter of the circle 
which is parallel to the intersection of the planes is unaltered 
by projection^ and the ordinates of the circle perpendicular 
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to this line are projected into lines having a given ratio to 
them. 

Cor. 2. — If through P the line /Wbe drawn, making with 
the transverse axis an angle equal to the eccentric angle, 
PNis equal to the semi-conjugate axis b. 

Cor. 3.— iVW = a-b. (367) 

Cor. 4. — If p be the radius vector from the centre to any 
point P of the ellipse, then 



p = aA(^), where A^ = v/ 1 - ^ sin* ^. (368) 
Observation. — If the equation of the ellipse be written in the form 

(■ *3 (■ -f) - ©•• 

and if 

(.-f) = (|)tan. (..g = (f)cot. 

we get 

2=-^ (tan 6 + cot a), 

ory = bsin2d; hence, if 20 3 0, we have^ = ^ sin 0, as before. (Compare 
Art. 108.) 



Examples. 

1 . The auxiliary circle touches the ellipse at the two points A, A ; 
hence it has double contact with it. 

2. If on the conjugate axis as diameter a circle be described, and ordi- 
nates be drawn parallel to the transverse axis, the ordinates of the ellipse 
are to those of the circle as a : d. 

3. If a cylinder standing on a circular base be cut by any plane not 
parallel to the base, the section is an ellipse. 

4. If a circle roll inside another of double its diameter, any point 
invariably connected with the rolling circle, but not on its circumference, 
•describes an ellipse. 
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121. The locus of the middle points of a system of parallel 
chords of an ellipse is a right line. 

Let PP* be a chord of the ellipse, and let the eccentric 
angles of P, P* be (a + /J), x 

(a-p) respectively; then (Art. 
22, Ex. 3) the equation of PP' 
is 

d cos a . X + a sin a ,j^ = ab cos)3. 

Now it is evident that if a be 
constant and P variable, PP^ 
will be one of a system of parallel chords. 

Let a:i,j/i be the co-ordinates of the middle point of PP\ 

then we have 

a 
Xi = - {cos (a + j8) + cos {a-P)) -a cos a cos j8, 

z 

yi-- {sin (a + j8) + sin (a - P)] = ^ sin a cos p. 

z 

Hence b sin a.Xi — a cos a .j/i = o, (3^9) 

which is the required equation. This is the line QQ\ 

Cor, I. — Let i?i?' be the diameter parallel to Pi" ; then,, 
since RP! passes through the origin, its equation must con- 
tain no absolute term. Therefore, from (i.), cos P = o, 
or /? = 90*^ ; hence the equation of PP' is 

3cos a .0; + a sina .J/ = o. (S?©) 

Cor. 2. — If PP* move parallel to itself until the points P, 
P' become consecutive, then PP' will become the tangent 
at Qy and evidently we must have P = o; therefore the tan- 
gent at Q is 

b cos a. X i- a sin a. J/ = ab. (371) 

Now, if :«/,y be the co-ordinates of Q, we have or' = a cos a, 
j^= ^sin a; hence, from (371) we get the tangent at j//. 



xx' yy 

L "1:1^ — I 



(37*) 
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Cor. 3. — If the angles which QQ, RR make with the axis 
of X be denoted by ^, ^, respectively, we have from (369)^ 

(370), 

^ h /»# ^ 

tan d = tan a, tan 6' = — cot a ; 
a a 

therefore tan . tan & - — ^ . (373) 

I 

Since this remains unaltered by the interchange of B and ^, 
it follows that, if two diameters QQ^ RR of an ellipse be such, 
that the first bisects chords parallel to the second, the second 
also bisects chords parallel to the first. 

Def. — Two diameters which are such that each bisects chords 
parallel to the other are called conjugate diameters. 

Cor. 4. — Since the eccentric angle of Q is a, and of R 

IT 

a + - {Cor. i), we see that the differ en ce between theeccen- 
2 

trie angles of the extremities of two conjugate semi-diameters- 

is a right angle. 

Cor. 5. — If j/', y denote the co-ordinates oi R, we have 
y = acosf a+ -J, y" =b sini a + -]; 
but x' = a cos a, ^ = 3 sin a ; 

therefore .r" = - ^ y, y = - x'. (374) 

(/ a 

Cor. 6. — If the conjugate semi-diameters CQ, CR be de- 
noted by a', V respectively, we have 

a!^ = x^ + j/* 3 a' cos* a + ^ sin' a ; 

> 

h'^ = ^'* 4-^ = a^ sin* a + 3 cos* a ; 

therefore a'* + P = a' + ^* ; (375) 

hence the sum of the squares of two conjugate semi- 
diameters is constant. 
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= i 



= ifl3; (376) 



Cor. 7. — The tangent at Q is parallel to the diameter 

Cor. 8.— The area of the triangle QCR ^iix'y'-x'y), 

a cos a, b sin a, 

— a sin a, b cos a 

therefore the area of the parallelogram QCRT is equal to ab. 
Hence it follows that the area of the parallelogram formed by the 
tangents at the extremities of any two conjugate diameters of an 
ellipse is constant* 

Examples. 

I. Given any two conjugate semi-diameters OP, OQ of an ellipse, to 
find the magnitude and direction of its axes. 

From P let fall the perpendicular PN on OQ ; produce and cut off 
PD = OQ ; join OD^ and on OD as diameter describe a circle ; let C be 




its centre ; join PC, cutting the circle in the points E, F; join OE, OF, 
and make OB = EP^ and OA = FP. Then OA, OB are the semiaxes 
required. 

Dem. OA^-\- 0B^= EP^ + FP^ = 2(7/>2+ iCE'^ = 2CP^-\ zOC^ 

= OP^^-Piy^= 0P^-\- 0(^\ 
that is, equal to the sum of the squares of the semi-conjugate axes. 
Again, 
OA.0B^FP,EP^DP,NP=OQ.NP^ parallelogram OPQR. 
Hence [Cors, 6, 8) OA^ OB are the semiaxes required. 
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The foregoing beautiftd construction is due to Mannheim. See Nouv. 
An, de Math., 1857, p. 188 ; also Williamson's Differential Calculus^ fifth 
edition, p. 374. 

2. Being given the transverse and conjugate diameters of an ellipse to 
construct a pair of equiconjugate diameters. 

3. Prove that the acute angle between a pair of equiconjugate diameters 
is less than the angle between any other pair of conjugate diameters. 

122. To find the equation of an ellipse referred to a pair of 
conjugate diameters. 

Let CP, CD be two semi-conjugate diameters of lengths 
a'y h'\ let RR' be a chord r ^ 

parallel to CD ; then RR is bi- ^ 
sected by CP in N, Hence, 
denoting CiV, NR by x, y^ and 
the eccentric angles of i?, R by 
(a + jS), (a-jS) respectively, we 
have 




_ Iacos(a+jS) + acos(a-jS)|^ (3sin 



;in(a+ig)+3sin(a-)g) p 

= (a^ cos*a+ 3^sin*a) cos^jS = a'^cos'jS. (Art. 121, Cor, 6.) 

In like manner ^ = ^'* sin'^ jS ; 

hence 

72 + 12 = ^- (Compare Art. loi, 3^) (377) 

Cor, I. — ^The co-ordinates of any point on an ellipse re- 
ferred to a pair of conjugate diameters can be represented 

by 

a'cosfi, b'sinp, (378) 

Cor, 2, — The equation of the tangent to an ellipse referred 
to a pair of conjugate diameters is 

^^j_yy r _ ^cos^ , ^sin^ _ 
^+-^ = 1, or —^7-+ -^7-= I. (379) 
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Cor. 3. — If the tangent at R meet CP produced in T, 

CN.CT^CP^; (380) 



for the tangent at R is 



xx' yy 



.'2 



= I 



and putting ^ = o, we 



a" V" 
get xxf = fl'^ or CN,CT=^ CP''. 

Cor. 4. — ^The tangents at the extremities of any double 
ordinatesi^i?' meet its diameter produced in the same point. 

Cor. 5. — ^The line joining the centre to the intersection of 
two tangents bisects their chord of contact. 

Examples. 

1. If AB be any diameter of an ellipse, AE^ BD tangents at its extremi- 
ties, meeting any third tangent ED in 

E and2>; prove that AE,BD = square 
of semi-diameter conjugate to AB. 

For denoting ^C and its conjugate 
by a', b% the equatian of ED is 

jccos/3 rsiniS 

(Equation (379).) 

Hence, denoting AE, BD by yi, y% 

respectively, we have, substituting — a', + d^ respectively, for x^ 

;Ki sin iS = y (I + cos jS), 
jV2 sin/3 = V (i — cos jS) ; 

hence y\y%^V^. (381) 

2. If CZ>, CE be drawn intersecting the ellipse in Z>', E*\ prove that 
C7>', CE* are conjugate semi-diameters. 

3. If /* be the point of contact of DE^ prove that Z)/* . -Pi? = square 
of parallel semi-conjugate diameter. [Make use of Art. 101, 2°.] 

4. If AB be the transverse axis, the circle described on DE as diameter 
passes through the foci. 

5. If CP^ CD be any two semi-diameters ; PT, DE tangents at P and Z), 
meeting CD, CP produced in TzxAE ; prove that the triangle CPT- CDE. 

6. In the same case, if PN, DM he parallel respectively to DE and PT; 
prove that the triangle C7W= CDM. 

Def. — Two chords, such as AB, BP, joining any point P in the ellipse 
to the extremities of any diameter AB, are called supplsmental CHORDS. 
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7. Diameters parallel to a pair of supplemental chords are conjugates. 

8. If a parallel to a fixed line meet a given semicircle in C and its dia- 
meter in D ; prove that the locus of the point Ey which divides CD in a 
given ratio, is an ellipse. 

9. If a line AB of given length slide between two fixed lines ; prove 
that the locus of the point P, which divides AB in a given ratio, is an 
•ellipse. 

10. If a given triangle ABC slides with two vertices -4, B on two 
fixed lines OX, OY; prove that the 
third vertex C describes an eUipse 
(ScHOOTEN, Organica Conicorum 
Description 1646, c. 3, Ex. Math, iv.) 

About the triangle OB A describe a 
circle cutting ^ C in 2> ; join BD, OD ; 
then, because the angle ^O^ is given, 
the angle ADB is given; hence the 
three angles of the triangle BCD are 
given ; and since BC is given, CD is 
given; also the angle BOD, being O 
equal to BAC, is given. Hence the 
line OD is given in position, and the 

proposition is reduced to the following : — AD, a line of given length, 
slides between two fixed lines OX, OD, and C is a fixed point in it ; there- 
fore (£x. 9) the locus is an ellipse. 




123. To find the equation of the normal to the ellipse at the 
point x'y. 

Let a be the eccentric angle of the point x'y* ; then the 
equation to the tangent at 
a (Art. 121, Cor. 2) is 

3 cos a. X ■\-a sin a. J/ =ab\ 

hence a sin a {x - x') 
- b cos a {y -y) = o is the 
equation of the normal ; and, 
putting for x'yy their values 
in terms of a, we get 




asina. j;- 3cosa.^ = ^sina cosa, (382) 
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or Id'jr^^' ^^^^^ 

or thus : 

The equation of the line bisecting perpendicularly the 
chord joining the points (a+)9), {a- fi) is (equation (44)) 

: — = c^ COS 3 ; and, if the points coincide, the chord 

cos a sin a 

becomes a tangent, and P = o; thus we get the same equa- 
tion as before. 

Cor. I . — In equation (382) put j/ = o, and we get x - ad* cos a, 
or CG=e''x; (384) 

hence MG^ = ( i - ^) a cos a. 

Cor. %.—PG^ = PM^ + MG" = Ir sin* a + (i - <^)* a* cos* a ;. 

3* 
but I - ^ = -5; therefore PG^ = 3* { sin* a + (i - d*) cos* a). 

= 3*(i -^cos*a) ; therefore 

PG = b\/i -^cos*a. (385) 

In like manner, 



/'G' = ^\/i -^cos*a; 

therefore /^G . PG' = a* (i - i?* cos* a). (386) 

Cor. 3. — Iff), p' be the focal vectors to P, we have 

p = a + dA:' = fl(i +tf cos a), 

p' = d!-^;r' = a(i -f cos a) ; 

therefore PG . P& = pp'. (387) 

Cor. 4. — If Ci? be the semi-diameter conjugate to CPy we 
have 

CF*= a* sin* a + 3*C0S*a = a*(i - tf*COS»a). 

therefore pp' = CJ^ = IP. (388) 

lence PG . PG' = 3'*. (389) 
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Cor, 5. — If CL be perpendicular to the tangent at /*, 

I —I?* COS* a 

Therefore CL .PG = ^», and CL.PG = a^. (390) 

Examples. 

I. The co-ordinates of the intersection of normals at the points (a + j3), 
(a-iB), are 

£3cosa.cos(a+i3)cos(a-i3) ^sina.sin(a+i9) sin(a-i3) 

" liZ^fi ' y= bZ^p — : — (391) 



2. If the normals at a, 3, 7 be concurrent, 

sec a, cosec a, i, 
sec ^, cosec fi, i, 
sec 7, cosec y, i 



= o- (392) 



3. The two foci and the points P, G', are concyclic. 

4. Find the condition that the normal at the point a on 

should pass through the point a on 

Ans» aa' - hV = <?. 

5. Find the co-ordinates of the intersection of two consecutive normals. 
Making j3 = o, in Ex. i, we get 

i^cos'o ^sin^a , , ' 

* —> y = — J— (393) 

Or thus : — the cordinates of a point equally' distant from a, iS, 7 (Art 21, 
Ex. 3) are— • 

-cosJ(a+i8)cosJ(i3+7)cosi('y+«)> — ^sinJ(a+i8)sm}(i3+7)sinJ(7+a); 
and, supposing the points to become consecutive, we get, for the centre of 
a circle passing through three consecutive points, the same co-ordinates 
as before. 

Def. — The circle passing through three consecutive points of a curve is^ 
called the osculating circle, or circle of curvature at the point. 

N* 
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6. Find the locus of the centre of curvature of all the points of an 
ellipse. Eliminating a from the equations (393)» we get 

(a*)l + (3y)l = ^. (394) 

This locus is called the evolute of the ellipse. 

7. Four normals can in general be drawn from any point to an ellipse. 
For a hk ht the point, the curve of the second degree, 

X y ~ ^ 

passes through the feet of the normals. 

8. The radius of curvature at « is = — , where p is the perpendicular 

P 
from the origin on the tangent. 

The radius of curvature is the distance between the points 



( 



<?• cos^ a 



(^ sin' a 



j ; (a cos a, & sin a), 



which by an easy reduction can be shown = 






(395) 



9. In the figure, Art 120, if we complete the rectangle NON'Q^ prove 
that the normal at P passes through Q, 

10. The equation of the circle, whose diameter is the whole length 
of the normal intercepted by the ellipse, is 

(a* sin* 0+ ** cos'o) {x^ ■\-y^ - 2t* sin a cos a {a sin a.:c — dcos a .y) 
+ (a2+ft2)c*sin2ocos2a-a2*2(a2sin2a + **cos2a) = o. 

1 24. To find the lengths of the perpendiculars from the foci on 
the tangent at any point ^. 

The tangent is 
3 cos ^. j; + flsin^.^-a^= o, 
and the co-ordinates of the 
focus iS* are ae^ o. Hence 
the perpendicular 

^j _^ah{\ -e cos ^) 
a{\- ^ cos* ^)* 



\i +ecos<t>j 




or 



SL 



■'S- 



(396) 
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Similarly, 



S'L' 



-4,- 



Cor. i.—SL.S'L'^h\ 



179 

(397 
(398) 



Cor. 2. — SL V p = r=. = 77 = 



S'L 



= sin5'PZ = 5'PZ'. (399) 



Cor. 3. — ^The tangent LL' bisects the external angle at P 
of the triangle SPS\ and the normal PG the internal angle. 

Cor. 4. — ^The first positive pedal (Art. no) of an ellipse 
with respect to either focus is the auxiliary circle. For since 
the angle SPJIis bisected by PL, we have SL = LH; there- 
fore SHis bisected in Z, and SS' is bisected in C; therefore, 
if CL be joined, CL = iS'ff= i{S'P + PS) .= a. Hence the 
locus of Z is the auxiliary circle. And conversely, the first 
negative pedal of a circle with respect to any internal point 
is an ellipse, having the point for one of its foci. 

Cor. 5. — If any point in LL' be joined to S, the circle 
described on the join will 
intersect the auxiliary 
circle in Z. Hence may 
be inferred a method of 
drawing tangents to an 
ellipse from an external 
point. Thus, if Q be the 
point, join QS, and on QS 
as diameter describe a 
circle intersecting the 
auxiliary circle in Z and 
M. QL, QM are the 
tangents to the ellipse. 

Cor. 6. — ^The two tangents from Q are equally inclined to 
the focal vectors QS^ QS\ For, join the centres C, O of the 
circles ; then CO is parallel to QS' ; therefore it bisects the 
arc RSf but the line joining the centres also bisects the arc 
ML. Hence the arc RM= 5Z, and the angle S'QM^ SQL. 

N2 
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Examples. 

1. Find the relation between the eccentric angles of two points whose 
joining chord passes through a focus. 

If the eccentric angles be (a + jB), (a - jB), the chord will be 

dcosa.Jt + <7sina.j^ = a^cos/3; 

and if this passes through the focus {ae^ o), we get 

^cosa = cosi3. (400) 

Hence the equation of any focal chord is 

ATCosa vsina . . 

+ -^ ^ =s ± tf cos a, (401) 

a o 

the sign depending on the focus through which the chord passes. 

2. The tangents at the extremities of a chord passing through either 
focus meet on the corresponding directrix. For the tangents at the points 
(o + i3), (a - /8), are *cos(a + i8)jip + tf sin(a + i3)^ = a*; 

* cos (o - i8) jc + a sin (a - i3)^ = aft ; 
and the co-ordinates of the point where these intersect are — 

acos a ft sin a 



cos/3' cos/8 * 
Substituting the value of cos /3 from (400), we get 

a ft tan a 



(402) 



e 



(403) 



which are the co-ordinates of a point on the directrix. 

3. In the same case the join of the intersection of tangents to the focus 
is perpendicular to the chord. For the line joining ae^ o to the point 

(403) is a sin a.x — ft cos tt,y = o, which is perpendicular to the 

chord (401). 

4. If the co-ordinates in (402) be denoted by ^r^y, we get 

jv'cosiS . ycos/B 

cos a = , sm a = ^-— = — -, 

fl ft 

Substituting these in the equation of the chord, we get 

xxf yV 

^+^='- (4<H) 

Hence the chord of contact of tangents from xfy is 

a^ + ft« " ^- 
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5. If the chord h cos a.^ + a sin a .^ » ad cos iS pass through a fixed 
point yy , the locus of the intersection of tangents at its extremities is 

For, denotinglthejco-ordinates (402) by xy^ and substituting in h cos a . x^ 
+ a sin a .y = fl* cosi8, we get 

xx' yV 

XX* yV 
jyvP.—The line -jj+ ^ = I w calUd the POLAR of the point xfy with 

respect to the ellipse, (Compare Arts. 59, 99.) 
Cor. — ^The directrix is the polar of the focus. 

6. If a be variable and j3 constant, the chord joining the points (a + i8), 
(a - i3) is a tangent to the ellipse 

7. In the same case the locus of the intersection of tangents is 



6)'+ (f ) =«=<='^' (406) 



8. The equation of the perpendicular from the point (402) on the chord 
joining the points (a + iS), (a - iS) is 

ax by a^e^ , a.^ x , ^ 

- (compare Art. 123), (407) 



cos a sin a cos )3 
which meets the axis in the points 

(acosa\ a^^sina^ 

cos i8 / ' dcosiS ' 

that is, in the points 



c^ ^ V 

«•*', --W-- (408) 

9. Find the condition that the join of (a + i3), (a — 0) shall touch the 
ellipse 

If <p be the point of contact, the equations 

bi cos ^ . ^ + fli sin ^ .^ — fli Ji = o, 
b cos a . X ■\- asma , y — ab cos /8 = o 
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must represent; the same line ; hence, eliminating ^ from the equations 

cos<^ cos a sin<^ sin a 



a\ 



acosfi' fii bcos$* 



ai^cos^a *i*sin*a ,^ , , 

we get — -^— + — ^^— = cos2/3, (409) 

which is the required condition. 

10. If <f> ' denote the angle between the tangents at (a + jB), (o - $), 
prove 

*^ ^ "^ (a2 - b^) cos 2a - (a^ + W) cos 2/3* ^^^^^ 

1 1. If the angle ^ be right, we get (a^ - ^) cos 2a = (a* + b'^) cos 2j8, 
or (a2 + ^) COS* /B = a* cos* a + J* sm* o. 

Hence, denoting , — by Xy y, we get the circle 

cos p cos p 

Ar2+y* = a2 + ^ (411) 

as the locus of the intersection of rectangular tangents. 
Def. — The circle (411) is called the director circle of the ellipse, 

12. If in Ex. 9 we put a^ = a* — A*, b^ = J* — x*, the ellipses will be 
confocal, and equation (409) reduces, if b' denote the semi-diameter con- 
jugate to that drawn to the point a, to 

sin/3 = — , (412) 

which is the condition that the join of the points (a + jB), (a — /3) on the 
ellipse 



shall touch the confocal 



X^ y2 

— J- — = I 



^2 ^2 



+ ,T=^ = I. 



a2-.x2 *a-A« 

13. Ktwo tangents to an ellipse be at right angles, their chord of con- 
tact touches a confocal ellipse (Ex. 11, 12). 

14. If from the point ( , | perpendiculars be drawn to the 

^ \cos/3 cosiB/ ^ ^ 

four focal vectors of the points (a + iB), (a — /3), these perpendiculars are 
equal, their common value being b tan /3. Hence we have the following 
theorem : — 21he four focal vectors drawn to any two points of an ellipse 
have one common tangential circle^ whose centre is the pole of the chord 
joining the two points. The equation of the circle is 

(x cos$-a cos o)2 +{ycosfi- b sin o)* = ft* sin* j8. (413) 
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15. The angle <^ between the tangents to an ellipse can be expressed in 
terms of the focal vectors to their point of intersection ; thus, denoting 
these by p, p', we get 

p^cos'/S = h^ sin2 o + as^ (coso + ^ cos/3p ; 

then, putting for H^ the value a* (i — e^\ we get, after an easy reduction, 

p2cos2^ = fl2{i +tfcos(o + /3)} {i +^cos(a-iB)}. 
Similarly, 

p'^cos^$ =a*{i -eCos{a-{- fi)} {i - ^cos(a- jB)}. 
Hence 

pp cos« /3 = fl« \^{ I - ^2 cos2 (a + iB)} { I - tf* Cos* (o - /3) } , 
and 

(p2 + p'2 - 4^2) cos* iB = (a* - *2) cos 2a - (a* + J*) cos 2)3 

Now from the value of tan ^ (Ex. lo) we get 

(fl2 - b^) cos3 2a - (a* + J«) cos 2/3 



cos^ = 



2a2 V{ I- ^!* cos* (a+i3)} {!-<?* cos2(a-i8}} 



p2 _j. p'2 _ 4^2 

Hence cos a = , ; (414) 

^ 2pp 

and putting p + p' = 2a\ we get 

cos* J^ = —-;-• (415) 

pp 

16. If ju, /i^ /i'' be the semi-axes major of three confocal ellipses, and if 
from any point in the outer, tangents be drawn to the three ; then, if 

(/A/i*') denote the angle between the confocals /i, ^', 

sm2(/u/i') : sin* (^/t") : : iu* - /* ; ^* - /t"*. (416) 

17. If tangents at (a + iS), (a - i3) intersect on the confocal, 

X*^ 1/2 

♦ + —^ — = I : 

fl* + X* ^ + A* 

then 

cos* a sin*o sin*j3 

If the semi-diameter of (a* + a.*), conjugate to that drawn to the point or, 
be denoted by J)\ (417) may be written 

sin*/3 : ^3 : : A* : (a* + A^) (j2 ^ ;^2) ; (418) 

that is, in a given ratio. 
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18. If tangents to two confocals be at right angles, the locus of their 
intersection is a circle. 

19. If c denote the length of the chord joining the points (a + i8), 
(a-iS), we have (Dem. Art. 122) c® = 4d'2 sin*/5, and from Ex. 12, 

therefore 

C=^ — J-. (BURNSIDE.) (419) 

20. If tangents to the confocals 

^2 -,2 jp2 -,2 

— V- — 1=0, — + - — 1=0 

be at right angles to each other, the line joining the point of contact on 
one to the point of contact on the other is a tangent to a third confocal, 
the squares of whose semi-axes are 

(420) 



21. If tangents to two confocal ellipses be parallel, the angles sub- 
tended at the foci by the points of contact are equal. 

125. The locus of the pole of any tangent to an ellipse, with 
respect to a circle whose centre is one of the foci, is a circle, 

Dem. — Let S (see fig. Art. 124) be the focus, R the radius 
of the circle whose centre is S, and with respect to which the 
poles are taken. Let fall SL perpendicular to the tangent to 
the ellipse, and make SL.SQ- F^\ then Z, Q are inverse 
points with respect to the circle whose radius is R ; and since 
the locus of L is the auxiliary circle, the locus of Q is its 
inverse, and is therefore a circle ; but Q is the pole of LL\ 
and is the point whose locus is required ; hence the proposi- 
tion is proved. 

Def. — The locus of the poles of all the tangents to any curve 
with respect to a circU is called the reciprocal polar of that 
curve with respect to the circle. 
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From this definition we see that the foregoing proposition 
may be enunciated as follows :' — The reciprocal polar of an 
ellipse^ with respect to a circle whose centre is one of the foci, is a 
circle. 

Cor. I . — If we take two consecutive tangents to the ellipse, 
their poles will be consecutive points on the circle which is 
the reciprocal polar of the ellipse ; but the join of the poles 
of two lines is the polar of the point of intersection of the 
line. Hence the locus of the pole of any tangent to a circle 
is an ellipse. In other words, The reciprocal polar of a circle 
with respect to another circle is an ellipse, having the centre of the 
reciprocating circle for one of its foci. 

Or thus : 

Let S be the centre of the reciprocating circle, Q any point 
on the circle whose reciprocal polar is required ; join SQ, 
and make SQ . SL = JR^, and draw LL' perpendicular to SQ. 
Now, since SQ . SL = J^, the locus of L is the circle which 
is the inverse of that which is to be reciprocated ; and since 
ZZ' is perpendicular to SL, the envelope of LL' is the first 
negative pedal of a circle with respect to a given point. 

Cor. 2. — Since the auxiliary circles of a system of confocal 
ellipses is a system of concentric circles, and the inverse of 
a system of concentric circles is a system of coaxal circles, 
we have the following theorem : — The reciprocal polars of a 
system of confocal ellipses, with respect to a circle whose centre is one 
of the foci, is a system of coaxal circles, having the focus as one of 
the limiting points. Conversely, The reciprocal polars of a system 
of coaxal circles, with respect to one of the limiting points, is a con- 
focal system, having that point for one of the foci. 
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Examples. 

*i. If a quadrilateral AA\ BB' be inscribed in a circle -ST, and if the dia- 
gonals AB, A'B* touch a circle K of a system coaxal with JT, then the 
sides {Sequel to Euclidf p, 126) AA*y BB' touch another circle of the same 
system, and the four points of contact are collinear. Reciprocally, If a 
quadrilateral be circumscribed to an ellipse, and if two of its opposite ver^ 
tices lie on a confocal ellipse, two of the remaining vertices lie on another 
confocalf and the four tangents at these vertices are concurrent,. 

2, The reciprocal polar of the directrix of an ellipse with respect to a 
focus is the centre of the circle into which the ellipse reciprocates. 

3. If a variable chord of a circle subtend a right angle at a fixed point 
within the circle, its envelope is an ellipse, having the fixed point for one 
of its foci. 

♦4. If Z be one of the limiting points of two circles O, O*, and LA, 
LB two radii vectors at right angles to each other, and terminating in 
those circles, the locus of the intersection of tangents at A and ^ is a circle 
coaxal with O, O {Sequel to Euclid, p. 162). Reciprocally, If two tan- 
gents, one to ecLch of two confocal ellipses, be at right angles to ecu:h other, 
the envelope of the line joining the points of contact is a confocal ellipse, 

♦5. The envelope of the chord of contact of tangents to a circle which 
meet at a given angle is a concentric circle. Reciprocally, the locus of 
the intersection of tangents to an ellipse, whose chord of contact subtends a 
given angle at the focus, is an ellipse, having the same focus and directrix » 



126. The rectangle contained by the segments of any chord, pass- 
ing through a fixed point in the plane of an ellipse, is to the square 
of the parallel semidiameter in 
a constant ratio. (Compare 
Art. 100.) 

Let O be the fixed point, 
and take the lines OX, OF 
parallel to the axes of the 
ellipse ; let the co-ordinates 
of the centre with respect 
to OX, OF be ^, y ; then 
transforming to O, as origin, the equation of the ellipse is 




{x - x'y , {y -yf 

:; 1 r:; = I. 



a* 



(lO 
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Now, take any point R in the ellipse, join OR, meeting the 
curve again in R ; then, if r, be the polar co-ordinates of 
R^ we have x = r cos d,y = r sin 0. Hence from equation (i.) 
we get 

{a^ sin* e + b^ cos» 0) r* - 2(aV sin O + b^x cos Oy 

+ (3* 0/2 + ay* -aH^) = o. (II. ) 

Now the roots of this quadratic in r are OR, OR. 

Hence OR . OH' = f ■ t^ ,. »! • 

a^sm^^ + ^^cos'*^ 

Again, if p be the radius vector through the centre parallel 
to OR, we have 



P' = 



a*sin*d+^*cos*^' 



. r OR.OR x^ y^ , . 

therefore ^5 = _ + _ - i ; (421) 

that is, equal to the power of the point with respect to the 
ellipse. Hence the proposition is proved. 

Cor, I. — If ^4? be another line through O cutting the ellipse 
in S, S\ and p' the parallel semidiameter, 

OS. OS' ^ £2 ^ - 
„ OR. OR p" , . 

^'^"" osTos' = 7^' (^") 

Cor. 2. — If through another point two chords be drawn 
parallel to the chords OR, OS, and cutting the curve in r, r'; 
s, s', respectively, 

OR . OR _ or. or* . . 

OS. OS'" OS. 0^ ^^'^^^ 

Cor. 3. — If the points i?, Ji?' coincide, Oi? becomes a tan- 
gent, and if S, S' coincide, ^.S* becomes a tangent ; hence, 
from Cor. \,Any two tangents to an ellipse are proportional to their 
parallel semidiameters* 
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Examples. 

1. The rectangle EP.PD (see fig., Art. 122, Ex. i) is equal to the 
square of the parallel semidiameter. 

2. If any tangent meets two conjugate semidiameters of an ellipse, the 
rectangle under its segments is equal to the square of the parallel semi- 
diameter. 

3. If through any point Oy in the plane of an ellipse, a secant be drawn 
meeting the ellipse in two points i?, i?', the locus of the point Qy which is 
the harmonic conjugate of O with respect to Ry R\ is the polar of O, For 

2 I _J__ / ay sine + &^Ar'cosg) \ 

Hence, denoting OQ by p, we get, putting p cos = Xy psm0=y, 

d« x'{x' - jc) + a^y (/ - 7) = ^2^*, 
or, transforming to the centre as origin, 

xx' W 

which is the polar of the point — x' —y* (see Art. 124, Ex. 4). 

4. If -4, ^ be any two points, C the centre of the ellipse, and \5.AGy BH 
be drawn parallel to CBy CAy intersecting the polars of By A, respectively, 
in the points Gy H\ then AG . CBiACBH: : square of semidiameter 
through B : square of semidiameter through A. 

5. If MN be the polar of the point A ; P any point on the ellipse ; AF a 
perpendicular to the tangent at /*; PG the portion of the normal inter- 
cepted between the curve and the transverse axis ; PM a perpendicular 
from P on MN-y then PG . AF varies as PM. For if the co-ordinates of 
A be x'y \ ofPy x"y' ; then 

This theorem gives an immediate proof of Hamilton's Law of Force.— 
Proceedings of the Royal Irish Academy y No. LVII. vol. iii. p. 308. Also 
Quarterly Journal of Mathematics y vol. v. pp. 233—235. 
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6. Find the equation of the line through the point ^y parallel to its. 
polar. If (a + iS), (a — iS) be the eccentric angles of the points of contact 
of tangents from ^y , the line required is 

a: cos a r sin a ^ _ , , 

+^--7 sec 3 = o s Z. (424) 

a o 

7. In the same case the line through the centre and x^y' is 

a: sin a y cos o , - , , 

_ — ^=o = jr. (42s) 

8. The equations of the tangents through x' y to the ellipse are 

Z cos iS ± ^sin/3 = o. (426) 

9. The product of the equations of the tangents is 

tx'^ f \ /«'2 ya. \ I XX* y/ V , , 

Compare Articles 55, 99. 

*i 27. To find the major axis of an ellipse confocal to a given one 
and passing through a given point. 

Let hk be the given point, -2 + h"~ ^ = ^ ^^^ given ellipse,, 
then, putting a^ -U^ = r*, the equation of the required ellipse 
will be of the form -y^ + -^ — -% = i, and substituting the given 

Or C* ^ C 

co-ordinates, we get 

Similarly ^'* - (A» + >&' - ^) 3'^ - r^y^^ = o. (429) 

Let the roots of these equations be a'*, a"^ ; 3'*, 3"*, respec- 

tively ; then 

a'a'' = ch, b'b"=ck^-i. (430) 

Hence we have the following theorem : — Two confocals to 

x^ y^ 
the ellipse -$• + "t^ - i =0 can be drawn through the point hk * 

* The student is recommended to omit this proposition until he has read 
the chapter on the hyperbola. 
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ihe product of the semtaxes major of these confocah is ch^ and of 

the semtaxes minor, cki; where i denotes, as usual y v- i. 

It will be seen in Chapter vii. that one of these confocals 
must be a hyperbola unless ^ = o, in which case one of them 
must consist of the two foci. 

Def. — Thesemiaxes major a' , a" of the two confocals, which can 
ie drawn to a given ellipse through a given point, are called the 
ELLIPTIC CO-ORDINATES of the point (Lame, ' Co-ordonne6s 
Curvilignes'). 

Cor. u— ^ = 1^^ -/&« = 



therefore ^* + ^* = 






= fl'» + ^"« = a"» + ^^ (431) 

Cor. 2. — ^The two confocals to a given ellipse which can 
be drawn through any point cut each other orthogonally. 
For the tangents are 

hx ky hx ky 

and these tangents are perpendicular to each other if 

h^ k" II 

= 0, or ~ - — = o. 



a'^a!'^ b'^b"^ ' c^ c^ 

Cor. 3. — Let p\ p" denote the perpendiculars from the 
centre on the tangents to the confocals through hk at that 
point, and P', P>" the semidiameters conjugate to the semi- 
•diameter drawn to hk, 

^S'^ + ^« + >P = a'« + ^'2 ; [Equation (375)] 

therefore P'^ = a" - a"^. ( Cor. i ). (432) 

Similarly, ^"^ = 3"» - b'\ (433) 

But Pf = a^b' [Art. 121, Cor. 8] ; .-. /'^ = --^^—r^. (434) 

a a 

Similarly, /"» = ^^ZW (43S) 
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Cor» 4. — By means of the values of A^ ^^ Cor. i, we find, 
after an easy reduction, 

and substituting for hk the values ^, ^r- TArt. 124., 

cosp cosp ^ 

Ex. 2], this reduces to . , .^. 7-7 — rrr -, Hence 

-" (a* - b^) cos 2a- (^2 + b^) cos 2)8 

[Art. 124, Ex. 10] we have the following theorem : — If ^ de- 

note the angle between the tangents to the ellipse -; + 7;; - i = 0, 

a^ b 

from the point whose elliptic co-ordinates are a'^ a'\ 

Id^ - a"^ 
therefore tan i«^ = ^^ttt^- (43?) 

Therefore if \\f denote the angle which the tangent at P to 
the confocal a* makes with the tangent from P to the original 
ellipse, we have 



COti/r 



p - a"^ 



Ja'^ - ^ la^- a"^ 

^n , a"^ ^Q^^ = ^ ^/2_^./2 ' (438) 

Cor, 5.-^The results proved give a new demonstration of 
the propositions, Art. 124, Ex. 16. 

The principal theorems in Cors, 4 and 5 were first pub- 
lished in a Paper of mine in the Messenger of Mathematics in 
the year 1866, and were extended to sphero-conics, and 
to curves on confocal quadrics. Corresponding theorems 
were given by Chasles for geodesic tangents to lines of 
curvature on the ellipsoid. — Liouyille*s /oumal, 1846. 
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EXA|ilPL£S. 

1. The locus of the pole of the line /iur+ Ky= i, with respect to a system 

of conies confocal to — + 4^ — i = o, is the line 

a'' tr 

^-5 = -'- (439) 

2. The equation of the director circle of an ellipse in elliptic co-ordi- 
nates is a'2 4-tf"2=2a2. 

^2 yt 

3. If from the centre of the ellipse -j + "m = ' * parallel be drawn to the 

tangent from any point /'on-r+'^ — ito a given confocal (a'), to meet 

the tangent at P to the first ellipse, the locus of the point of intersection 
is a circle. 

4. If a\ a*' be the elliptic co-ordinates of any point, 4> the angle in* 

eluded between the tangents from this point to -^ + '73 — 1 =0; then 

fl'2 sin2 J0 + a"2 cos* J^ = a». (440) 

5. If from the intersection of tangents to an ellipse distances be 
measured along the tangents equal to the focal vectors of the intersection, 
the length of the join of their extremities = 2a'. 

6. If a tangent to one confocal be perpendicular to a tangent to another, 
the chord of contact is trisected by the join of their intersection to the 
centre. 

7. The difference between the squares of the perpendiculars from the 
centre on parallel tangents to two confocals is constant. 

8. The locus of the points of contact of parallel tangents to a system of 
confocal ellipses is a hyperbola. 

9. The locus of the point (a) on a system of confocal ellipses is a con- 
focal hyperbola. 

10. If two secants, OR^ OSy cut the ellipse in the points R, R'; 5, ^S", 
respectively, and be tangents to a confocal, 

iR-^'m-m- <M- ROBERTS.) (44.) 

For let a* - \^ ^ - >? be the*semiaxes of the confocal ; b\ b" the semi- 
diameters parallel to OR, OS ; then 

r I RR' 2Xft'« 



or'' OR'^ OR.OR'" ab,OR.OR* 



[Equation (419)] 
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In like manner, 



I 
'OS 



2\J"2 



OS' ah OS , OS'' 
But * ORiOR' :: *'« : b"^. [Equation (422)] 

Hence the proposition is proved. 

12S. To find the polar equation of an ellipse ^ the focus being pole. 
If the focus be origin the 
equation of the ellipse is 

^+y = e8(A;+/)». [Art. 1 1 8] 

Hence, putting 

^=pcos^, ^=psintf, D 
we get 



I - e cos 0* 




that is. 



a(i -e") 
1 - e cos 8 



(442) 



It is usual in Astronomy, when the polar equation is em- 
ployed, to denote the angle ASF, called the trae anomaly, 
by ; then the polar equation is 

a{i -e") 



1 + e cos 6 



(443) 



Since a{i - ^) = J latus rectum = / suppose, the polar 

equation is p = ^ . (444) 

^ '^ I + <? cos ^ ^^^^^ 

Cor. I . — If the angular co-ordinates of two points on the 

ellipse be a + )S, a - )S, the equation of their joining chord is 

/ 

-= e cos + sec P cos {$ - a). (445) 

P 
For assuming it to be of the form 

/ 

- = A cos + B cos ($ - a), 

P 

and putting in succession for $ the values a + fi, a-fi, we get 

I +e cos{a + P)- A cos (a + )8) + ^ cos j8, 
1 + e cos(a " P)-A cos(a - P)+B cos)8. 
Hence A-e, B = sec p, 

o 
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Cor, 2. — The equation of the tangent at the point a is 

- =e cos Q + cos {6 - a). (446) 

P 

Examples. 

I. If f», p' denote the segments of a focal chord, 

-+^=7. ^ (447) 

p p I 

. 2. The rectangle contained by the segments of a focal chord is propor- 
tional to the length of the chord. 

3. Any focal chord is a third proportional to the transverse axis and the 
parallel diameter. 

4. The sum of the reciprocals of two perpendicular focal chords is con- 
stant. 

5. If any chord I^R' of an ellipse meet the directrix in D, the line SD 
bisects the external angle of the triangle liSR', 

6. The join of the intersection of two tangents to the focus bisects the 
angle made by the focal vectors of the points of contact. 

7. If any point on an ellipse be joined to the extremities of the trans- 
verse axis, the portion of the directrix which the joining lines intercept 
subtends a right angle at the focus. 

8. The angle subtended at the focus by the portion of any variable tan- 
gent intercepted by two fixed tangents is constant. 

9. If a tangent from a variable point subtend a constant angle 9 at the 
focus, the locus of the point is 

- = cos 8 + ^ cos 0. (448) 

P 

10. If a chord PQ subtend a constant angle 2S at the focus, the locus of 
the point, where it meets the internal bisector of that angle, is 

/ 
. - = sec 8 + tf cos $, (449) 

P 

II. If denote the true anomaly, ^ the supplement of the eccentric angle, 

tan ie . tan J4» = J^-^^ • (45©) 

12. If be the point on the auxiliary circle corresponding to P on the 
ellipse, the locus of the intersection of SP and the join of @ to the centre 
is a circle. 
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Exercises on the Ellipse. 

^ I. Find the eccentricity of the ellipse 3Jie* + 47* = i. 

2. If two central vectors of an ellipse be at right angles to each other, 
the sum of the squares of their reciprocals is constant. 

3. Find the equation of the circle through either extremity of the trans- 
verse axis and both extremities of the latus rectum. 

4. Find the equation of the tangent at either extremity of the latus 
rectum. 

5. The locus of the middle points of chords of an ellipse passing through 
a given point is an ellipse whose axes are parallel to those of the given 
ellipse. 

6. If from any point in a circle a line be drawn making a given angle 
with a fixed line, and divided in a given ratio, the locus is an 
ellipse. 

7. Two points P, Q are taken on the minor axis of an ellipse at dis- 
tances — from the centre, and CV is a perpendicular from the centre on 

c 

any tangent ; prove 

^y = - . (Crofton.) (451) 

8. Only one chord of an ellipse can be perpendicular to a given line and 
bisected by it, unless the Une pass through the centre. 

9. If a common tangent to the two ellipses 

x^ y x^ y» 

touch the first in x'y j and the second in 3^*y*\ then x'x" is equal to the 
square of the abscissa of either of their points of intersection, and y'y to 
the square of the corresponding ordinate. 

7*10. If the sum] of the tangents drawn from a point to two circles 
be giyen, the locus of the point is an ellipse. 

II. If a circle described through any point P on the minor axis of an 
ellipse, and through the two foci intersect the ellipse in the points Q, Q ; 
prove that PQ^ PQ are either tangents or normals to the ellipse. 

O 2 
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12. Tangents are drawn from a fixed point Pto a system of confocal 
ellipses ; if T, T' be the lengths of the tangents to any of the ellipses, 
and $ their included angle, prove 

fi + "^ J cos J« = constant, (Crofton.) (452) 

' 13. The area of the triangle formed by the tangents from the point 

(a cos a ' & sin a\ 
cos iS ' cos fi ) 

and their chord of contact, is ah sin* fi tan jS. 

14. If ^, ^' be the extremities of the transverse axis. Pa point in the 
ellipse, whose eccentric angle is ^ ; prove 

2b 
tanAPA' =- 



15. If from any point 7' in FT (the tangent at P) a perpendicular TR 
be drawn to the focal vector SP, and a perpendicular TM on the direc- 
trix ; then SR = eTM. 

16. Find the equation of the circle described on the intercept which the 
ellipse 

— Y- — 1=0 

makes on the line y = mx + n ; and thence show how to find the length 
of the normal at any point of an ellipse imtil it meets the ellipse again. 

17. The locus of the intersection of tangents at the extremities of a pair 
of conjugate diameters is 

and the envelope of the join of their extremities is 

18. Find the co-ordinates of the pole of the normal at the point a, 
and show that the locus of the pole is 

j2 + ;^ = ^- (453) 
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19. If a tangent at any point P meet the transverse axis in T\ then, if 

S be the focns, 

cos SPT^ e cos STP, (454) 

20. Find the pedal of the ellipse with respect to its centre. 

21. If perpendiculars at a point P of the ellipse to the lines AP, AP* 
(see Ex. 14) meet the transverse axis in the points Qt Q^ prove that QQ is 
constant. 

22. Prove that two of the normals drawn from the point whose co-ordi- 
nates are 

^ cos a cos 2a c' sin a cos 2a 

flfVa 5V2 

meet the ellipse at the extremities of a pair of conjugate diameters. 

23. Find the equation of the pair of Unes joining the centre of the 
ellipse to the points of contact of tangents from 3ffy, 

24. The sum of the eccentric angles of four concydic points on an 
ellipse is 2ir. 

25. If a circle osculate an ellipse at the point a, the co-ordinates of the 
point where it meets the ellipse again are, a cos 3ay — d sin ^fk, 

26. The sum of two focal chords of an ellipse parallel to two conjugate 
diameters is constant. 

27. Any two fixed tangents are cut homographically by a variable tan- 
gent. 

For the angle which the intercept on the variable tangent subtends at 
the focus is constant, 

28. If iS be the focus, Zany point on the tangent at P, TMz. perpen- 
dicular on the directrix ; then, if ST=^ ^ TM, 

cos PST=^. 
e 

29. If a chord PP* of an ellipse pass through a fixed point 7", and 
i{ ST = eT TM, ihGH 

tan \PST . tan \P'ST = ^^, . (M'Cullagh.) 

30. If <S, 5' be the foci, and if the circle described on SS' as diameter 
meet the conjugate axis in H, H'\ prove that the sum of the squares of the 
perpendiculars from H^ W on any tangent is conistant. 

31. If all the tangents to an ellipse be inverted from any internal point, 
the locus of the centres of all the circles into which they invert is an 
ellipse. 
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32. If y be the intercept which any normal to an ellipse makes on the 
transverse axis, and ^ the angle which it makes with it ; prove 

""(a-' + iJtan*^)*' ^^^^^ 

33. If two central vectors of an ellipse be at right angles to each other, 
the envelope of the join of their extremities is a circle. 

34. If the chords joining the pairs of points a, /3 ; 7, 8, respectively, 
meet the transverse axis in points equally distant from the centre ; prove 

a /3 Y 8 
tan - tan - tan - tan - = i. (4C6) 

2222 ^^^ ' 

35. The area of the parallelogram formed by the points a, /3, and the 

Aah 
points diametrically opposite to them a= -r-j- r. 

36. If the co-ordinates in Ex. 22 be denoted by ^, j/ ; prove 

37. If CP^ CD be two conjugate semi-diameters, and if the normals at 
jPbe produced both ways to Q^ Qy making PQ^ PQ each equal to CD\ 
prove that 

CQ^a\h, CQ^a-h. (M*Cullagh.) (458) 

38. The locus of the intersection of normals at points, which have equal 
eccentric angles, on the ellipses 

x^ y x^ y« 

is an ellipse. 

39. Ifxi^i, ^2^2, x%y^ be any three points, and if 

^2 y2 *i* ri* xiXi yiy% 

prove that - 4 (area of triangle formed by these points)^ -^ a* 6* is equal 
to 



S\i ^12» T\ly 

^12» -Si, 723, 

TiS, ^23, Sz 



(459) 



(Prof. Curtis, s.j.) 
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40. If the three points fonn a self-conjugate triangle, with respect to 5, 
and if A denote the discriminant r-r;:, 



area 



= J J^^'. (BURNSIDK.) (460) 



41. If they form a triangle circumscribed about .S*, 

area = db{'J'Sx -^^ yfS% + v^}. (461) 

(Prof. Curtis, sj.) 

42. If the triangle be inscribed in S^ 



— hi ^** ^*^ ^^* 



area = ab ^.iil^LJi . (/j/j.) (462) 

43. If PM be an ordinate at any point P of an ellipse, find the locus of 
the intersection of PM, with the perpendicular from the centre on the tan- 
gent at P. 

44. Find the locus of the point of bisection of the portion of the tan- 
gent to an ellipse which is intercepted by the axes. 

45. If a point P whose eccentric angle is be joined to the foci, and the 
joining lines produced meet the ellipse again in. Q, R ; find the equation 
of QR, and prove that its polar lies on the normal at 9. 

46. If ^ be the eccentric angle of the point P of an eUipse, Q the point 
on the auxiliary circle corresponding to P; prove that the area of the 
parallelogram formed by the points P, Q and the points diametrically 
opposite to them is 2a(a — d) sin 2^. 

47. In the same case, prove that the area of the parallelogram formed 

go A 

by the tangents at the same points = : =t— : . 

^ ^ *^ (a-3)sm2^ 

48. If the normal at P meet the transverse and the conjugate axes in 
the points G, G\ respectively ; prove that the middle point of CG is the 
centre of a circle through P and the extremities of the minor axis ; and 
the middle point of CG* the centre of a circle through P and the extre* 
mities of the transverse axis. 

49. If the product of the direction tangents of two lines touching an 
ellipse be given, and negative, the locus of their point of intersection is an 
ellipse. 

50. Find the locus of the point of intersection of two normals at right 
angles to each other. 



200 The Ellipse. 

51. If (^ be the angle between a central vector and the normal at the 
point ^ ; prove 

tanO= =-^. 

2ao 

52. The lengths of the tangents from the point x*y to the ellipse 

are roots of the equation in T, 

- yfWIm' + ^ y/a^S'-T^ = cS' (Ceofton.) (463)' 

53. A circle has double contact with an ellipse at the points P, P*. 
Prove that the sum of the distances of the points P, P* from either focus 
is half the sum of the distances from the same focu^ of the points in which 
the ellipse is intersected by any circle concentric with the former. (Ibid.) 

54. If from any point on an ellipse tangents be drawn to the circle on 
the minor axis, and if the chord of contact meet the major and the minor 
axes in the points Z, ^respectively; prove 

b^ gg _gg 

55. Find the locus of the middle points — 1°. of chords of a given 
length in an ellipse. 2^. Of the middle points of chords whose distance 
from the centre is given. 

56. If Sj S' be the foci, jPany point on the ellipse, PQ a normal and 
a mean proportional between SP, S'P, the locus of Q is a circle. 

57. The sum of the squares of the perpendiculars from the extremities 
of any two conjugate semidiameters on any fixed diameter is constant. 

58. If CP, CP' be two semidiameters of an ellipse ; CD, CU their 
conjugates ; prove, if PP' pass through a fixed point, that DU also 
passes through a fixed point. 

59. Ey F are the feet of perpendiculars from the centre and focus on 
any tangent, T the point where the tangent meets the transverse axis ; 
prove EP.ET^EF'^, 

60. The locus of the points of contact of tangents to a system of con- 
focal ellipses from a fixed point on the transverse axis is a circle. 

61. \i X COS a + r sin a —p— o be a tangent to — +'^— 1=0; 
prove p^ = a* cos' o + ** sin' a. (464) 
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62. If the circle jc* +y + 2gx +2fy-\-c^o passes through the eitremi- 
ties of three semidiameters of the ellipse 






prove that the circle 



x^+y^ + — X - ^y- {a^ + b^ + c)=o 

passes through the extremities of the three conjugate semidiameters. — 

(R. A. Roberts.) (465) 

63. Show that if the first circle in Ex. 62 be orthogonal to x^+y^ - 2ax 
— Piy -¥ (f = 0f the second is orthogonal to 

;^+y»+^-!^ + a» + *'-^=o. {find.) (466) 
o a 

64. A triangle is inscribed in the ellipse 

prove, if xf,y he the co-ordinates of its centroid, and x, y those of the 
circtuncentre, 

16 (a'x* + &V) + 9<^ /^ + ^\ - I2<:« {XX* -y^) - <^ = o. 

{Ilxd.) (467) 

65. If normals at a, a, a" be concurrent; prove 

sin 2a sin (a' - d") + sin 2a' sin (o" - a) + sin 2a" sin (a - a') = O, (468) 
and sin (a + o') + sin (a' + a") + sin (a" + o) = o. (469) 

66. If a', &' be conjugate semidiameters, making angles ^, ^' with the 
semiaxes, prove 

^^'-y^ _ cos (» + 4>0 , . ... 

a«-da cos(^-^')* ^*' ' 

67. If the rectangle contained by the perpendiculars on a variable line 
from its pole, with respect to a given ellipse, and from the centre of the 
eUipse, be constant, the envelope of the line is a confocal eUipse.] 

68. The normals to an ellipse at the points where the lines 

px ay X y 

^ + ^-1=0, -- + ^ + 1=0 
a ap oq 

meet it are concurrent. 

69. If PP* be a diameter of an ellipse ; find the locus of the intersec- 
tion of the normal at P with the ordinate at P\ 

70. Find the locus of the pole of a chord of given length in an ellipse. 
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71. The circle whose diameter is any chord, parallel to the conjugate 
axis of 

L-l T 



has double contact with the eUipse 



X 



2 4/2 



+ T^=I. (471) 



a2 + &2 ' *2 

72. If focal vectors from any point P meet the ellipse again in Q and Ry 
and if the tangent at P make an angle with the transverse axis, and the 
line QR an angle ^ ; prove 

I -<f3 
tan 4» = -^-j— ^ tan «. (472) 

73. Being given two confocal ellipses ; prove that the distance between 
the point ^ on the first and the point ^' on the second is equal to the dis- 
tance between ^' on the first and ^ on the second. (Ivory.) 

74. If from an external point O a secant ORR' be drawn, cutting the 
ellipse in R, R'; then if OQ^ = OR. OR\ the locus of ^ is an ellipse., 

75. If the angles which any two conjugate diameters subtend at any 
point of the ellipse be denoted by A, \', respectively; then cot* A. + cot* a.' 
is constant. 

76. The external angle formed by two tangents to an ellipse is half the 
sum of the angles subtended by the chord of contact at the foci. 

77. If a normal to an ellipse be parallel to one of the equiconjugate 
diameters, it cuts the ellipse again at a minimum angle. 

(Prof. J. Purser.) 

78. Two parallel focal chords of an ellipse meet it in the points Cr, ff, 
on the same side of the transverse axis ; if the join of G, H make inter- 
cepts A, /u on the axes, prove 

79. If two normals to an ellipse cut at right angles, the intercepts made 
on them by the ellipse are divided proportionally at their point of intersec- 
tion. (Prof. J. Purser.) 

80. Prove that if a parabola be described with a point on an ellipse as 
focus, and the tangent at the corresponding point on the auxiUary circle as 
directiix, it passes through the foci of the ellipse. {Ibid.) 



CHAPTER VII. 



THE HYPERBOLA. 




1 29. Def. I. — Being given in position a point S, and a line 
NN', the locus of a variable 
point Pf whose distance from 
S hc^ to its perpendicular 
distance from NN' a given 
ratio e greater than unity, 
is called a hyperbola. 

Def. II. — The point S is 
called the focus ; the line 
NN* the DIRECTRIX, and 
the ratio e the eccentricity of the hyperbola, 

130. To find the equation of the hyperbola, 

I®. Take the focus as origin, the line through S, per- 
pendicular to the directrix, as axis of Xy and a parallel to the 
directrix through S as the axis oiy ; also denote the perpen- 
dicular SO from S on the directrix by/"; then, denoting the 
co-ordinatfes of P by x, y, we have SP^ = ^ + ^*, and 
PN = X +/; but (Def. i,) SP ^ PN = e ; therefore 

x^+y^^ {x +/)». (474) 

2°. In equation (474) put 



and we get 





X = x 




a 


y 


ep 



<»- 1 



(^-l)»* 



(!•) 
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Hence, if C be the new origin, we have 



^'^=(^«- ("•) 



Now, putting^ = o in (i.), we get 



0^ 



{f- if' 

giving for x two values equal in magnitude, but of opposite 

signs. Hence, denoting the points where the hyperbola cuts 

ef ef 

the axis of x by A^ A'y we get CA = ■ -^ , CA* = - -^ 



Hence A'C «= CA ; therefore the line A' A is bisected in C, 
and denoting it by 2a, we have 

a = ^^ . (ill.) 

Again, putting ji; = o in (i.), we get 



y=- 



^- I 



This gives two imaginary values for^, viz. 

+ ^7== and ' ^ 

showing that the hyperbola does not cut the axis of^'. 

Def. III. — The line AA* is called the transverse axis of the 

ef 
hyperbola ; and if we make CB = B'C - . ^ , the line BB' 

V ^ - I 
is called the conjugate axis, and the point C the centre. 

The line B'B is denoted by ib. 

3°. Since a = . » \, ^= . « x. t equation (i.) can be 
^ (^-,0 {^- 0* 

written 

AT* y* 

-a-ti='' (+75) 

« 

This is the standard form of the equation of the hyperbola. 
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Def. IV. — The double ordinate LV through S ts called the 
LATUS RECTUM o/ the hyperbola, 

131. The following deductions from the preceding equa- 
tions are important :— 



V'^a^if^i), 

If CS be denoted by f, f = ae, 

CO = -. For CO = CS -/= 4^ -/= 



/ 



e^- I 



5. 
6°. 



tf« + 3> = c*. From 1° and 2^ 

CS.CO = a\ From 2° and a"". 

Latus rectum « 2a (^ - i ). For in (474) put a: = 0, 
and we get .SZ = ef\ therefore LL' = ^ef^ 2a{f - i). 

7°. The transverse axis : conjugate axis : : conjugate axis : 
latus rectum. From 1° and 6°. 

8**. Since from the form (475) of the equation of the hyper- 
bola each axis is an axis of symmetry of the figure, it follows 
that, if we make CS' = SC, the point S' will be another focus ; 
also, if CO' = OCf and through O' a line MM' be drawn per- 
pendicular to the transverse axis, MM' will be a second 
directrix, corresponding to the second focus S', 

Def. v. — If the setniaxes a, b of a hyperbola be equals the 
curve is called an equilateral hyperbola. 



Examples. 

I. Given the base of a triangle and the difference of the sides ; find the 
locus of the vertex, p 

Let S'SP be the triangle ; let the base 
SS' = 2c, and the difference of the sides 
equal 2a. Let S'S produced be taken 
as axis of x, and the perpendicular to 
S'S at its middle point as axis of ^; 
then, if x,^be the co-ordinates of P, we S' 
have 
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therefore { {x + c^ +r'}* -{(•«- 0* +y*}* = 2a ; (i.) 

or cleared of radicals, 

or putting t* - a* = *», _ _ -1^ = i. 

Cbr. I.— SP=ex- a, (476) 

For in clearing (i.) of radicals, we get 

a{(x - cf 4-^}* ^cx- a\ 
that is, a . *SjP = <iex — cfi. 

Cor. 2.— S*P -ex \a, 

2. Given the base of a triangle and the difference of the base angles, 
the locus of the vertex is an equilateral hyperbola. 

3. Given the base of a triangle, and the ratio ^f the tangents of the 
halves of the base angles, the locus of the vertex is a h3rperbo]a. 

4. The locus of the centre of a circle, which passes through a given point 
and cuts a fixed line at a given angle, is a hyperbola. 

5. Trisect a given arc of a circle by means of a hyperbola. 

6. If the base of a triangle be given in magnitude and position, and the 
difference of the sides in magnitude, then the loci of the centres of the 
escribed circles which touch the base produced are the two branches of a 
hyperbola ; and the loci of the centres of the inscribed circle, and the 
escribed which touches the base externally, are the directrices of the same 
hyperbola. 

7. If in Ex. 6, Art. 119, the 'Boscovich Circle' cut the line NN\ show 
that the locus of P will be a hyperbola. 

8. CB is a fixed diameter of a given circle ; and through a fixed point A 
in CB draw any chord DE of the circle ; join CDy and on CD produced, 
if necessary, take CF= AE : the locus of the point i^is a hyperbola. 

9. ABCD is a lozenge whose diagonals are 2a, 2^, respectively ; prove, 
if the diagonals be taken as axes, that the locus of a point P, such that the 
rectangle AP, CP = the rectangle BP, DP, is the equilateral hyperbola 
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132. The locus of the middle points of a system of parallel 
chords of a hyperbola is a 
right line. 

Let the equation' of one 
of the chords be 



y 



I) ' "• 




Now, if m be constant 
and n variable, this will 
represent a line which moves parallel to itself; and elimi- 
nating y between it and the equation of the hyperbola, we 

get 

(i - /»') oc^ - zmnax - aW - a* = o. 

Similarly, by eliminating x, we get 

(i - ni?)y'^ - znby + 3V - b^w? = 0. 

Hence the equation of the circle, whose diameter is the 
intercept which the hyperbola makes on the line 

y 



f = ^(f)-t«' 



is ( I - n^) {x^ +^^) - imnax - znby - (a* - IP') n^-a^- n^W = 0. 

(477) 
Now if the co-ordinates of the centre of this circle be Ar',j/, 

we get 



y= 



fib 



mna , 

— i> y= — 2- 



Hence, eliminating n and omitting accents, the locus of the centre, 
that is, of the middle point of the chord, is the diameter 

y I X , «x 

This is the line QQ in the diagram. 

Cor. I. — If a line be drawn through the centre parallel 
to PP', or, in other words, a diameter conjugate to QQ^, its 
equation must contain no absolute term ; hence its equa- 
tion is 



I-©- 
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Hence the product of the tangents of the angles, which 
two conjugate diameters make with the transverse axis of 

a hyperbola, is -^. 

Cor. 2. — If the line PP* move parallel to itself until the 
points P, P* become consecutive, then PP becomes a tan- 
gent such as at Q ; and if the co-ordinates of Q be offy'^ we 
must have 

y_ 
h 

and since the line QQ passes through it, we must have (478) 

y 



- = ^(t) + «' 






Hence 



M s= — 7, « = , 



ay y 

which, substituted in 






!^-) "^ ^' 



xx^ yy 
gives _-_=,, (479) 

which is the equation of the tangent. 

Cor. 3. — To find the equation of the chord of contact of 
tangents from the point hk. 

Let x^y'f x"y', be the points of contact ; then, since the 
tangent at xfy passes through hk^ we have 

h:xf ky 





a" 


¥ ' 


= I. 


Similarly, 


hx" 


ky" 
b^ 


= I. 


Hence it is 


evident that the line 






hx 


ky 
b^ 


= I 



(480) 

passes through each point of contact, and therefore must be 
the chord required. 
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If instead of hk we put xfy^ we see that the chord of con- 
tact of tangents, from ody to the hyperbola, is 

• xo(f yy 



= I. 



a' 



(481) 



Cor, 4. — If through any point ody a chord of the hyper- 
bola be drawn, the locus of the intersection of tangents at 
its extremities is 

xsd 



yy 



Cor. 5. — ^The line 



XX* 



= I. 



yy 



= I 



is such that any line passing through xy is cut harmonically 
by it and the hyperbola. 

Cor. 6. — If two diameters QQ*, RR' of the hyperbola be 
such that the first bisects chords parallel to the second, the 
second also bisects chords parallel to the first. 

Observation. — It is not necessary that both extremities of the chord PP* 
should be on the same branch of the hyperbola ; the chord may take the 
position PP', where they are on different branches. 

133. Def. I. — It has been proved that if we construct the 
hyperbola 

x^ y'^ 

whose axes are AA\ BB'y 
it will be the figure HHHH 
in the diagram. Again, if 
we construct the hyperbola^ 
which has BB^ for its trans- 
verse axis, and A A' for its 
conjugate axis, it will be the figure H'H'M'H' in the diagram^ 
This second figure is called the conjugate hyperbola. 

p 



= I, 
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134. To find the equation of the conjugate hyperbola. 
If the line BB' were the axis of x^ and AA' the axis oiy ; 
since BB' is the transverse axis and AA' the gonjugate axis, 
the equation of the figure H'H'H'H' would be (Art. 130), 

Hence, interchanging x and_>/, the required equation is 

x"^ v' 

^-f=-,. (48z) 

Cor, I . — If CQ, CR be conjugate diameters with respect to 
the hyperbola H^ they are conjugate diameters with respect 
to the hyperbola H', 

For the required condition with respect to H is 

b^ 
tani4C0.tan^Ci?= -^ (Art. 132, Cor, i); 

h 



ence 

tan /?/?/? tan 7?/?/0 = 



a'^ 



tan ^C/e . tan ^CQ = ^, 



Hence the proposition is proved. 

Cor, 2. — The tangent at R to the hyperbola H' is parallel 
to QQ, For the diameter RR' of H' bisects chords parallel 
to QQ^ and the tangent 7? is a limiting case of a chord. 

Cor. 3. — If the co-ordinates of Q be afy^ the co-ordinates 

of i? are -^, — . (483) 

For these satisfy the equation (482) of the hyperbola ZT', and 
the equation of the line RR' is 

xx! yy 
"a« b^^ ^' 

Cor, 4. — If the conjugate semidiameters CQ, CR be de- 
noted by a', b'y respectively, then a'^ - b'^ = a* - b^. (484) 



2 

a" 



For «»»-*'»= CO*- C^ = ^+y»-^-^ 
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Cor, 5. — Every diameter of an equilateral h3^erbola is 
equal to its conjugate. 

Cor. 6. — The area of the triangle QCR =^iab. (485) 

For the area 

Hence the area of the parallelogram, whose two adjacent 
sides are two conjugate semidiameters, is constant. 

Cor. 7. — The equation of the line QR is 



[i-fmy- 



Hence QR is parallel to the line 

X y 
-+^ = 0. 
a 

Cor. 8. — ^The equation of the median, which bisects QRy is 

f-f = o. (486) 

135. To find the equation of an hyperbola referred to two con^ 
jugate diameters. 

Let CQy CR be two conjugate semidiameters (see fig., 
Art. 132), and take CQ^ CR as the new axes of x^y. Let 
Xyy be the old co-ordinates of any point P of the hyperbola, 
ji// the new ; then, denoting the angles QCAy RCA by a, ^, 
respectively, we have 

x^xf cos a +y cos ^y J/ = ^ sin a + j/ sin )8. 

Substitute these values in the equation h^x^ - ^y = c^h^ ; 
then 

xf^ (^» cos' a - a» sin» d) -y» («• sin* )8 - 3' cos» P) 

+j;jKy (^cosacos)8-<2"sino sinjff) = a*i*; 

but, since CQ, Ci? are conjugate semidiameters, 

tan a tan B = -z 
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(Art. 132, Cor. i). Hence the coefficient of afy vanishes^ 
and the equation may be written 

^ /^* cos* a - a* sin* a\ _ (c? sin* j5 - ^* cos' 6\ 

n ?^^ )"-^l a'y. )°'- 

Now, when y = 0, we have ^ = CQ. Hence, denoting CQ 
by a\ we have 



a'» = 



a^}^ 



3* cos' a - a* sin' o* 



Again, if R be the point where CR meets the conjugate 
hyperbola (Art. 133), we get 



CR^ = 



a'sin'jS-^'cos'iS' 



and, denoting this by 3^, we see that the equation can be 
written 

or, omitting accents on of, y, 

^-^ = '- (+87) 

This is the same in form as the equation referred to the 
transverse and conjugate axes. (Compare Art. loi.) 

*0r thus: — Let the co-ordinates of the point -P, with respect 
to the new axes CQ^ CR, be denoted by X, Y (see fig., 
Art. 132), viz., CD = X, DP = Y; then the power of the 
origin, with respect to the circle (477) on FF' as diameter, is 
X^-r^. Hence 

m irt r 2 73\ ^ . tf"+OT'3' 

ffi -' I 7n — I 

Now tf' - 3* = «"- 6^ (484) ; and, substituting for m its value, 

bx' a'+w'^' a^x'^ + ^ i/* 

-T, we get —^ = ^5-=^ = CO" or i" (483). 

ay nr-i err ^^ •'^ 

Hence Z' - 1^ = (a"- i") -^ + V\ 

ffi — I 
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Again, if hk denote the co-ordinates of A 

JSr« = A» + iP (Art. 132) 

Hence -Y^ - 1"* = (a« - ^'») ^ + h*^ ; 

C^. I. — ^The equation of the tangent, when the hyperbola 
is referred to a -pair of conjugate 
diameters as axes, is 

"^^^ — I = o • 

C 
for, taking two points .«//, x^y on 

the hyperbola, the curve 

a' ^ ° 

evidently passes through both points. Hence the chord 
joining both points is 

(^-^)(^^yo {y-y){y-r) /^ y 




a» 



-(^^-)- 



and, if the points become consecutive, this reduces to 

XX yy 



. ,. = I. (488) 



Cor. 2.— If the tanget at i? meet Ci'in T, CN. CT= CP^. 

Cor. 3. — The tangents at the extremities of any chord 
meet on the diameter conjugate to that chord. 

Cor. 4. — The line joining the intersection of two tangents 
to the centre bisects the chord of contact. 
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Examples. 

1. If a chord of a circle be parallel*to a line given in position, the locus 
of a point which divides it into parts, the sum of whose squares is con- 
stant, is an equilateral hyperbola. 

2. If CPy CD be any two semidiameters of a hyperbola, PN^ DM tan- 
gents meeting CD^ Cfin iVand M^ respectively; triangle CPN ^ CDM. 

3. In the same case, if PT', DE be {parallels to the tangents meeting 
CD, CP produced in r and ^ ; the triangle CDE = CPT, 

4. If a quadrilateral be circumscribed to a hyperbola, the join of the 
middle points of its diagonals passes through the centre. 

5. 11 AB be any diameter of a hyperbola, AE, BD tangents at its extre- 
mities meeting any third tangent in E and Z>, the rectangle AE . BD is 
equal to the square of the semidiameter'conjugate to* AB. 

6. If in the fig. of Ex. 5, CD, CE be drawn meeting the hyperbola and 
its conjugate in D^ and E' ; CD', CE' are conjugate semidiameters. 

7. Diameters parallel to a pair of supplemental chords are conjugate. 

8. Find the condition that the line Xx -V fiy -^ v = o shall touch the 

hyperbola. 

Am, a^K^ - l^fj? -'j^ = o, which is the tangential 

equation of the hyperbola. 

9. If A A' be any diameter of an ellipse, PP* a double ordinate to it ; 
MAP, A'P' be produced to meet, the locus of their point of intersection is 
a hyperbola! 

10. Tangents to a h3q>erbola are drawn from any point in one of the 
branches of the conjugate hyperbola ; prove that the envelope of the chord 
of contact is the other branch of the conjugate hyperbola. 

136. To find the equation of the normal to the hyperbola at the 
point x^y. 

The equation of the 
tangent at x'y is 

xx' yy 



= I. 



a' 



Hence the equation of 
the perpendicular to 
this at xy is 

€^x b^ V 
which is the equation of the required normal. 
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Cor. I, — In equation (489) putj/ = o, and we get 

CG = ^x". (490) 

Hence MG - {j^ - i) xf . (490 

Cor. z.—PG^ = PM^ + MG^ = j^'* + (<?» - i^x^ = (after an 
easy reduction) to 

cr 
Hence /'(?=- \/^a;'* - a«. 



a 



In like manner, 






Hence G'P . PG = ^ V* - a\ (492 ) 

C^r. 3. — If p, p' be the focal vectors to P, 

G'P. PG = pp'. (493) 

Cor. 4. — In an equilateral hyperbola 

PG = G'i>. (494) 

Cor. 5. — liCR be the semidiameter conjugate to CP, 

G'P . PG = CR" = ^'^ = pp'. (495 ) 

Cor. 6. — If CZ be perpendicular to the tangent at -P, 

CL.PG^h\ CL.GP=a\ 

Examples. 

1. The points G\ Pj T* and the two foci are concyclic. 

2. A right line parallel to the conjugate axis of a hyperbola meets 
it and its conjugate in the points M, N; show that normals to these^curves 
at the points M, A^ intersect on the transverse axis. 

3. If the hj^erbola be equilateral, and if CL produced meet the cun'e 
in L' ; prove CL . CL' = a'. 

4. If through the poii^ts G^ G' parallels be drawn to the axes, the locus 
of their intersection is a liyperbola. 
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5. In an eqoilateral h3rperbola half the difiference of the base angles of 
the triangle ^ST^S" is equal to one of the angles which CP makes with SS* . 

6. If from any point in a hyperbola perpendiculars be drawn to the 
axes, the join of their feet is always normal to a h3rperbola. 

7. If through the point T^ where the tangent at P meets the transverse 
axis, a parallel to the conjugate axis be drawn meeting the join of the 
points A, PjinJ, the locus of /is an ellipse, having the same axes as the 
h3rperbola. 

8. If the co-ordinates of a point on the hyperbola 

be denoted by a sec ^, ^ tan ^ ; prove that the co-ordinates of the intersec- 
tion of normals at the points (a + iS), (a — fi) are 

"". T—r^K ; ;rv» tana, tan(« + iB).tan(a-i3). 

a cosocos(a + iB) cos(o-i3) a \ 1 \ "i 

9. The co-ordinates of the point of intersection of two consecutive nor- 
mals are 



— sec* a, 



- -7- tan' a. 
o 



(496) 



10. The locus of the centre of curvature of the h3^erbola is 

(«r)t-{&y)l = A (497) 



137. To find the lengths of the perpendiculars from the foci on 
the tangent at any point of the hyperbola. 

If the co-ordinates of the point P be a sec <^, b tan ^, the 
equation of the tangent 



IS 

AT sec ^ ^tan^, 

_ ^-1=0. 

and the co-ordinates of 
the focus aS* are ae^ o. 
Hence the perpendicu- 
lar 




SL^b 



'esec<l> - i^J^ 
e sec ^ + I 



The Hyperbola, 1 1 7 

or denoting the focal vectors by p, p', 

SL = h k. (498) 

Similarly, S'Z' = ^ J- • (4 99) 

C(?r. I.— SL.S'L'^l^. (500) . 

C(?r. 2.— 5Z -f- p = "7= = 77. (Art. 135, Cor. 5.) (501) 

V pp 

Cor. 3. — ^The tangent at P bisects the internal angle at 
P of the triangle SPS' ; and the normal bisects the external 
angle. 

Cor, 4. — Since the angle SPH is bisected by PL^ we have 
*SZ = LH, and SC = C*S", because C is the centre. Hence 

CL = i-S"^= i(-S"P- SP) = a\ 
therefore the locus of L is the auxiliary circle. 

Cor. 5. — If a line move so that the rectangle contained by 
perpendiculars on it from two fixed points on opposite sides 
is constant, its envelope is a hyperbola. 

Cor. 6. — ^The first positive pedal of a hyperbola, with 
respect to either focus, is a circle. 

Cor. 7. — The first negative pedal of a circle, with respect 
to any external point, is a hyperbola. 

Cor. 8. — ^The reciprocal of a hyperbola, with respect to 
either focus, is a circle. 

138. The rectangle contained by the segments of any chord pass- 
ing through a fixed point in the plane of the hyperbola is to the 
square of the parallel semidiameter in a constant ratio. 

The proof is the same as that of the corresponding propo- 
sition (Art. 126) for the ellipse, and similar inferences may 
be drawn. 
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Examples. 

1. If an equilateral hyperbola pass through the angular points of a tri- 
angle, it passes through the orthocentre. 

2. The locus of the centres of all equilateral hyperbolas described about 
a given triangle is the ' nine-points circle ' of the triangle. 

3. If Pbe any point in an equilateral hj^erbola whose vertices are A^ A' ; 
prove that the normal at P and the line CP make equal angles with the 
transverse axis. 



139. To find the polar equation of the hyperbola, the centre 
being pole. 

Let H be the hyperbola, 
A' A its tran verse axis, and 
B^B its conjugate axis, P 
any point in the curve ; 
then, if at, y be the rect- 
angular co-ordinates of P, 
p, 0, its polar co-ordinates, 
we have 

x = pcosd, y=p sin 0; 

and, substituting these in the equation of the hyperbola, 

we get 

I cos^^ sin' 




a* 



^ 



Hence 



»2 __ 



(502) 



^'cos*^-i' 

which the polar equation required. 

Cor. I. — The polar equation of the conjugate hypetbola 
^Ms 



P' = 



I - ^ cos*^' 



(503) 



Cor. 2. — If the hyperbola be equilateral, b^ = a\ and the 
polar equation is 

p* cos 2$ = a^. (504) 
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Cor, 3. — If in equation (502) the denominator, e^cos^O- i, 

vanish, we get p* = infinity ; therefore p = ± infinity ; but if 

P h 

^ cos^O - I = o, we get tan* = ~-r and tan = ± - Hence, 

a^ a 

\i DU be erected at right angles to CA^ and \i AD and UA 

be made each equal to h^ and CD^ CD' joined, these lines 

produced both ways will each meet the curve at infinity. 

Cor. 4. — The equations of the line CDy CU are respec- 
tively 

a--6 = °' a^-r°- SOS) 

Each of these lines touches the curve at infinity, or, in other 
words, is an asymptote. (Art. 104.) 

For the tangent at x^ may be written 

X yy __ I 

X y 

Now, if x'y be the point where the line = o meets the 

a 

y b 

curve, we have =^ = -. Hence the tangent may be written 

X d 

X y a X y . , • • ^ .^ 

-f=— -, or — T- = o, smce x is mfinite. 

a X ah 

Cor, 5. — Since the product of the equations of the two 

asjrmptotes (505) is -^-^=0, we see that the equation of 

the hyperbola differs from the equation of its asymptotes 
only by the absolute term. (Art. 105, Cors, i, 2.) 

Cor, 6. — The asymptotes of an equilateral hyperbola are at 
right angles to each other. On this account the equilateral 
hyperbola is also called the rectangular hyperbola. 

Cor, 7. — ^The secant of half the angle between the asymp- 
totes is equal to the eccentricity. 
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Cor, 8. — ^The lines joining an extremity of any diameter to 
the extremities of its conjugate are parallel to the asymp- 
totes. 

140. To find the equation of the hyperbola referred to the 
asymptotes as axes. 

Let H be the hyperbola, CX\ CJT (see last fig.) the 
asymptotes, P any point in the curve ; draw PM' parallel to 
CV ; then, denoting CM', M'P, the co-ordinates of P with 
respect to the new axes, by odyf, and half the angle between 
the asymptotes by a, we have, since CM= CO ■\- M'N'j 
^n^PM^PN' -M'N, 

x-{p(f +y) cos ay y = (y- or') sin a ; 

and substituting in the equation 



x^ y 



n2 M '» 



we get 



(y + y'Y cosV (y - yy sin^ a _ 
a' b' ■"'• 



But seca = ^. (Art. 139, Cor, 7.) 

Hence 



2 p 



cos^a = -s — 7;;, sin^a = 



^2^^2> — ^2 + ^2' 

therefore (a/ +yj - (y - x'f = a^ + b\ 

or ^y = a^ ■¥ b^; 

and omitting accents, as being no longer necessary, 

xy = — — -, (506) 

4 

which is the required equation. 

Cor. I. — ^The area of the parallelogram formed by the 
asymptotes, and by parallels to them through any point in 
the curve, is constant. 
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Cor. 2. — Since the product xy is constant, the larger x is, 
the smaller ^ will be, and conversely ; hence the hyperbola 
continually approaches its asymptotes, but never meets them, 
until it goes to infinity, where it touches them. 



Examples. 

1. A variable line has its extremities on two lines given in position and 
passes through a given point ; prove that the locus of the point in which 
it is divided in a given ratio is a hyperbola. 

2. From a point P perpendiculars are let fall on two fixed lines ; if the 
area of the quadrilateral thus formed be given; prove that the locus of P is 
a hyperbola. 

3. If any line cuts a hyperbola and its asymptotes ; prove that the 
intercepts on the line between the curve and its asymptotes are equal. 

4. If a variable line form with two fixed lines a triangle of constant area, 
the locus of the point which divides the intercept made on the variable 
line in a given ratio is a hyperbola. 

5. If two sides of a triangle be given in position, and its perimeter 
given in magnitude, the locus of the point which divides the base in 
a given ratio is a hjrperbola. 

6. The equation of a h3rperbola passing through three given points, and 
having its asymptotes parallel to two lines given in position, is 



xy. 


X, 


y* 


I, 


xy. 


X', 


y, 


I, 


x'y. 


*", 


y, 


I, 



jc"y", ^", y, I 



= 0, 



(507) 



the axes being the lines given in position. 

If the lines given in position be denoted hy S = o^ + 2?ixy + ^ = o, 
the equation will be 



S', x 
S'\ X 



1t»0 



t 
f 



y» 
ys 
y", 



I, 

h 

h 
I 



= o. 



(S08) 
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7. The equation xy — i&*, being a special case of the equation LM= R 2 
(Art. 108), the co-ordinates of a point on the hpperbola can be expressed 
by a single variable. Thus x = k tan (p^ y = k cot ^. This will be called 
the point ^. 

8. Prove that the equation of the join of the points <p', ^" on the hyper- 
bola is 

* I y _t 



tan <l>' + tan 4»" cot (j/ + cot 0" 
or -7-— 7# + , „ = I • (509) , 

9. The intercepts on the axes are x' + x", y' +y'\ 

10. The tangent at the point ^ is 

X y 
xQOt ^+ytaji^ = 2k, or — + ^ = 2. (510) 

X y 

11. The area of the triangle formed by the asymptotes and any tangent 
to the hyperbola = 2;fe*. 

12. If a variable point xy on the h3rperbola be joined to two fixed points, 
the intercept on the asymptotes made by the joining lines is constant. 

13. The co-ordinates of the point of intersection of tangents at ^', ^", 
are 

• 2k 2k 



cot <p' + cot ^"* tan ^' + tan ^"' 



(511) 



*I4. The area of the triangle formed by tangents at the points 0% ^", 



ip"' is 

2i8{sin»^^(sin2<>^'-sin2»n+sing4>''(sin2f''-sin2») + sin«0"^(sin20^-sin2O^ 

sin (9' + 9") sin (9" + 9'") sin (9'" + tp*) 

15. The normal at the point ^is x tan 9 —y cot^ssk (tan> ^ - cot^ p), 

16. The four normals, from the point afi to the hyperbola xy^i^^ have 
the tangents of the parametric angles of their points of meeting the hyper- 
bola connected by the relation k (tan* ^ — i) = a tan> ^ — /3 tan ^. 

17. The intersection of normals at the points ^y, xfy are 

y2 + yjp//+^/2^.yy/ y»+yy'+y't+jcV 



18. The co-ordinates of the centre of curvature at the point x^y are 

—5^^' 2y • (513; 
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19. The circle of curvatnre at x*y meets the curve again in the point, 
whose co-ordinates are 

y, ^r. (514) 

20. The radius of curvature at xy is [xf^ +y*)^^ 2>&». (515) 

141 . To find the polar eqimtion of the hyperbola, the focus 
being pole. 

Let SP=^py the angle ASP= 0. (See fig., Art. 130.) 

Then SP = ePN by definition ; 

that is, p = e {OS + SQ) = ef+ep cos {ir - tf), 

or p = a{i^- 1) - ep cos 6. 

Therefore a (g - 1) . . 

I + ^ cos ^ 

IT 

Cor. I. — If we put = -, we get p = a{e^ - i) ; but in this 

At 

case p is half the latus rectum. Hence, denoting it by /, we 
have 

P = 7i' (517) 

'^ I +^cosd ^^ ^^ 

Cor. 2. — ^The polar equation of the tangent at the point a 

is 

l_ 

^'"cos(a-^) + (?cosfl' ^^'^^ 



Examples. 

1. The equation of the chord joining the points (a + 0), (a - 0), is 

I 

'^ " tf cos e + sec $ cos (a - 0)' ' 

2. If a be constant, and fi variable, the chord joining the points (a+iS) 
/a - fi)f passes through a fixed point. 
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*i42. To find the area of an equilateral hyperbola ^ between an 
asymptote and two ordinates. y 

Let PQZ be the hyperbola ; 
OX, OVihe asymptotes. Bisect 
the angle XOF hy 0P\ draw 
the ordinate PP' and ZZ' ; then 
denoting OF by unity, and P'Z 
by X the area enclosed by PP\ 
ZZ\ P'Z, and the hyperbola, 

= log.(i+^). -Q Y^^ 

Demonstration. — Divide P'Z* into any number of parts «, 
in the points Q, R\ &c. ; so that OF, OQ, QR, &c., 
are in geometrical progression, and^ draw the ordinates 
QQ, RR, &c. Join PQ, QR, &c. ; also join OQ, QR. 
Now, denoting the co-ordinates of the points P, Q, R by 
x'y, x"y', x"y", we have area of the triangle OQR 

y/2 




Since 



^/2 

y = ^ and ^" = ^. 
-^ od od 



Hence area of triangle OQR 



ft.jf 



= i 



x'y 



(yy'-^y)=j(^y'-yy), 



or equal area of triangle OPQ. But it is easy to see that the 
triangle OPQ is equal to the trapezium /IP ^C and OQR equal 
to the trapezium QQRR. Hence the trapeziums are equal ; 
and therefore the whole rectilineal figure PP'ZZ is equal to 
n times the trapezium PP'QQ. Again, we have OZ' = OP' 
+ P'Z = I + AT ; and OQ = OP' + P'Q = i + P'Q ; and 
since OP', OQ, . . . OZ' are in geometrical progression, and 
there are n terms, we have (i -k-P'QY = i + jit; therefore 

P'Q = (i + x)n - I, and PP'= i. 
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Hence, when » is indefinitely large, the area of the trapezium 
PP'QQ={x +j;)*-i. Therefore the hyperbolic &Te^PP'ZZ 
is equal to the limit of 

«{Ci+:c)*-Oj=log,(i+:.). (SeeTW^O (520) 
Cor. I.— The hyperbolic sector OPZ = \og, (1 +x). (511) 
Cor. 2. — \i AZ be an equilateral hyperbola, whose equa- 
tion is x' - y t' I, and if the co- 
ordinates OZ', Z'Motn point Z be xy, 
the sectorial area 

OAZ^ilogixi-j'). 
Dem — In the foregoing proof OP' 
is taken to be the linear unit, but in 
the general case it is evident that the 
proposition proved is that the sectorial 
area = OP" x log. {OZ' ^ OP'); but 
it is easy to see that OZ' ^ OP' 
= iOM+ MZ) - OA, and Oi^ = i 0A\ 
Hence the area of the hyperbolic 
sector OAZ = i a' \og^±J^. 

Hence, when a is unity, sectorial area = J log, (a; +_>'). (jzi) 
Cor. 3. — If « denote twice the sectorial area OAZ, then 

X 1 — , y= — —• (523) 

For log, {x +_y) = u ; therefore ^ = x+y, and 

I 

C = = X 'V. 

x+y 

Def. — X, y are called, respeclively, the HYPERBOLIC COSINE 
and HYPERBOLIC SINE of u, and are denoted by the notation 
Chu. Shu. {See Tri^nomelry.). 

Cot. 4. — If v^- I be denoted by i', CAu = cos (ai) , SAu 

= r — . These follow from the values of x, y, and the 

trigonometric expansions of cos (ui), sin (at). 
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143. The other hyperbolic functions are defined as follows, 
thus : — OD = hyperbolic secant u = sec hu, AT= hyperbolic 
tangent u = Thu, BT* = hyperbolic cotangent u s cot hu, 
OE - hyperbolic cosecant u = cosec hu. 

From the known properties of the hyperbola we have imme- 
diately the following relations : — 

I Sku Chu I 

sec hu = TTT-. Thu = -^r— , cot nu = -tt^— , cosec n = 



Chu' Chu Sku Shu 

corresponding to the known relations of circular functions ; 
and from them can be constructed a theory of these func- 
tions. (See Author's Trigonometry,) 

144. From the values Chu = cos (w/), sin hu = ^i — -, we 

• it « sin ^ 

see that, if we put ui = 0, we have x = cos <p,y = — :- ; so 

that the co-ordinates of any point on the equilateral hyper- 
bola can be denoted by the circular functions of an imaginary 
angle <^. In like manner, the co-ordinates of a point on the 
hyperbola 

x^ y"^ 
^"^2 = 1 

can be expressed in a manner analogous to the method of 
the eccentric angle for the ellipse. Thus we can put 

X , y sin 6 

- = cos «^, <=■ = —7— ; 
a 1 

and by these substitutions we could give proofs analogous to 
those of the ellipse for the corresponding propositions of the 
hyperbola. 

The following exercises can be solved by using the imagi- 
nary eccentric angle. 
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Examples. 

1. If the chord jommg the points (a + &), (a - jS) pass through the focus ; 
prove 

^cosa = cosi3. (524) 

2. The tangents at the extremities of a focal chord meet on the direc- 
trix. 

3. In the same case, the line joining the intersections is perpendicular 
to the chord. 

4. Prove that the eccentric angles of the two points which are the extre- 

IT 

mities of a pair of conjugate semidiameters differ by - . 

5. Apply the method of the eccentric angle to the proof of the proj^osi- 
tion, that the locus of the middle points of a system of parallel chords is a 
right line. 

6. Find the equation of the hyperbola, referred to a pair of conjugate 
diameters by means of the eccentric angle. 

7. The co-ordinates of the point of intersection of tangents at the 
points (a + &), (a - i3), are 

a cos a dz'sina 

"cosjS"' coiy" '^^^^ 

8. If a be variable and /S constant, the chord joining the points (a + jS), 
(a — jS) is a tangent to the hyperbola 

-,-f-, = cos»^. (526) 

9. In the same case, the locus of the intersection of tangents at the ex- 
tremities of a chord is 

^3-^ = sec»^. (527) 

10. If ^ be the angle between the tangents at (a + i3), (a - )B), 

. _ 2(7^2 sin iS 

^^~ (a2 + ^2) cos 2a - (a* - IT-) cos 2)8* , ^^^^ 

11. Find the locus of the pole of a chord which subtends a right angle 
at a fixed point hk. 

Q2 
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Let (a + i8), (o - i3) be the eccentric angles at the extremities of the 
chord ; then the equation of the circle which has the chord for diameter is 

[x-a cos a cos /S)* + C^' - ^i sec a cos j3)2 = (a* sin* a - *' cos* o) cos* iB, 

and evidently Ai& is a point on this circle ; hence 

( A - fl cos a cos i8)* + (i& - *« sin a cos /S)* = (a* sin* o - 3* cos* o) cos* i3, 

or 

A* + i&* - 2(a jcos a cos iS) a - 2 (W sin a cos /S) i& + a* (cos* /S - sin* o) 

+ J* (cos* a - cos* &) = o. 

Now, if jc, ^ be the co-ordinates of the pole of the chord joining (a+ /S), 
(a - i8), we have 

a cos a = a; cos iS, deseca a^ cos/3; 

therefore 

A* + i&« - {^hx + 2i&y - a* + J«) cos* i3 - fl* sin* o + ** cos* o = O ; 

or, eliminating a, 

* 2 2 A2 2 

A* + i&*-(2A;p+'2>^-a« + **)-^-^ + — cos*i8=o. 

But ^^_^Jcos*i3=i. (Ex.9.) 

Hence, eliminating jB, we get 

M3+^+m /A* + >H-fl*\ , ,^ , , . „ 

( Sr^j*'-( 62 j>'*-2(A^+^) + ««-*^ = o, (529> 

which represents a hyperbola, a parabola, or an ellipse, according as the 
point hk is outside the auxiliary circle, on it, or inside it. 

12. The discriminant of this equation (529) is the product of the two 
factors 

J*A* - fl*>6* - a*^ andA«+i6*-(tf2-32). 

Hence we infer that the locus will break up into two lines if the co-ordi- 
nates hk satisfy the equation of the hyperbola. In other words, if a 
chord of a hyperbola subtend a right angle at any fixed point on the curve, 
the locus of its pole consists of two right lines. 

From the factor A* + i6* - (a* - **) = o we infer that, if the^chord sub- 
tend a right angle at any point on the director circle, its pole will be the 
same point. 
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Exercises on the Hyperbola. 

— ^ I. The perpendicular from the focus on either asymptote is equal to the 
semiconjttgate diameter. 

^^^2, If ^, e* be the eccentricities of a hyperbola and its conjugate ; prove 

J + 7, = I. (S30) 

3. The equations of the asymptotes, with the focus as origin, are 

~±\ = e. (S3.) 

4. If SP be parallel to an asymptote, P being a point on the curve ; 
prove 

SP=\. (532) 

5. If from a point iTin the transverse axis a perpendicular iTZ be drawn 
to an asymptote, and a normal KM to the curve ; prove that LMis per- 
pendicular to the transverse axis. 

6. An ellipse referred to the equal conjugate diameters being 

o «* + ** 



2 ' 



prove that it is confocal with the hyperbola 

■^^ = —J- ' (Crofton.) (533) 

7. Also, this hyperbola cuts orthogonally all conies passing through the 
ends of the major and minor axes of the ellipse in Ex. 6. The general 
equation of these conies is 

jc2 cos* a 4- y sin* a = --^-— . (Ibid. ) (534) 

4 

8. The chord of contact of two tangents to a hyperbola is parallel to, 
and halfway between, the lines joining the intersections of tangents with 
the as3rmptotes. 

9. The locus of the centre of a variable circle which makes given inter- 
cepts on two given lines is a hyperbola. 
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10. If from any point P on a given line tangents be drawn to the 
ellipses 

the locus o( the intersection of their chords of contact is an equilateral 
hyperbola. 

11. If ^, ^', <f/'f <i>'" be the parametric angles of four concyclic points 
on the hyperbola xy = Jif^; prove 

tan <^. tan ^'. tan <^". tan ^"' S3 I. (535) 

12. The product of the perpendiculars from four concyclic points of a 
hyperbola on one asymptote is equal to the product of the perpendiculars 
on the other asymptote. 

. 13. If the extremities of a chord of an ellipse which is parallel to the 
transverse axis be joined to the centre and to one extremity of that axis, 
the locus of the intersection of the joining lines is a hyperbola. 

14. Parallels drawn from any system of points on a hyperbola to the 
as3rmptotes divide the asymptotes homographically ; prove this, and thence 
infer the following theorem : — 

If jc', x'\ x'"\ y\ y, y'\ denote the distances of two triads of points 
on two lines given in poisition from two fixed points O, O' on these lines ; 
prove, if ;c, ^ be the distances of two variable points on the same lines 
from Oy 0\ that x^ y will divide the lines homographically if the deter- 
minant 



= o. (536) 
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15. Prove that the sum of the eccentric angles of four concyclic points 
on a hyperbola is 2ir. 

16. lfp^p\ -K be the perpendiculars from the points a + iS, (o - jB), and 
the point of intersection of their tangents on any third tangent to the 
hyperbola ; prove 

pp'^Tficos^fi, (537) 

17. If a circle osculates the hyperbola xy = ^- at the point 0, the com- 
mon chord of the circle and the hyperbola is 

^tan^+^cot<^ + ^ (tan^ ^ + cof* «/>) = o. (538) 



The Hyper bo ia . 231 

18. Ay B are two fixed points ; if from A a perpendicular APhe drawn 
to the polar of B with respect to an equilateral hyperbola, and from B a 
perpendicular BQ to the polar of A ; then, if C be the centre, 

CA : AP:: CB: BQ. 

19. An ellipse circumscribes a fixed triangle so that two of the vertices 
are at the extremities of a pair of conjugate diameters ; prove that the 
locus of its centre is a h3^erbola. 

20. The polar of any point on an asymptote is parallel to that as)rmp- 
tote. 

21. The points where any tangent meets the asymptotes, and the points 
where the corresponding normal meets the axes, are concyclic. 

22. The two foci and the points of intersection of any tangent with the 
asymptotes are concyclic. 

23. The angles which the intercept, made by the asymptotes on any 
tangent, subtends at the foci are constant. 

24. Given in magnitude and position any two conjugate semidiameters 
OP, OQ of a. hjrperbola, to find the axes. 

25. If P, P' be the extremities of two conjugate semidiameters of a 
h5^erbola ; and if 5, S' be the interior foci of the branches of the hyper- 
bola and its conjugate, on which are the points /*, P', prove that 

SP - S'P' ^AC-BC. (539) 

26. If an ellipse and a confocal hyperbola intersect in any point, the 
corresponding point on the auxiliary circle of the ellipse lies on one of the 
asymptotes of the hyperbola. 

27. If a system of hyperbolas have the same asymptotes, the normals 
drawn to them at the points where a parallel to either axis meets them are 
concurrent. 

28. A hyperbola, whose eccentricity is e, has a focus at the centre of the 
circle x^ -^-y^ — cfi\ prove that the envelope of the tangents to the hyper- 
bola at the points where it meets the circle is the hyperbola. 

29. The chord of contact of two tangents to a parabola subtends a con- 
stant angle at the vertex ; show that the locus of their intersection is a 
hyperbola. 

30. If two hyperbolas have the same asymptotes, and if from any point 
in one tangents be drawn to the other, the envelope of their chord of con- 
tact is a hyperbola, having the same asymptotes. 
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31. If a variable circle touch each branch of a hyperbola it subtends a 
constant angle at either focus, and makes intercepts of constant lengths on 
the asymptotes. 

32. The centre of mean position of the points of intersection of a circle 
and an equilateral hj^erbola bisects the distance between their centres. 

33. li PQ be the chord of an equilateral hyperbola which is normal at 
P\ prove 

lCF^^P<^^C(^, (540) 

34. The area of the triangle formed with the asjrmptotes by the nor- 
mal of the hyperbola x^ —y' = a^y at the point x'y', is 

35. The locus of the pole of any tangent to the circle whose dia- 
meter is the distance between the foci of — — tt = i, with respect to 

-r- — TT = I, is the ellipse 

s^ y^ \ 

36. Two circles described through two points on the same branch of an 
equilateral hj'perbola, and through the extremities of any diameter, are 
equal. 

37. If ^, <p\ <p'\ <p'" be the parametric angles of four points on an equi- 
lateral hyperbola, such that either is the orthocentre of the remaining three, 

tan <p tan <^' tan 0" tan ^'" +1=0. (543) 

38. If the normal at the point ^ of the hyperbola xy - k^ meet it again 
at the point <^' ; prove 

tan3<^ . tan <^' + I = o. (544) 

39. If four points on an equilateral hyperbola be concyclic, prove that 
the parametric angle of any point and of the orthocentre of the remaining 
points are supplemental. 

40. If the osculating circle of an equilateral h)rperbola, at the point 
whose parametric angle is <p, meet it again at the point <p>' ; prove 

tan3 ip .iziKp' - I. (545) 

41. If the eccentric angle of the point [k tan ^, k cot <p)hQ 0; prove 

cot 9 = cos <p ■\- i sin tp. (54^) 
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42. If two sides ^-ff, AC of a fixed triangle be chords of two equal 
circles, show that the locus of the second intersection of the circles is an 
equilateral h3rperbola. 

43. If the point {k tan a, k cot a) be the centroid of an inscribed tri- 
angle ; prove that the ellipse (3 cot o . ^ + 3 tan a . ^)* = ^xy touches the 
three sides of the triangle. 

44. If 0j e', e", &" be the eccentric angles of four points on a hyperbola, 
and if the join of a, 6' be perpendicular to the join of 0", B'" ; prove 

A9 + tf' + B" + »'") + I = {^(« + e') + e^ifi" + ff") } cos «, (547) 

where e is the Napierian constant 2* 7 1828 1, and w the angle between the 
asymptotes. 

45. Prove that the eUipse in Ex. 43 touches the hyperbola, and that the 
tangents to it at the remaining points of meeting the hyperbola are 
parallel to the asymptotes. 

46. Show that the polar circle of the triangle formed by three tangents 
to an equilateral hyperbola touches the * Nine-points Circle ' of the tri- 
angle formed by the points of contact at the centre of the curve. 

(R. A. Roberts). 

47. If two vertices of a triangle circumscribed about an ellipse move 
along confocal hyperbolae, prove that the locus of the centre of the 
inscribed circle is a concentric ellipse. {Ibid.) 

48. Two circles, whose centres A, B are points on the transverse axis 
of a given ellipse, have each double contact with the ellipse, and intersect 
in a point P ; if the difference of the angles ABP^ BAP be given, the 
locus of P is an equilateral hyperbola. (Ibtd.) 

49. The circle inscribed in the triangle formed by the asymptotes and 
any tangent to the auxiliary circle of a hyperbola intersects the hjrperbola 
in the point where it touches the tangent to the auxiliary circle. 

50. The circle on GG' as diameter (see fig.. Art. 136) passes through 
the points where the tangent PT meets the asymptotes. 

51. If o, a be the eccentric angles of two points jP, ^ on a hjrperbola, 
such that the normal at P passes through the pole of the normal at Q ; 
prove 

4a* sin a sin a' + 4^* cos a cos a = c* sin 2a sin 2a'. (54^) 

52. If three points on an equilateral hyperbola be concyclic with the 
centre, the angular points of the triangle formed by tangents at these 
points are concyclic with the centre. 
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53. The angular points of a self-conjugate triangle of an equilateral 
hyperbola are concyclic with the centre. 

54. Py Q are points on an equilateral hyperbola, such that the osculat- 
ing circle at P passes through Q ; the locus of the pole of PQ is 

55. In the same case the envelope of PQ is 

4(4^2 - Xy)^ = 27^2 (^3 + y)3. (549) 

X^ j/2 ^2 — J2 

56. The hyperbola — — "^ = — — — cuts orthogonally all the conies 
passing through the extremities of the axes of the ellipse 

X^ y2 

-^+^ = 1. (Crofton.) 

57. ACB is a given right-angled triangle, having the angle C right; 
from any point D of AC a, perpendicular DE is let fall on the hypotenuse ; 
prove that the locus of the intersection of BD and C£ is an equilateral 
hyperbola. 

58. CAf CB are two lines given in position ; AB is a variable line 
intersecting them ; if CA + CB ± AB be given, prove that the locus of a 
point which divides AB in a given ratio is a hyperbola whose as3rmptot6s 
are parallel to CAy CB, 

59. If from any point in the hyperbola ^^ _ ^ — ^2 _|. ^2 ^ pair of tan- 

gents be drawn to the hyperbola -r ~ "Co — 'J prove that the four points 
where they cut the axes are concyclic. 

60. If through the point a on an ellipse a line be drawn bisecting the 
angle formed by the joins of a to the point (o + jS), (o — /B) ; prove, if a be 
constant and iS variable, that the locus of its intersection with the join of 
the points (a + i3), (o — /S) is a hyperbola. 



CHAPTER VIII. 

MISCELLANEOUS INVESTIGATIONS. 

Section I. — Contact of Conic Sections. 

145. 7/" *$■= o, aS"' = o he the equations of two curves, then 
S - kS' = o represents a curve passing through every point of 
intersection of the curves -S* and aS*'. 

This proposition is a sinfiple case of the evident prin- 
ciple that the points of intersection of two curves S and S' 
must satisfy the equations -S* = o and S' = o, and, therefore, 
must satisfy the equation *S'-^*S'' = o. (Compare Art. 19, 
Cor, 4.) 

146. The following are special cases of this general 
theorem : — 

i^. If *$"= o be any conic section, and -S*' = o the product 
of two lines, .S* - I^S* = o denotes a conic section through the 
four points, where S is intersected by the two lines denoted 
by aS"'; for example, S-k^afi = o denotes a conic passing 
through the points where aS* is intersected by the lines a = o, 
P = o. 

2°. If the lines denoted by S' become indefinitely near, 
aS' may be denoted by Z^ where Z = o represents a line ; 
then S - t^D" = o denotes a conic, touching S in each point 
. where L intersects aS*; in other words, having double contact 
with aS*. By giving, different values to ^, we get different 
conies, each having double contact with aS", and having a 
common chord of contact, namely, Z = o. If the line Z = o 



236 Miscellaneous Investigations. 

intersect *$" in two real points, S - l^U = o will have real 
double contact with S, If the line L meet -S* in two imagi- 
nary points — in other words, if it does not meet it in real 
points, S - I^U = o will have imaginary double contact with 
S. This form of equation may also be written S^ - kZ = o, 
or S^ + kL = o; for either equation cleared of radicals gives 
S-k^L^ = o, In conic sections there are many instances of 
imaginary double contact. 

3°. If *S'=o denote the product of two lines, say MN; 
then MN- k^L^ = o will denote a conic section, touching the 
lines M=o, N= o, and having the line Z = as the chord 
of contact. 

4^. By supposing one of the three lines Z, M, N to be at 
infinity, we get three different cases. Thus : 1°. Let Z be at 
infinity, then Z becomes a constant ; and if M^ N be real, 
the equation MN = ^*Z* will denote a hyperbola, of which 
M^ N are the asymptotes. 2°. Let Z be at infinity, and let 

M^ N denote the two conjugate imaginary factors x -^-yv- i, 

^ -y ^y - I, the equation MN = J^U will represent a circle. 
From this it follows that all circles pass through the same 
two imaginary points on the line at infinity. For the circle 
^2+^ = repasses through the points where the line at infinity 
meets the lines x +y \/- 1=0, x -y \/- i = 0, and the 
circle (x - af + {y - by = r^ passes through the points where 

infinity meets the lines (x - a) + {y - b) V - 1=0, {x - a) 

- {y - b)^ -I =0, which, since parallel lines meet at in- 
finity, will be the same points. 3®. Let one of the factors 
Mj iV be a constant, and let Z = o denote a finite line, the 
equation will be of the form^^ =y> and the curve denotes a 
parabola. Hence we have the important theorem that every 
parabola touches the line at infinity, 

5°. If aS" = o be the product of two lines, viz., ay = o, and 
-S"' the product of two others, namely, jS8 = o, then *$* - kS' 
becomes ay - k^h = o. Hence ay - kp^ = o denotes a conic 
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section passing through the four points a)8, aS, )8y, 78 ; in 
other words, it denotes a circumconic of the quadrilateral 
formed by the lines a, /8, y, 8, taken in order. 

147. In the equation ^S* - k^a.^ = (Art. 146, 1°.), if the 
lines a = o, ^ = o, intersect on aS", the 
curve S - k^a^ = o touches S in the 
point aj8, and will intersect it in the 
-points where the lines a = o, ^ = o 
meet S again. For evidently the 
curves have two consecutive points 
common at the intersection of the 
lines a, j8. This is called contact of 
the first order. 

Again, if one of the lines a = o, j8 = o — say a = o — touch S 
at the intersection of a, p, the second 
point in which a meets S coincides 
with the point aj8, and the curve 
•S* - tt^ap will have at the point afi 
three consecutive points common 
with Sy and will intersect it in the 
second point, in which P meets S. 
The contact of iS and ^ - k'^a^ in 
this case is called contact of the second order, and *$* - k^ap. 
is said to osculate S. 

Lastly — Let the lines a = o, p = o coincide with each other, 
and with the tangent to S\ then 
the product ap becomes a*, 
and the two conies will have 
four consecutive points com- 
mon, which is the highest order 
of contact that two conies can 
have. This is called contact 
of the third order; and the equations of two conies which 
have this species of contact will be of the forms S - Oy 
S - 1^0? = o, where a is a tangent to S* It is evident, from 
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Art. 146, 2°, that the equation of a conic, having double 
contact with another S^ and the equation of one having 
four-pointic contact, are the same in form, and that one 
changes into the other, when the chord of contact becomes 
a tangent. 

148. The following examples will illustrate the foregoing 
principles : — If S = ao^ + zhxy + by -{■ zgx = 0, S - ^afi 
= a'x^ + zh'xy + h'y^ + zg'x = o, the lines a = o, /8 = o, will be 
the two factors of the expression {ag'-a'g)x'^ -^ '^{J^^ -h'g^xy 
-^ipg' ^Ms)y^ "^ ^i S^^ ^y eliminating the terms of the first 
degree. Now if one of these lines coincide with the tangent 
at the origin, we must have .Ji; as a factor, which requires that 
the coefficient of j*^ vanish. Hence, if the conies ax^ + zhxy 
+ by^ + 2gx = o, a'x^ + zh'xy + b'y + zg'x = o osculate at the 
origin, bg" = b'g. Thus, if the circle x^ -^ y -^ zxy cos co 
- zrx sin 0) = o osculate ax^ + ihxy -\- by^ + zgx = o, we must 

cr 

have r = - t-? — , and this is the value of the radius of 
^sm (0 

curvature of iS at the origin. If the condition bg' = b'g be 
fulfilled, the fourth point common to the two conies will 
be the point distinct from the origin, in which the line 
{ag* - a'g)x + 2 {hg* - h'g) = o meets S. This will also coin- 
cide with the tangent at the origin if, in addition to the con- 
dition ^^= ^'^, the coefficients of Sy S' fulfil the condition 
Jig' = h'gy and the conies will have at the origin contact of 
the third order. Thus the parabola h^x^ + zbhxy + b'^y'*- 
+ zhgx = o has contact of the third order at the origin 
with S. 

149. If in the equation S- k^L^ = Q (Art. 146, 2°.) 5* denote 
a circle, we get the following theorem : — The locus of a 
pointy such that the tangent from it to a fixed circle is in a con- 
stant ratio to its distance from a fixed line^ is a conic having 
double contact with the circle; the contact will be real when 
the line L cuts S ; imaginary when it does not. In this case, 
if we suppose -S* to reduce to a point, we get, evidently. 
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the focus and directrix. Hence we have the following defi- 
nition : — The focus of a conic is an infinitely small circle^ having 
imaginary double contact with the conic, the directrix being the 
chord of contact, 

150. If the focus be made the origin, the equation (Articles 

118, 1 30) is of the form x^+y'^^k'^L^, ox{x-\-y'\/-i){x-y\/-i) 

= {kZy, showing that the imaginary lines x +y \/ - i =0, 

X - ys/ -1=0 are tangents to the curve. But x + ys/ - i 

= 0, X - yV -I =0, are (Art. 146, 4°) the lines from the 
origin to the circular points at infinity. If we denote these 
points by / and f, we see that the joins of either focus to / 
and f are tangents to the curve. Hence all confocal conies 
are inscribed in the same imaginary quadrilateral y the six vertices 
of which are the two circular points at infinity y the two real foci, 
and two imaginary points on the conjugate axis, called anti- 

FOCI. 



Examples. 

1. The chord of curvature through the centre of an ellipse is 

= -zr, (550) 

a' being the semi-diameter, terminating in the point of osculation. 
For, draw an ordinate to the semi-diameter, terminating in the point of 
osculation indefinitely near the point of intersection, and through its 
extremities, and the extremity of the semidiameter a' describe a circle, this 
will be the circle of curvature, and the proposition is evident. 

2. The radius of curvature at the extremity of a' is 

= ^- (551) 

3. The focal chord of curvature at any point of a conic is equal to tke 
focal chord of the conic, parallel to the tangent at the point. 

Describe a circle through the point, and through the extremities of a 
chord, parallel to and indefinitely near the tangent. — (Townsknd.) 
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4. If ^ be the eccentric angle at any point of an ellipse, then the equa- 
tion of the common chord of the ellipse and the circle osculating at ^ is 

X * y . 

— cos ^ — ^ sm ^ = cos 2 ^. 
a o 

5. The equation of the circle osculating the ellipse 

X^ yZ 

at the point ^, is 

/ r«C0S8A\2 / t2sin»A\2 *'» 

(Art 123, Ex. 5.) 
or x^ ^f- -^ + — ^ + a'2 - 2^2 = o. (552) 

6. Through any point in the plane of a conic can be described six oscu- 
lating circles of the conic. 

7. In the last exercise, show that if the point be on the conic, there can 
be described only three circles distinct from the osculating circle at. the 
point. 

Observation, — ^The theorem Ex. 7 is Steiner's (see Salmon's ConicSy 
p. 229). The extension of it in Ex. 6 was first given in the Author's 
memoir on Bicircular QuarticSy 1869. 

8. If S, S' be two conies ; o, jS a pair of their chords of intersection,, 
such that *S - «S' = ojS ; then 

^2a2_2i&(^+5') + i82 = o (553) 

represents a conic having double contact with S^ S\ For it may be 

written either 

{ka -^ fi)^ - ^kS = o, or (>&o - i8)2 - 4v&^' = o. 

(Salmon.) 

9. If a variable ellipse have four-pointic contact with a fixed ellipse at 
the extremity of its minor axis, the locus of its foci is a circle whose 
radius is equal to half the radius of curvature. 

10. The general equation of a conic, having double contact with S and 

S-^-L^ + M^ is 

S~ {Lcosa + M sin o)' = o. (554) 

♦ (Crofton.) 

11. If a conic have double contact with two others which have the same 
focus and directrix, the chords of contact pass through the focus, and are 
perpendicular to each other. {Ibid.) 



Contact of Conic Sections, 241 

12. From any point P on an outer confocal tangents are drawn to an 
inner ; prove that the ellipse passing through Py which has the points of 
contact as foci, has four-pointic contact with the outer confocal. 

(Crofton.) 

13. Tlie latus rectum of the variable ellipse, Ex. 12, is constant. 

14. The equation of a conic having double contact with ^^j^'^+^y = C* 
and A'-x^^-B^y^ = D is 

Ax^-VBy^-C^ [ I -— j(^;ecos» + ^;j/sin»}^ (555) 

15. If o ± /3 ± 7 = o be the sides of a quadrilateral, the conic 

o^ sec2 ^ + /3* cosec* - -yS = o 
touches its four sides ; or again, the conic 

>&V - 2k (a« + i3* + 7*) + /S^ = o touches the four sides. (556) 

16. To find the foci of a conic given by the general equation. 

Let y, y be the co-ordinates of a focus, then the imaginary line 

{x^x) + {y—y) V- I will (Art. 150) be a tangent. Hence, comparing 
this with A^ + juy + 1^, we have to substitute for A., y», v, in equation (320), 

I, ^f^i, and - (^' + y V- 1) ; and we get, after omitting accents, and 
equating real and imaginary parts to zero, the two equations — 

[Cx - Gf - [Cy - /•)2 = A (a - J), (557) 

(C.v-60.(cy-/^)=A(A), (558) 

which determine the foci. (Salmon.) 

17. If S^ S' represent two circles, prove that S^± S'^^k — o has 
double contact with each. 

t8. If two conies have each double contact with a third, their chords 
of contact with the third conic and a pair of their chords of intersection 
with each other form a harmonic pencil. 

19. The diagonals of a quadrilateral inscribed in a conic, and the diago- 
nals of the quadrilateral formed by tangents at its angular points, fonn a 
harmonic pencil. 

20. 11" three conies 2, 2', 2" have each four-pointic contact with a given 
conic, and contact of the first order with each other, taken two by two ; 
prove that the triangle formed by the points of contact of 2i 2', 2'' with 
each other is inscribed in the triangle formed by their points of contact 
with S, and in perspective with it, and also with the triangle formed by the 
tangent, at the points of contact on S. (C&OFTON.) 

K 
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21. If three conies have each double contact with a fourth, six of their 
chords of intersection are, three by three, concurrent. 

22. If a hexagon be described about a conic, the three lines joining 
opposite angular points are concurrent. (Brianchon.) 

23. A conic is described touching a fixed conic at /*, and passing through 
its foci Sy S' ; prove that the pole of SS' with respect to this conic will be 
on the normal at P, and will coincide with the centre of curvature if the 
conies osculate. 

24. If a parabola have double contact with a given ellipse, and have its 
axis parallel to a given line, the locus of its focus is a hyperbola confocal 
with the ellipse, and having one asymptote in the given direction. 

25. If a variable conic having double contact with a fixed conic pass 
through two given points, the chord of contact passes through one or 
other of two given points. (Salmon.) 

26. Three conies which have double contact are met by three of their 
non-concurrent common chords in six points, which lie on a conic. 

{Ibid:) 

27. If an ellipse have double contact with each of two confocals, the 
tangents at the points of contact form a rectangle. 

28. If the asymptotes of a hyperbola coincide in direction with the 
equiconjugate diameter of an ellipse ; prove that the hyperbola cuts ortho- 
gonally all conies passing through the ends of the axes of the ellipse. 

29. Two parabolae osculate a circle, and meet it again in two points 
P, P'\ prove that the angle between their axes is one-fourth of the angle 
subtended by PP* at the centre of the circle. 

30. ,The centre of curvature at any point of an ellipse is the pole of the 
tangent at the same point with respect to the confocal hyperbola passing 
through it. 

31. The focal chord of curvature at any point of a conic is double the 
harmonic mean between the focal radii at the same point. 

(Salmon.) 

32. The locus of the centre of an equilateral hyperbola, having contact 
of the third order with a given parabola, is an equal parabola. 

33. If two tangents be drawn to an ellipse from any point of a confocal 
ellipse, the excess of the sum of these two tangents over their intercepted 
arc is constant. (Graves.) 

34. Find the lengths of the axes of a conic given by the general equation 

ax^ + ihxy + ^^ + 2gx -J- ify -^ t = o. 
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Transforming to the centre as origin, we get (Art. 94, Cor. 4), 

ax^ + ihxy + hy^ + - « o. 

Now, if the auxiliary circle be jc* +^2 — r*, it has double contact with the 

conic. Hence, putting c^ for - , and eliminating the constants, we get 

{ar^ + c')x^ 4 2ht^xy + (^r* + <:')/-' = o, 
which must be a perfect square ; therefore the roots of the equation 

{db - A2)r* + (fl + h)c'r^\ c'^ = o, 
or ^r*+(a + *)^Ar8 + A« = o (559) 

are the squares of the roots of the semi-axes. 

35. If the conic given by the general equation be an ellipse, its area is 

36. If two tangents TP TQ be drawn to an ellipse from any point T 
in a confocal hyperbola, which cuts the intercepted arc of the ellipse in 
K\ prove that the difference of the arcs PICj KQ is equal to the diffe- 
rence between the tangents PT^ TQ. (M'Cullagh.) 

37. If a variable conic has four-pointic contact with a £xed conic, and 
also touch its directrix ; prove that the chord of contact passes through the 
focus of the fixed conic. (Crofton.) 

38. The co-ordinates of a point in an elliptic quadrant which divides it 
into parts, whose^difference is equal to the difference of the semi-axes, 
are 

39. Show that the locus of points on a system of confocal conies, the 
circles of curvature at which pass through one of the foci, is a circle of 
which the foci are inverse points. (Mr. F. Purser, f.t.c.d.) 

40. Prove that for a system of conies, having the same focus and direc- 
trix, this locus is a parabola. (Ibid,) 

41. From a fixed point O a tangent OT is drawn to one of a system of 
confocal conies, and a point P taken on the tangent, such that OP. OT 
is constant ; prove that the locus of P is an equilateral hyperbola. 

(Prof. J. Purser.) 

42. If a polygon circumscribe a conic, and if the loci of all the vertices 
but one be confocal conies, the locus of the remaining vertex is a confocal 
conic, ED 

R2 
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It will be sufficient to prove this preposition in the case of a triangle, as 
the proof for the triangle can be extended to the polygon. 

Let ABC be a triangle in- 
scribed in a circle X\ then 
(Sequel, VI., Sect, v., Prop. 12) 
if the envelopes of two sides of 
ABC be coaxal circles, the en- 
velope of the third side is a 
coaxal circle. Now let O be 
one of the limiting points , and 
describe circles about the tri- 
angles OAB, OBC, OCA ; let 
their centres be C\ A\ B* \ 
then (Sequel, vi., Sect, v., 
Prop. 8, Cor, 4) the envelopes 
of these circles are circles con- 
centric with X, and the loci of their centres A\ B\ C are conies whose 
foci are O^ and the centre of J^; that is, they are confocal conies. Also, 
since the lines OAy OB, OC are bisected perpendicularly by the sides of 
the triangle A'B'C\ that triangle is circuniscribed to a triangle whose foci 
are O, and the centre of X. Hence the proposition is proved. 

43. If the base of a triangle and its vertical angle be given, the locus of 
its symmedian point is an ellipse having double contact with the circum- 
cirde. 

44. If the conic ofi - ky^ = o touch the circle a/3 sin C + ^saiA 
+ ya sin B =s o, the point of contact is on one of the symmedians of 
die triangle ABC. 

(IBrocard.) 
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Section II. — Similar Figures. 

Def. — If from the circumcentre O of a triangle ABC three 
perpendiculars he drawn to its sides y the points A', B', C\ in 
which they meet the circle described on the join of O to the sym- 
median point K as diameter, called the Brocard circle, form a 
triangle, which we shall call Brocard's first triangle. 

151. Brocard's first triangle is inversely similar to the triangle 
ABC. 

Dem. — Since OA' is perpendicular to BC and OE to AC, 
the angle A' Off is equal to BCA ; but A'OB' is equal to 




A'CB'. Hence the angle A 'C'B' is equal to A CB. In like 
manner, the other angles are equal, and the triangles have 
evidently different aspects. Hence they are inversely sinulai:* 
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Cor. I. — If K be the symmedian point, the lines A'K^ 
B'Kj C'Ky are parallel to the sides of the triangle. 

Cor. 2. — ^The three lines A^B, B'C, C*A are concurrent^ 
and meet on the Brocard circle of the triangle. 

For, produce BA\ CB' to meet in 12 ; then, since K is the 
symmedian point, the perpendiculars from K on the sides of 
the triangle ABC are proportional to its sides ; but these per- 
pendiculars are equal to A'X, B'F, C'Zy respectively. Hence 
A'X'.BF'. : BX: CF, and the triangles A'BX, B'CF are 
equiangular; therefore the angle BA'X is equal to CB^F^ 
that is equal to OB'^. Hence {Euclid^ III. xxii.) the points 
A\ O, B', O are concyclic ; therefore A'B^ B*C meet on the 
Brocard circle. Hence the proposition is evident. 

Cor. 3. — It may be shown in a similar way that the lines 
AB*, BC'y CA' are concurrent, and meet in another point il 
on the Brocard circle. 

Cor. 4.— The six angles €IAB, QBC, OCA, Q'BA, Q'CB, 
Q^A C are equal. 

Def. — If the common value of the angles OAB, 6fc., be de- 
noted by io, <a ts called the Brocard angle of the triangle^ and 
Q, 12' the Brocard points. 

Cor. 5. — To find the value of the Brocard angle. Since 
th^ lines i412, B£iy CCi are concurrent, we have 

sin {A - co) sin (B -co) sin ( C - cd) = sin'w. 

Hence cot <jd = cot A -¥ cot B + cot C ; 

or cosec'cD = cosec^u4 + cosec*-5 + cosec' C. 

(Hymer's Trigonometry y p. 141.) 

Def. — If the Brocard circle of the triangle ABC meet its sym- 
median lines again in the points A'\ B', C'\ A"B"C" is called 
Brocard's second triangle. 

152. If three figures directly similar be described on the sides of 

the triangle ABC, their centres of similitude (Euclid, VI. xx., 

-Ex. 2), taken in pairs, are the vertices of Brocard* s second triangle. 
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Dem.— Join 0A'\ A" By A"C, and let AA" meet the circum- 
circle in T, Now, since OK is the diameter of the Brocard 
circle, the angle OA"K is right. Hence ^T' is bisected in 




A" ; therefore A" is the focus of the parabola touching AB^ 
AC in the points B, C (Exs. 11, 12, p. 144); the triangle 
BA"A is directly similar to the triangle AA"C, Hence the 
proposition is proved. 

Cor, I.— rlf figures directly similar be described on the 
sides of the triangle ABCj the symmedian lines of the tri- 
angle (abc) formed by any three corresponding lines pass 
respectively through the vertices of Brocard's second tri- 
angle. For since A" is the centre of similitude of the figures 
described on BA, ACy and that ba, ac are corresponding 
lines in these figures, A"2i divides the angle bac into parts 
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equal to those into which A'' A divides BAC \ therefore A"i\ 
is a symmedian line of the triangle bac. Hence the propo- 
sition is proved. 

Cor. 2. — The symmedian point of the triangle bac is on the 
Brocard circle of BAC (M'Cay.) 

For, from the similarity of figures, the angle of intersection 
of the lines A" a, and B'b is equal to the angle of intersection 
A"A, F'B. Hence the angle A'K'B' = A" KB". Hence K' 
is on the Brocard circle. 

Cor. 3. — The lines through K^ parallel to the sides of abc 
pass through the vertices of Brocard*s first triangle. 

Cor. ^^ — If the area of abc be given, the envelope of each 
side is a circle, the centres being the vertices of Brocard's 
first triangle. This follows at once from the similarity of 
the triangles abc, ABC, and Cor. 3. 

Cor. 5. — The centre of similitude of ABC, abc is a point 
on the Brocard circle of ABC ; for, since AIl, 2lK\ corre- 
sponding lines of the two figures, meet in A", their centre of 
similitude is the point of intersection of the circumcircles of 
the triangles A"KK', A^'Asl (Euclid, VI. xx., Ex. 2.) 

Cor. 6. — In the same manner, it may be shown that the 
centre of similitude of any two triangles, each formed by 
three corresponding lines of figures directly similar, de- 
scribed on the sides of the triangle ABC, is a point on its 
Brocard circle. 

153. Properties of corresponding points of similar figures. 

i^. If figures directly similar be de- 
scribed on the sides of the triangle ABC, 
and if the join of two homologous points B 
A\ B* of these figures pass through a 
given point hk, the locus of each point 
is a circle. 

Dem. — Taking B as origin, BC as A 

axis of ^, and a perpendicular to it as axis of y\ then, from 
the hypothesis, the triangles BA'C, CB'A are directly similar ; 
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■ 

therefore the angles CBA\ ACB are equal. Hence, denot- 
ing each by B, and BA\ CB' by p, p' respectively, from the 
conditions of the question we get, 

p cos Of psin^, I, 

a-p* cos(C + 0), -p'sin(C + tf), i, =0; 

h, k, I 

I, 
or, expanded, and reduced by putting p' = - p, and turning 

a 

into Cartesian co-ordinates, 

3sin C{x^ +y) + {ak-^bk cos C-bk sin C)x+ {a^-ah 

- bh cos C-bk sin C^y - a^k = o. 

This circle passes through hk ; for if we put p cos $, p sin 6 
for hkf the determinant will have two rows alike. 

Cor, — If hk be the centroid of the triangle ABC, the circle 
will be 

^ + /-aA:+ ^ + — = 0, (562) 

3 3 

where co is the Brocard angle of the triangle. 

2°. If the lines joining the points A, A', B, ff be parallel^ the 
loci of A\ H are circles, (Neuberg.) 

The equations of the lines AA\ BBf are respectively 

(psin^+Csinj5)ar-(pcos^-Ccos^)j/-pCsin(^+^) = o, 
p'sin(C + ^)j; + (a-p'(cos C-\-0)y =0. 

Hence, from the condition of parallelism, and reducing as 
before, we get 

c^ \y^ - ax + a cot cu .^ + a* = o. 

This circle is the locus of the point A\ when the Brocard 
angle of the triangle BCA' is equal to that of BCA. 
(Compare Chap, iii., Ex. 74.) 

In the same manner, it may be shown that the loci of 
A\ B are circles, if AA\ BB' be inclined to each other at a 
given angle. 
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3*^. Upon the sides of ABC are described three triangles di-- 
redly similar^ viz. ABC\ 
BCA\ CAB*: it is required 
to investigate in what cases 
the triangles ABC, A'BC 
are in perspective. 

Let a, /8, y be the trili- 
near co-ordinates of the 
centre of perspective, 6, & 
the base angles of the tri- 
angles ; then we have, evi- 
dently, 

aipiiBC sin(B-e'):AC sm{A - tf) : : sind . sin(^-^') 

: sin ^' . sin {A-0); 
therefore 

a sin AcotO-P sin B cot 0' - (a cos A-fi cos B) = o. 

Hence, eliminating 0, 0^ from this and two similar equations^ 
we get 




asin-<4, PsinB, 
/3 sin B, y sin C, 
y sin C, asin^, 



acos^ - PcosB, 

PcosB - 7 cos C, 

y cos C - a cos -4 



= o. 



Substituting for the second column the difference between 
the first and second, and then adding the second and third 
rows to the first, we get a result which may be written 



(asin^ + iBsin -ff +7 sin C) 



T, o, o, 

iSsin^, iSsin^— 7siiiC, i8cos-5-7C0sC, 
7siiiC, 7sinC-asin^, 7Cos6'-acos^ 



= 0; 



or 



(asin-4+)8sin^ + ysinC)(aj8sin(^-^) + )8ysin(^-C) 

+ yasin(C-i4)) = 0. (563) 
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Hence, if the triangle ABC and that formed by three cor- 
responding points be in perspective, the locus of the centre 
of perspective is either the line at infinity or the equilateral 
hyperbola 

aj8 sin (^ - j5) + /3y sin (j5- C) + ya sin (C - ^) = o, 

called Kiepert's hyperbola, Nouv, Annales, /. viii., 1869^ 
pp. 40-42. 

In the former case the lines AA\ BB\ CC are parallel, 
and the locus (2°) of each point A\ B*, C is a Neuberg 
circle. 

Again, if we add the equation 

a sin A cot ^ P sinB cot 0^ - (a cos A-P cos B)^ 

and the two similar ones got by interchanging letters, we 
get 

(cot 6 - cot B') (a sin ^ + j8 sin ^ + y sin C) = o. 

Hence, if the triangles be in perspective, either 

asm A + j8 sin j5 + y sin C = o, 

as found before, or cot - cot ^, and the three similar tri- 
angles will be isosceles ; and we have the following theorem, 
due to Kiepert : — If upon the three sides of a triangle ABC 
similar isosceles triangles be described ^ the triangle formed by their 
vertices is in perspective with ABC, and the locus of their centre 
of perspective is an equilateral hyperbola, 

4°. If the distance A'ff of two corresponding points be given, 
the locus of each point is a circle. 

If OT be the length of the line A'ff, the conditions of the 
question give us 

(p cos ^ + p' cos (C + ^) - a)^\ (p sin 6 + p'sin (C + e)Y=m^. 

Hence, reducing, &c., we get 

{x^ -^y^){a^ 4- 3^* + 2ab cos C) - la^ia + b cos C)x 
+ 2a*3 sin Cy + a^ {a^ - m^) = 0. 
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If m vanish, the two points will coincide, and the circle will 
be a point, viz., 

(at* +y*) (a* + 3* + ^ab cos C) - la* (a + 3 cos C) j; 

+ 2^*3 sin C ,y \ a^ -o. 

This will be the point circle, which is the centre of simili- 
tude A" (Art. 152) of figures described on the lines BA^ AC. 

5*^. If the ratio of B'A' \A'C' he given ^ the locus of each point 
is a circle. 

If the ratio be ^ : i, since the co-ordinates of the point C 
are evidently c cos B - p" cos {B - 6), p" sin {B-6)-c sin B, 
where p" denotes A C, as in 4°, we get 

(x^ '¥y^){a^-{' d^-\- 2ab cos C) - 2a^(a -^ b cos C)x+ la^bsinC .y+ a^ _ k* 
(x^-\'y){a^-\-c^-\-2accosB)-2ac{c + acosB)x+2a*csinB .jf-\-a^c^~ 1 ' 

or denoting the equations of the point circles A'\ B'\ by 

s - les' = 0, 

which, if k vary, denotes a coaxal system whose limiting 
points are two of the vertices of Brocard's jpcond triangle. 

6°. If the area of the triangle formed by three corresponding 
points he given^ the locus of each point is a circle, 

Bern. — Denoting the area of the triangle by A', the con- 
ditions of the question give us 

pcos^, psintf, I, 

<2-p'cos(C + ^), -p'sin(C + tf), I, =-2A'; 

ccosB-p"cos{B-e\ p"sin{B-e)-csmB, i 

or reduced, 

{ab sin C + bc sin A -{-ac sinB){x^ + y-ax) 
+ {ab cos C + bc cos A+ac cos B)y = 2a\^' - ac sin B). 

Hence, if the area of the triangle ABC be A, the locus of 



A is 



« - a cot (I) tz* 

x^ +y -ax + y + — 

3 3 



A' 



I - 



= 0. 



(564) 
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Cor, I. — From the foregoing values of the co-ordinates of 
A\ B*, C\ it follows at once that the centroid of A'B'C 
coincides with that of ABC. 

Cor, 2. — Since the area of the triangle A'B^C may be 
taken either as positive or negative, the locus will consist 
of two concentric circles. 

Cor. 3. — If the area of the triangle A'B'C be zero, the 
points A'y B'j C will be collinear ; the line of collinearity 
will pass through the centroid of ABC. The locus of ^' 

will be 

,0 a cot 0) c^ 

:}r -^^ X - ax -v ^ + — = o. 

3 3 

(Compare 1°, Cor.^ (565) 

Cor. 4. — If the point A in the diagram (Art. 153, 1°) 

were on the positive side of BC^ the equation would be 

- - a cot 0) a^ 
sr + jr - ax + — = o. 

3 3 

154. M'Cay's Circles. — 

When three corresponding points are collinear, the circles 
which are their !oci possess several interesting properties. 
Their most complete discussion, due to Mr. M'Cay, f.t.c.d., 
is published in the Transac/wns of the Royal Irish Academy^ 
vol. xxviii., pp. 453-470. They have been also studied by 
Neuberg, who, in a letter to the author, has called them 
M*Cay's circles. We shall give here a few of their most 
important properties. 

\^. If in the equation (565) we substitute the co-ordinates of 
the centroid of the triangle^ the equation is satisfied. Hence each 
of M*Cay's circles passes through the centroid of ABC. 

2°. Denoting the three circles by a, )8, 7, and their centres 
by Xf Vy Z, we have, from the equation, 

OX^"-^, and 0^' = i^^^. 
6 2 

a* 
Hence OX. OA « — , equal to the power of the pointed? with 

respect to a. 
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Therefore A'K \^ the polar of Q with respect to a, and 
A' is the polar oi BC with respect to a. Hence we have the 




following theorem: — The vertices of BrocarcPs first triangle 
are, with regard to M'Cay's circles, respectively, the poles of 
the sides of the original triangle. 



Similar Figures. 255 

Def.— 7/" A"Gy B"G, C'G be produced to meet M'Cay's 
circles in the points A"\ B"\ C", respectively, A'"B"'C" is 
Brocard's third triangle. Its linear dimensions are evi- 
dently equal to twice those of A"B"C" » 

3°. If through the point G a tangent be drawn to any of 
M*Cay's circles, the intercepts made on it by the other two circles 
are equal. 

This and the preceding theorem are immediate inferences, 
from the fact that G is the mean centre of the points in 
which any transversal through G meets the circles. 

4°. If through G we draw any transversal, cutting the 
circles in three points, the tangents to the circles at these 
points will be corresponding lines, and will meet the sides of 
the triangle ABC in corresponding points. Hence we infer 
the following theorem : — The polars of corresponding points on 
the sides of the triangle ABC, taken respectively with regard to 
M*Cay's circles, are three concurrent lines, and the locus of their 
point of concurrence is the Brocard circle of the triangle, 

5°. If we take the middle point O of BC as origin, the 
equation of the circle a will be 

, , a cot 0) a^ 

jr + 1/^ + — = o ; 

-^ 3 12 

and invert this with respect to the circle on BC as diameter, 

and we get Neuberg's circle 

'la^ 
cr + y* - a cot ca . y + — 

4 
(Chap. III., Ex. 75). Hence the circle described on any side of 

the triangle as diameter, and the corresponding M*Cay's and 

Neuberg's circles, are coaxal. 

6°. The circle a is the locus of the centroids of all triangles 
described on BC, having their Brocard angles equal to that of 
the triangle ABC. 

7®. If the median OA meet the circle a in L, and the circum- 
circle in I, OL is equal to 01, and L is the foot of the perpen- 
dicular let fall from the orthocentre on the median. 
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8°. The two rectangular lines, joining G to the highest and 
lowest points of the circle a, are the rectangular axes of the 
maximum ellipse inscrihrd in ABC, 

For these axes are the rectangular pair of the pencil in 
involution determined by GA, GB, GCj and parallels through 
G to the sides. The intersection of this pencil with the 
circle a may be seen to be in perspective at A', whence the 
above result. 

155. Def. — Two figures are said to be homothetic when radii 
vectores from any point of the first figure are proportional ta 
parallel vectores from the homologous point in the second. 

Two conies being given by their general equations, it i& 
required to find the condition that they may be homothetic. 
If the equations of both conies be transferred to their centres 
as origins, they will be, respectively, of the forms 

ax^ + thxy + by^-\-c = o, a'x'^+ zh'xy + I'y"^ + ^' = o ; 

or in polar co-ordinates, 

a 0,0^ $■{■ 2h sin 6 cos O + d sin* d' 

,' ^ 



a'cos*^ + 2h' sin $ cos 6 + b' sin*^* 

Now, in order that p, p' may have a ratio independent of $, 
it is evident that we must have 

a ^ h h 

which is the required condition. 

156. If the conies be similar, but not homothetic, it is 
plain that if the axes of co-ordinates for one be turned round 
through a certain angle, the new coefficients a, h, b will be 
proportional to the old coefficients a', h\ b\ Suppose this 
done, and that they become ka\ kh\ kb' ; then, from the pro- 
perty of invariants, we have, for rectangular co-ordinates, 

{a^b)^k ia' + b'\ ab-h^ = Jt" {a'b' - h"^). 
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(566) 



Hence, eliminating k, the required condition is 

(g + hj [a! + hj ^ 

and, for oblique co-ordinates, 

(a + 3) - lA cos 0))* {a' + 3' - 2 A' cos ioff 
Jf^^ " a'b' - h'^ • 

Examples. 

1. The intercepts made on the sides of the triangle by Lemoine's 
parallels are proportional to sin (A " oi), sin {B ^ w), sin (^ — «). 

2. The lines AA\ BE, CC (see figure, Art. 151) are concurrent; the 
co-ordinates of the point of concurrence are o-^, ^-3, (r^. 

3. Prove that Brocard's triangles -4'-ff'C", ^"-ff"C" are in perspective; 
that their centre of perspective is the centroid oi ABC, and the axis of 
perspective its polar with respect to the Brocard circle. 

4. If the locus of the point a (fig. Art. 152) be a right line, the enve- 
lopes of the lines ba, ac are parabolae. 

5. 11 A,' B, C be three corresponding points, and if ^' describe the 
line XT + M^ + I = o , prove that the points B^, C describe respectively 
the lines 

(\a cos C— /iflsinCT)^ + (xasin C+/ia cos C)y\- fia^3inC-\jaflcosC—b=o, 
(Aa cos B + fAaanB)x-\- {kh sm B—fta cos B)y — C—\ac = o. 

6. If ma, nihi ntt denote the medians of the triangle ABC, A its area ; 

prove that the parameters of the three parabolae which can be described, 

each touching two sides, and having the third as chord of contact, are 

respectively 

2A* 2A2 2A* 

fn^* m^' fn^' 

7. The vertices A", B", C" of Brocard's second triangle are the foci 
respectively of three parabolae whose directrices are the medians of ABC, 
and which are inscribed in the quadrilateral formed by the internal and 
external bisectors of an angle, and the perpendiculars at the middle points 
of its sides. (Artzt.) 

8. The parameters of the three parabolae of Ex. 7 are respectively 



A(y-^) A(<»-a') A(a''-y) 

3»»«' * 2OTJ' ' 2mf ' \ ') 
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9. If through the Brocard point Q. we describe three circles, each pass- 
ing respectively through the angular points of ABC^ the triangle formed 
by their centres has the circumcentre of ABC for one of its Brocard 
points. (Dewulf.) 

10. If by means of the other Brocard point fi' we describe in the same 
manner another triangle, the two triangles will be in perspective; the 
circumcentre of ABC will be their centre of perspective. (Ibid,) 

11. If the sum of the squares of the sides of the triangle ^'^'C, formed 
by three corresponding points (Art. 153), be given, the locus of each is a 
circle. 

12. In the same case, if any angle of the triangle A'B'C or the differ- 
ence of the squares of any two sides be given, the locus of each point is a 
circle. 

13. Upon a given line, and on the same side of it BC, can be described 
six triangles equiangular to a given triangle : prove that their six vertices 
are concyclic. (Neuberg.) 

14. If h\y hi be the altitudes of the highest and lowest points of 
M'Ca/s circle (a) ; and if we put 

Ai = Jatan4>i, Ajsjatan^; 
prove that 4>i, ^ are the roots of the quadratic 

sin (2^ + (tf) = 2 sin ». (M*Cat.) 

15. In the same case, prove 

sin^ sin^ sin C .t*.,v 

cos {A + 4)) cos {fi + ^) cos (d7+ ^) ^ ' 

16. Prove that the Brocard angle (w) satisfies the equation 

sin 2^ cos (2^ + ») + sin^cos(^ + w) + sin d7cos(C+ w) = o. 

(Neuberg.) 

17. A circle touching an ellipse passes through its centre : prove that 
the locus of the foot of the perpendicular from the centre of the ellipse on 
the chord of intersection is a concentric and homothetic ellipse. 

18. All parabolae are similar figures. 

19. If two conies be homothetic and concentric ; prove that they have 
double contact at infinity. 

20. A variable triangle of given species is described with its vertices 
lying on three given lines : show that its circumdrcle has double contact 
with a given conic. ' • 
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21. If *9 = o be the equation of a conic, )8 = o the equation of a line, 
k any constant ; then ^S — ^j8 = o is the equation of a homothetic conic. 

22. If three figures be homothetic, two by two, their homothetic centres 
are collinear. 

23. Pairs of tangents drawn to a conic S are parallel to pairs of conju- 
gate diameters of a conic S' : prove that the locus of their point of inter- 
section is a conic homothetic with ^S*'. 

24. If <^i, ^2 have the same signification as in Ex. 14, prove that the 
angles » + 2^1, « + ^2 are supplemental. (M*Cay.) 

25. Prove that M*Cay*s circles are respectively the inverses of the three 
sides of Brocard's first triangle, with respect to the circle whose centre 
is G (fig. Art. 154), and which cuts Brocard's circle orthogonally. 

26. If 5 be the diameter of Brocard's circle ; prove that the diameters of 
Neuberg's circles are respectively 

28 sin A cot (tf, 2$ sin B cot w, 2$ sin dTcot w. 

27. If Z, L' be the limiting points of M*Cay's circle a and the side a of 
the triangle ABC; M, M' of the circle jS and the side b ; N, N' of the 
circle y and the side c ; prove that the triangles LMNy L'M' N' are equi- 
lateral. 

28. If *S = o be the equation of any conic ; prove that the equation of a 
homothetic conic passing through three given points is 



s. 


a, 


i8, 


7» 


s\ 


a, 


iS', 




s\ 




i3", 


y" 


S"\ 


fif 


P f 


7" 



= 0. 



(567) 



Section III. — The GEN£Ri.L Equation — ^Trilinear 

Co-ordinates. 

157. Aronhold's Notation. — 1°, In this notation, a point 
is denoted by a single letter, and its trilinear co-ordinates by 
the same letter, with suffixes. Thus the point x is the point 
whose co-ordinates are Xi, X2, Xz» 

2°. The trilinear equation of a right line, viz., aiXi + (hXz 
-f a^z = o, is denoted by a, = o, the a: being a suffix to a» 

s 2 
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3°. The general equation of the »** degree is denoted hj 
a/ = o ; that is, by {axXx + aiX^ + a^x^^^ where after the invo- 
lution <7i* is replaced by the coeflScient of x^ in the given equa- 
tion, na^^a^ by the coeflficient of Xi^^Xi, &c. Thus the conic 
a\\X^ + ^22^2* + ^83^3* + 2aiiXiX2 + la^x^Xz + za^iX^Xi = o is 
denoted by {aiXx + ^a^j + a^x^^, or a,* = o. It is evident that 
in this notation the symbols ^i, a2, a^ have no meaning of 
themselves for curves of the second or higher degree, until 
the involution is performed. — Salmon's Algebra, p. 267 ; 
Clebsch, Theorie der Bindren Algehraeschen Formen, 

4°. Any non-homogeneous equation in two co-ordinates 
may be transformed into a homogeneous equation by the 
substitutions Xi -^ x^y x^ -J- x^ for the variables and the clear- 
ing of fractions. 

158. Several well-known results assume a very simple form 
when expressed in Aronhold's notation. We shall merely 
state them here, as they present no difficulty. 

i*^. Joachimsthal's equation (297), which gives the ratio 

in which the join of the points j/, z is divided by the conic 

a^ = o is 

a^ + ikay , a, + ^W = o. (S68) 

2^. The equation of the polar of the point ^, with respect 

to a/ = o, is 

«».«y = o. (569) 

3*^. The condition that y and z may be conjugate points,. 

with respect to a, = o, is 

ay.a, = 0. (570) 

4®. The equation of the pair of tangents, from the point jr 

to a^ = o, is 

ay\ a* - {a^c • a^f = 0. (571) 

5*^. The discriminant of a^^ is 



= o; (57*) 



and tie minors of this are denoted by Au, Au, &c. 



any 


am 


ai3, 


atiy 


*a2Zt 


«28, 


azit 


as2, 


«38 
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6°. The tangential equation of a^ -o\ that is, the con- 
dition that the line \xX\ + A«^a + ^x^ = o or \, may be a 
tangent, is 

A^, or (^1X1 + A^\ + ^A^)* =: 0. (573) 

7°. The co-ordinates of the pole of X„ with respect to <2,*, 
are found thus : — Let y be the pole ; then, comparing the 
equations X, = o, and a, . a^ we get the identities 

dYxyx + ay^yt + av^y^ = Xi, 

<h\y\ + <iaa^2 + CLTAyz = ^> 

azxyx + tf»^a + ^38^8 = A9. 
Hence, denoting the discriminant by A, we get 

A^i = Xi-4n + Xa^ia + X^^u, or A^i = -4iX^. 
Similarly, Aj/2 =• -^2X^1, Aj/3 = ^8X^. (574) 

8°. The condition that two lines X, = 0, /n, = o, may be 

conjugate lines, with respect to the conic a^ = o, is found 

by substituting in either the co-ordinates of the pole of the 

other. Thus, we get 

X^./A^ = o. (S7S) 

9*^. If a^ = o, hi - o, be two conies, it is required to find 
the locus of the poles with respect to a^ = o, of tangents to 
hi. 

The polar of the point j/, with respect to a^^ is 

{aiX\ + fl^a + ^a^s) {(i\y\ + <Hy% + cLzyz) ; 

or putting Yx = axx yx + ^13 J'a + ^is^'s, &c., 

JL\X\ + J: 2^2 + J: ^3* 

And the condition that this should be tangential to hi = o is 

(BxFx + ^a-Ta + B^r^y = o, or ^y? = o. (576) 

159. In the general trilinear equation aa? + ihafi + hp^ + 2/^y 
+ 2gyo. •¥ cf = o, to explain the geometrical signification of the 
vanishing of a coefficient. 
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1°. The vanishing of the coeflScients of the squares of the 
variables has been fully explained in Art. 78. 

2*^. When the coefficients of the products vanish. 

Suppose the coeflScient A, for example, to vanish, then the 
equation becomes a6? + ^j8^ + c-f + 2/}3y + zg^o. = o. Now this 
will meet the line y = o in the two points where the lines 
aa? + hp^ - o meet y = o ; that is, in two points which are 
harmonic conjugates to the points where the lines a = o, 
P = o, meet y. ' Hence we have the following theorem : — 
1/ in the general equation the coefficient of the product of any twa 
variables vanish, the third side of the triangle of reference is cut 
harmonically by the other sides and the conic. 

Cor, I. — If the coeflQcients of all the products vanish, each 
side of the triangle of reference is cut harmonically by the 
conic. In other words, the triangle of reference is self-- 
conjugate with respect to the conic. 

This may be shown otherwise. Let the conic be 

then we have 

(«y + la) («y - la) = m^^. 

Hence ny + /a, ny - la are tangents, and ^ is the chord of 
contact, which proves the proposition. 

Cor. 2. — Any point on the conic /'a* + m^^ - «y « o will 
be common to the lines denoted by the system of determi- 
nants 

/a, m^, ny, 

cos <l>y sin <l>, I, 

each equated to zero, which may be called the point </► 

on the conic. 

Cor, 3. — ^The equation of the join of the points ^ + xj/'^ 

if/ -ij/ is 

la, mP, ny, 

cos («/r + \f/), sin (l/r + ^), I, =0, 

cos {\ff - if/), sin (i/r - ij/), 



(577) 
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or iacosilf -{■ mPsinxl/ - nysinij/^ = o. (57^) 

Hence the equation of the tangent at the point ij/ is 

iacosij/ + mP sinxj/ - ny = o. (579) 

Cor, 4. — The co-ordinates of the point of intersection of 
tangents at ij/ + ij/^, if/ - il/\ are 

cos if/ sin if/ cos tj/ 



M n 



(S80) 



Cor, 5. — The equation of a conic referred to a focus 
and directrix is :r* + j/* = {eyf^ where y = o denotes the 
directrix. Hence it is a special case of 

1^6? + ttP'^ - r^y^ - o. 
Examples. 

1. Find the values of /, w, «, in order that /^^a + ^2^2 + ^2^2 = o may 

represent a circle. 

Arts, /2 = sin 2 A, m^ = sin iB, r? = sin 2C. 

2. If the conic /*o' + ?»*j8^ + «7* = o passes through a fixed point, three 
other points on it are determined. 

3. Find the condition that the join of the points 4' + '!''> ^ ~" ^' should 
touch the conic V^c? + W^jS^ ^ ^'2^2 = o. 



/* cos* ^ m^ sin* ^ tfi cos* ^' , o \ 

^nS, ^,, + ^>., + ^^2 • (58O 

4. Find the co-ordinates of the pole of the Une \« = o, with respect to 
the conic 



V ^1 + V fnx2 + V nxz = o. 

From equation (574) it is seen that the co-ordinates of the pole are the 
di£ferentials of the tangential equation of the conic, with respect to 
Aiy Ki, A3, respectively. But the tangential equation of the given conic is 

^A2A3 + WA3A1 + «AiA2 = 0. 
Hence the required co-ordinates are 

X\ = mX3 + ft\2, x% = n\i + /X3, xz = l\2 + wAi. 
5. Find the locus of the pole of Ax = o with respect to the conic 

V /ati + V mx2 + V nxz, 
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being given that the conic fulfils another condition, such as to touch 
a given line, say Lm = o. — (Hearn.) 
Solving the equations in Ex. 4, /, m, n are proportional to 

Ai (XaJPa' + AaATs' - \\x^), M (AsJCs' + Mxv - K^x^), As (Mx\ + Aa^a'- \^z). 

Now if £« touch the conic, we have 

I m n 
— 4. — -I = 0^ 

L\ Zg Z3 
Hence the required locus, omitting accents, is the right line 

Ai(A2^a+ As*3-Ai*i) A2(A3*3 + Ai^i-Aa^2) 
„! 



. A3 (Ai^i + Aa^i — As^s) ^ 
+ — i = O. 

^s 



(S8*) 



6. The triangles formed by three given points, and their polars with 
respect to any conic, are in perspective. 

Dem. — ^Let^, s, n/, be the angular points of the original triangle ; their 
polars, with respect to a«^ = o, are Om . Oy, a« . (Hy ^» • ^w, respectively ; 
and the equation of the join of y to the intersection of the polars of 
z and w is 

(a» . a,) {oy . a^) - (a, .(ho){ay.an) = o, 

with two similar equations for the other lines of connexion ; and these, 
when added, vanish identically. Hence, &c. 

7. It is required to determine when the general equation 

aa^ + b$^ + cy^ + 2ha$ + 2/387 + 2gya = O 

% 

represents an ellipse, a parabola, or a hyperbola. If we eliminate y 

between this and the equation 

a sin ^ + ^ sin^ + 7 sin 67 = o, 

which represents the line at infinity, and if the resulting equation in a, P 
be the product of two real factors, it will be a hyperbola ; if the product 
of two imaginary factors, it will be an ellipse ; and if a perfect square, it 
will be a parabola. In this way we find it to be an ellipse, a parabola, or 
a hyperbola, according as 

A sinM +^sin2^+ Csin* C+ 2FsiiiBsin C-\- 2^sin d7sin-4 + 2^sm-4 sin-^ 

is positive, zero, or negative. 
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8. If the condition of £x. 3 be fulfilled, what is the locus of the pole of 
the join of the points if' + ^, ^ — 4^ ? 

Denoting the co-ordinates of the poles by x^ yy z, from equation (580), 
we have 

Ix = cos ^y my = sin i^, nz — cos 4^. 

Hence, from (581), we get 

l^x^ fw*i/^ n^s^ 

-7^ + 1^ + l?r = o- (583) 

This conic is the polar reciprocal of /'*a' + m'^fil^ + n'^ = o, with respect 
to Pv? + tn^H^ + n^y^ = o. Hence the polar reciprocal of a'a* + b'0^ 
+ ^r'-yS = o, with respect to ao? + bfi^^ + ^r-y^ = o, is 

— +—+^ = 0. (584) 

9. Find the condition that the Une \a + fi]3 + vy = o wUl touch the 
conic Pci^ + m^fi^ - «V = ^^ 

Comparing \a -{- fifi + vy = o with equation (579), and eliminating i^^ we 
get the required condition, 

X* 11* »2 

72 + -2 =-2- (585) 

Hence, if one tangent to the conic Pa^ + m^fi"^ = «*7* be given, three 
others are determined. 

10. If the chord in Ex. 3 passes through the point a, ^ 7', the locus of 

its pole is 

Pa a + m^0fi + »V7- (586) 

11. The locus of the pole of any tangent to the conic ax\ with respect 
to xi^ + X2^ + xz^ = o, is 

^.'=o. (587) 

12. Find the equation of the director circle of the conic 

If 4^ + 4^, 1^ — 4^' be the parametric angles of the points of contact of two 
rectangular tangents, then the condition of perpendicularity will give us 
the required result, after eliminating 4^, 4^' by means of the co-ordinates in 
equation (580), and putting a, by c for P^ nPy — »* ; thus we get 

(i{b f t) a* + 5 (t + a))8^ + ^(a + &)72 + zbc cos -4 . ^87 + ^ca cos B . ya, 

+ lab cos 6'. oi8 = O. (588) 
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1 60. To discuss the equation aft = y*. 

This is the special case of the last proposition, when the 
coefficients of the products )8y, ya vanish, and also the coef- 
ficients of a*, ^. The form of equation (Art. 146, 3°) shows 
that a, p are tangents, and y their chord of contact. If in 
the equation a^ = y* we put a = y tan <l>, P=y cot <f}, the equa- 
tion is satisfied. Hence the co-ordinates of any point on the 
curve may be represented by tan <^, cot <^, i. This point will 
be called the point <^. 

161* The equation of the join of two points <f>, <f> is the 
determinant 

tan^, cot <^, I, =0, 
tan <^', cot ffi'y I 

^^ tan <l> + tan <^' "*" cot <^ + cot ^' ~ ^' ^^ ^^ 

Cor. I. — If tan <f> + tan <^' be constant, the join of the points 
<^, ^' passes through a given point. For writing the equa- 
tion (589) in the form a + fi tan <^ tan <^' - y(tan ^ + tan <^'), it 
represents a line through the intersection of a - y (tan <^ 
+ tan <^') = o and P = o; that is, through a fixed point on ^- 
In like manner, if cot <^ + cot <^' be given, it passes through a 
fixed point on a; and if the product tan <^. tan <^' be given, 
it passes through a fixed point on y. 

Cor, 2. — The tangent at the point <^ is 

a cot ^ + ^ tan <^ = 2y. (S9o) 

Cor, 3. — ^The tangents at <^, <^' intersect on the line 
a- jS tan <f> tan <^', got by eliminating y between their equa- 
tions. Hence, if tan <^ . tan ^' be constant, the tangents at 
^, ^' intersect on a fixed line passing through the point afi. 
In like manner, it may be shown that if tan <^ + tan <^' be con- 
stant, the tangents meet on a fixed line passing through ya, 
and if cot <^ + cot ^' be constant, on a fixed line through /3y. 
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Cor. 4. — If the equation (589) be written in the form 

(a- y tan i>) -(y- P tan ^) tan ^' ; 

or, say L- M tan <^' = o ; and since (Art. 33) the anhar- 
monic ratio of the pencil of four lines a- kp, a- k'P, a- k!'P^ 
a- k"'P is 

we infer that the anharmonic ratio of the pencil of lines from 
any variable point of the conic to the four fixed points ff>\ ^'^ 
<t>"', ^"" is 

(tan ^' - tan <^") (tan <^'" - tan ^"") ■=- (tan <^' - tan <f>"') (tan <^" 

- tan ^"")» 
or sin (<^' - <!>") sin (<^'" - <^"") ^ sin (^' - ^ sin (^" - <^"")» 

and is therefore constant. 

The theorem just proved was discovered by Chasles, and 
is the fundamental one in his Sections ComqueSy Paris, 1865. 
On account of its great importance we shall give another 
proof. Let the quadrilateral formed by the four fixed points 
be ABCDy and let be any variable point ; then, if the 
equations of the sides AB^ BC, CD, DA of the quadrilateral 
be a, )S, y, h respectively, the equation of the conic (Art. 
146, 5°) may be written ay - ^^8 = o ; but a being the per- 
pendicular from O on AB, we have 

OA.OB.^inAOB 



a = 



AB 

with similar values for )S, 7, 8 ; and these substituted in the 
equation ay - kpS = o, give 

sin ^6^^. sin C6^Z 7 AB .CD 

sin BOC. sin AOD" 'BC.AD' 

The right-hand side of this equation is constant, and the left- 
hand side is the anharmonic ratio of the pencil {O . ABCD\ 
Hence the proposition is proved. (See Salmon's Conicsy 
p. 240.) 
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Cor, 5. — ^The tangent at ^ intersects the tangent at ^' on 
the line a cot ^ - fi tan <^' = o. Hence, as in Cor, 4, we infer 
that the anharmonic ratio of the four points, where tangents 
at four fixed points ^', ^", <^'", <^"" meet the tangent at any 
variable point ^, is 

sin (^' - ^'0 sin (<^'" - ^"'0 ^ sin (<^' + ^"0 sin (<^" - ^"")» 

and is therefore independent of ^. 

Cor, 6. — If the line Aa + /x)S + vy touch the conic at the 
point ^, we must have X, /a, v proportional to cot ^, tan ^, - 2. 

Hence 

4X/A = i^, (591) 

which is the tangential equation of the conic. 



Examples. 

1. The co-ordinates of the point of intersection of tangents at ^, ^* 
are proportional to tan ^ tan ^', i, ^(tan ^ + tan ^'). 

2. The length of the perpendicular from the intersection of tangents at 
^\ ^" on the tangent at ^ is, putting t for tan^, &c., 

(t-f^if-n^fify, (592) 

wheny(^) stands for 

V(^* + 4cos^ . ^8 + 2(2 - cos C)^^ +4 cos j9. /+ I). 

3. If ajS = l^y^ be the equation of a conic, the circle of curvature at the 

point /By is 

c 
i3* + 7« - 2i87 cos ^ = — /5 sin ^. (Crofton. ) 

4. If ^, ^' be two points, such that the ratio of tan ^ : tan^' is constant, 
the envelope of their join is a conic, having double contact with the given 
•conic. 

5. If the points 4>, ^* vary but so as that the ratio of tan ^ : tan ^* be 
given, they divide the conic homographically (see Cor, 4). 

Hence, if two conies have double contact, any variable tangent to one 
divides the other homographically. (Townsend.) 
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6. If fii2 denote the perpendicular from the intersection of tangents at 
<l>'f ^" on the tangent jS, and irn the perpendicular on any other tan- 
gent; then 

iri2 . ir54 «"i8 . ITU iri4 . ir28 



i3l2 . i834 iSis . fiu fin • $23 



(593) 



7. If a polygon of any number of sides be inscribed in a conic, and if 
^'f it>\ &c., be the points of contact, and ^ any variable point ; then, with 
the notation of Ex. 6, we have 

Mf-n^^r-tn^^^^^^ (594) 

iri2 ir23 

8. Smce fin (/' + t") + 2712, and /3i2 {ft") = an (Ex. i), it follows that 

finit' - t") = 2 y/yii^ - anfin = 2 VS^y &c. 
Hence, from (594), we get 

+ + h &c., + = o. (595) 

iri2 ir23 ir34 ir^i 

Section IV. — ^Theory of Envelopes. 

161. We have seen (Chapter II. Section iii.) that if the 
coefficients in the equation of a line be connected by a rela- 
tion of the first degree, the line passes through a given 
point — in fact, the relation between the coefficients is the 
equation of the point (Art. 45) ; and in the last Section it 
was shown that, if the coefficients be connected by a relation 
of the second degree, the line will, in all its positions, be a 
tangent to a curve of the second degree. From these ex- 
amples we are led to the following definition : — When a right 
line or a curve moves according to any law^ the curve which it 
touches in all its positions is called its envelope. The following 
examples afford further illustrations of this theory, one of the 
most interesting in Analytical Geometry. 
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Examples. 

1. Let AJf + /AjK + I = o be the line, and (a, *, c, /, g^ h) (a, fi, i)^ the rela- 
tion among the coefficients ; it is required to find the envelope of the line. 
It appears at once that the required envelope is such that two tangents can 
be drawn to it from any arbitrary point. For, let ji/y be the point; 
substitute these co-ordinates in A-jc + /ajk + i, and eliminate between the 
result and the equation (a, b, c^f, g^ h) (x, /*, i)*, and we get a quadratic in 
A., corresponding to each root of which can be drawn a tangent to the re- 
quired envelope. Now, if the quadratic have equal roots, the tangents 
will coincide, and their point of ultimate intersection will be a point on 
the curve. Hence, forming the discriminant of the quadratic in A, and 
xemoving the accents from x'y, we get the required envelope, viz. 

(A, B, C, F, G, H) {x,y, i)« = o, (596 

where A, B, C, &c., have the usual meanings. 

2. Find the envelope of fj?x + /xy + « = o. This is the quadratic that 
would result if we were solving by the foregoing method the problem of 
finding the envelope of the line ajc + /a;k + « = o; a, /a being connected by 
the relation A = /a*. Hence, forming the discriminant with respect to /u 
of the equation ij?x + /xy + a = o, we get the parabola y^ = ^ax. 

Similarly, we may solve the more general problem to find the envelope 
of ij?P + fuQ + R, when P, Q, R denote curves of any degree, viz., we 
get 

(?^^PR- (597) 

3. Find the envelope of the line cue cos ^ + ^ sin 4) = ab, 

4. Find the envelope of a line if the product of the perpendiculars on it 
from two fixed points be given. 

5. Find the envelope of a line if the squares of perpendiculars let fall 
on it from any number of fixed points be constant. 

6. Find the envelope of a line if the difference of the squares of perpen- 
diculars let fall on it from two given points be constant. 

Ans, A parabola. 

7. Find the envelope of 

— + — = I, 

A2 ^ M» ' 

\IL being = c, Ans, 2xy = c» 

8. Find the envelope of a line which makes on the axes of co-ordinates 
intercepts whose sum is constant. 
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9. If two conjugate diameters of an ellipse be given in position, and the 
sum of the squares of its axes given in magnitude ; prove that it is inscribed 
in a given quadrilateral. 

10. Find the envelope of a system of confocal conies. Let 



+ I 



be one of the conies. Clearing of fractions, and considering the result as 
a quadratic in A., we find, by forming the discriminant, the product of four 
imag^ary lines, viz. 

h±x ±yyn^i = o, where h^ = a^ -- V^. (598) 

11. The envelope of the polar of a given point, with respect to a system 
of confocal conies, is a parabola whose directrix is the join of the given 
point to the centre of the confocals. 

12. If A^ B, C, A' J B\ C be two triads of fixed points, /*, /i' two 
variable points, one on each line ; find the envelope of the join of /*, /*', if 
the anharmonic ratios (ABCyi)^ (A'B'C^) be equal. 

13. The vertices of a triangle move along three fixed lines, and two of 
the sides pass through two fixed points; find the envelope of the third 
side. 

14. If two of the sides of an inscribed triangle of the conic a* + jB^ = 7* 
touch the conic da? + bf^ = cy^, the envelope of the third side is 

{ca + ab- bey a? + [ab -\- be - ca)^ f^ = (&r + ^ra - abf, (599) 



Section V. — ^Theory of Projection. 

162. DEF.—Lef O be the origin, OX, OF the axes; BF, II' 
{called the base line and the infi- 
nite line respectively) two lines Y 
parallel to the axis of Y. Then 
let P be any point in the plane; 
join IPy cutting BB' in C; through 
C draw CP' parallel to OX, meet- 
ing OP produced in P ' . The point q 
P' is called the projection of P. 

In the ordinary method of 
treating projective properties of figures (see Cremona, 
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Elements of Projective Geometry) three planes are required : — 
(i) A plane passing through the centre of projection. ('2) A 
parallel plane, on which is drawn the projected figure. 
(3) The plane of the figure to be projected, cutting the former 
planes in parallel lines. It will be seen that the method 
which we have adopted is virtually the same, and that while it 
relieves the student from the embarrassment of having to con- 
sider different planes, it has the advantage of admitting the 
use of analysis. 

If the co-ordinates of P be xy^ those of /", x^y ; then, de- 
noting 01 by a and BI by f, we easily get 



ayf 



x = 



j/ = 



ay 



c + x** c-k-x^' 



(600) 



Cor. I . — If x = a, x' will be infinite. Hence the projec- 
tion of any point on the line //' will be at infinity. 
Cor. 2. — From (600) we get 



xf ^ — , y = 

a -X 



cy 



a-x 



(601) 



163. If any line CD cut the base line and the infinite line 
in the points C, Z> respectively, its projection will be a line 
through C parallel to OD. 

Let the equation of CD be 

Ix -\- my + n; 

and since 01= a, the equation of//' 
is X - a = o. Hence the equation of 
OD is 

n{x''a) + a{lx + my+n) = o, 

or {ta + n)x + may = o. 

Again, substituting in /Ar+ »y/ + » the values in (600), Jwe get, 
after omitting accents and clearing of fractions, 

(/a + n)x + may + «f = o, 

which is the equation of the projection of CD. Now, since 
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this differs from the equation of OD only by a constant, it is 
parallel to it ; and since it may be written in the form 

n{x - a -v c) -v a{lx -^t my -^^ n) - o^ 

it passes through the intersection of the lines 

X - a ■\' c -0 and Ix -k-my ■\- n-o\ 

that is, through the point C Hence the proposition is 
proved. 

Cor, I. — ^Any two lines intersecting each other on //' 
are projected into parallel lines. For, if two lines pass 
through the point D^ the projection of each will be parallel 
to OD. 

Cor, 2.. — A line passing through the origin is unaltered by 
projection. 

Cor, 3. — If four lines form a pencil, their projections form 
an equi-anharmonic pencil. For, if P be the vertex of the 
pencil, and if its four rays meet the line //' in the points 
A, By Cy D, their projections will be parallel to OA, OBy 
OCy OD, Hence the proposition is proved. 

Cor, 4. — Parallel lines are projected into concurrent lines. 

For the projection of Zr + /«y + « = o is a{lx + my) 
+ « (r + jr) = o ; if « be variable {Ix + my + n) =: o denotes a 
system of parallel lines, and its projection a{lx + my) + n{c+x) 
a concurrent system. 

164. A curve of the second degree is projected into another curve 
of the second degree. 

For, making the substitutions (600) in an equation of any 
degree, and clearing of fractions, we get an equation of the 
same degree. 

Cor, I . — The projection of a tangent to a conic is a tan- 
gent to its projection. 

Cor, 2. — ^The relations of pole and polar are unaltered by 
projection. 

Cor, 3. — A system of concentric circles is projected into a system 
of conies having double contact with each other, 

T 
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For, let x^ +y = r* be one of the circles : by varying r 
we get a concentric system ; and making the substitu- 
tions (600), we get a (x^ +y^) = r^(c + xf, which, when r 
varies, denotes a system of conies having double contact 
with each other. 

165. Any straight line can he projected to infinity , and at the 
same time any two angles into given angles. 

Let //' be the line to be projected to 
infinity ; RPSy TQ V the angles to be pro- 
jected into given angles ; say, for example, 
into right angles. Let //' meet the legs of 
the angles in the pairs of points R, S\ Ty V. 
Upon RS, TV describe semicircles, inter- 
secting in O. Then O will be the required 
centre of projection, and we can take any 
line parallel to //' for the base line BB*. 

If the circles do not intersect, the point 
O will be imaginary, in which case imagi- 
nary lines in one figure will be projected 
into real lines in the other. Thus confocal conies, being 
inscribed in an imaginary quadrilateral, will be projected 
into conies inscribed in a real quadrilateral. 

The substitutions for this case are, for x^ y, respectively. 




ax 
c + x^ 



ayv- I 

c + X 



In this manner we get for the four imaginary lines (598), the 
four real lines h(c + x) ± ax ± ay = 0, which are the four 
sides of the quadrilateral circumscribed to the projection of 
confocals. 

1 66. A system of coaxal circles is projected into a system of 
conies passing through four points. 

Bern. — Let ^ +y + zkx - ^* = o be a circle, which, by 
giving k different values, will represent a coaxal system. 
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Then, making the substitutions (600), we get, after clearing 
of factors, 

c^x^ + c^y^ - d'^ic ^ xf + zkax {c -\- x) = o, 

or, say, S + zkLM = o. 

Hence the proposition is proved. 

This may be shown otherwise, thus : a coaxal system of 
circles have common the two circular points at infinity, and 
the two points where they meet the radical axis, and the 
projections of these points will be common to the projec- 
tions of the circles. 

167. Any conic S can be projected into a circle having for its 
<:entre the projection of any point P in the 
plane of the conic, 

Dem. — Let //' be the polar of P with 
respect to .S"; then take this for the 
injinite line (Art. 162), and let Qy R\ 
Q', R' be pairs of conjugate points upon 
it with respect to S; upon QR, QR 
describe semicircles, intersecting in O, 
Now taking O for the centre of projec- 
tion, and any line parallel to //' for the 
base line (Art. 162), the lines 'jPC Pi? 
will be projected into lines parallel to 
OQy OR ; that is, into rectangular lines. 
Similarly PQ^ PR will be projected into another pair of 
rectangular lines. Hence the projection of S will be a 
conic, having two pairs of rectangular conjugate lines inter- 
secting in the projection of P. In other words, it will be 
a circle, having the projection of P for centre. 

168. The pencil formed hy the two legs of a given angle ^ and 
the imaginary lines through its vertex to the circular points at 
infinity^ has a given anharmonic ratio* 

T2 
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Dem. — Let the given angle be that formed by the axes 
of co-ordinates, namely, co. Then the equation of a point 
circle at the origin is x^-\-y^-zxy cos w = o ; and the factors 
of this, viz., X - e*^ '^y = 0, x- e-^''-^ y = o, are the lines 
from the origin to the circular points at infinity. The an- 
harmonic ratio of the pencil, formed by these lines and the 
axes, is e^^'^-^, and is therefore given. Hence the proposi- 
tion is proved. 

Cor. — If the axes be rectangular the pencil formed by 
them, and the lines to the circular points at infinity, is a 
harmonic pencil. For, putting 

- for CO, ^^"^-^ = - I. 
2 



Examples. 

1. Any quadrilateral can be projected into a square. For the third 
diagonal (Art. 165) may be projected to iniimty, and the remaining dia- 
gonals and a pair of adjacent sides into pairs of rectangular lines. 

2. The diagonal triangle of a quadrilateral is self-conjugate "with respect 
to any inconic of the quadrilateral. For projecting the quadrilateral into 
a square, the intersection of the diagonals of the square will evidently be 
the centre of the inconic of the square, and will be the pole of the line at 
infinity with respect to that conic. Hence any diagonal of the quadri- 
lateral is the polar of the intersection of the other two. 

3. If four chords of a conic be tangents to an inscribed conic (having 
double contact), the anharmonic ratio! of the points of contact is equal to 
that of one set of extremities of the chords of the outer conic. For the 
conies may be projected into concentric circles, and the proposition is 
evident. 

4. Any line passing through a given point in the plane of a conic is cut 
harmonically by the conic and the polar of the point. For the conic can 
be projected into a circle and the point into its centre (Art. 167). 

5. Any chord of a conic touching an^inscribed conic is cut harmonically 
at the point of contact, and at the point where it meets the chord of con- 
tact of the two conies* 
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6. If two pairs of opposite sides of a hexagon inscribed in a circle be 
parallel, it is easy to prove that the third pair of opposite sides are paralleL 
Hence the three pairs of opposite sides intersect on the line at infinity ; 
and, projecting this, we have a proof of Pascal's Theorem for any 
conic. 

7. Two tangents to any circle [are cnt homographically by any variable 
tangent. For it is easy to see that the pencil formed by joining four 
points on one tangent to the centre of the circle is equal to the pencil 
formed by joining their corresponding points to the centre. Hence, by 
projection, we see that any two fixed tangents to a conic^are cut homo- 
^aphically by a variable tangent. 

8. If two triangles be such that the intersections of corresponding sides 
■are collinear, the joins of corresponding vertices are concurrent. For, 
projecting the line of collinearity to infinity, the triangles will be homo- 
thetic. 

9. If a system of chords of a conic pass through a fixed pomt P, their 
extremities divide the conic homographically. Project the conic into a 
circle, having the projection oi P for its centre, and the proposition is 
evident. 

10. Any two conies can be projected into circles. For, project one 
of them into a circle, and one of their common chords to infinity, then 
the projection of the other will pass through the circular points at 
infinity, and therefore it will be a circle. 

11. Any two conies can be projected into concentric conies. 

12. If a system of conies pass through four points, they cut any trans* 
versal in involution. 

For the conies can be projected into coaxal circles. 

13. If two conies be inscribed in a quadrilateral, their eight points of 
contact lie on a conic. 

Project the quadrilateral into a square, and the proposition is evident* 

14-17. What properties of conies are obtained from the following by 
projection ? — If a variable conic pass through four fixed points, the locus 
of its centre is a conic passing through the middle points of the joins 
of the four points. 

15. If a chord of a given circle pass through a fixed point, the locns of 
its middle point is a circle. 

16. If a variable conic be inscribed in a given quadrilateral, the loons of 
its centre is a right line bisecting the diagonals of the quadrilateral. 
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17. The locus of the point, where parallel chords of a given conic 
are cut in a given ratio, is a conic having double contact with the given 
conic. 

18. If two triangles ABC, A'B'C be self- conjugate with respect ta 
a conic, their six angular points lie on another conic. 

Project the conic into a circle and the line BC to infinity; then A^ the 
pole of BC^ will be the centre of the circle ; and if, taking the projections 
of ABy AC SiS axes, xy, x"y"y x"'y" be the co-ordinates of the pro- 
jections of A\ B'y C'y respectively, the equation of a hyperbola passing 
through the projections of A\ B'y C, and having its asymptotes parallel 
to the axes, is — 



^> 


x> 


yy 


I, 


xy, 
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X'y 


y\ 


I, 


x"y\ 


x'\ 


y\ 


I, 


X y y 


X"'y 


y", 


I 



= o. 



This hyperbola passes through the projections of the six points. Hence 
the proposition is proved. 

19. In the same case the six lines forming the sides of the two triangles 
are tangents to a conic. 

Project, as in Ex. 18, and it is easy to see that the projections are tan-^ 
gents to a parabola. 

169. The projections of focal properties are always imagi- 
nary. For the imaginary tangents from a focus are projected 
into real tangents, and the imaginary circular points at in- 
finity, and the antifoci into real points. It will be seen that 
all these results follow from the projections of the four lines 
%\Tih±x ±y^ - I, forming an imaginary circumscribed qua- 
drilateral to a conic, into four real lines. 

Examples. 

I. If a variable circle touch two fixed lines, the chords of contact are 
parallel. Hence, by projection, if a variable conic touch two fixed lines, 
and pass through two fixed points J, «/, the chords of contact are con- 
current. 

2. If a variable circle touch two fixed lines, the locus of its centre is a 
light line. Hence, if a variable conic touch [two fixed lines, and pass 



Theory of Projection, 2'jg 

through two fixed points J, /, the locus of the pole of the chord IJ 
is a right line. 

3. If a variable circle pass through a given point and touch a given 
line, the locus of its centre is a parabola, having the given point as focus. 
Hence, tf a circumconic of a given triangle touch a given line, the loci of 
the poles of the sides of the triangle are conies inscribed in it, 

4. Two lines through the focus of a conic are cut by pairs of tangents 
parallel to them in four concyclic points. 

5. The circumcircle of the triangle formed by three tangents to a para- 
bola passes through the focus* Hence the vertices of two circumtriangles 
of a conic lie on a conic, 

6. If a circumtriangle to a given circle have two sides fixed, and the 
third variable, the envelope of its circumcircle is a circle. Hence, if a 
circumtriangle of a given conic have two sides fixed, and the third variable, 
the envelope of a conic passing through two fixed points /, /of the former 
conic, and through the vertices of the triangle, is a conic passing through 
the two points /, /. (Prof. J. Purser.) 

7. The locus of the centre of a circle touching two given circles is a 
conic section, having the centres of the given circles as foci. Hence, if a 
variable conic passing through two given points /, J touch two given conies 
also passing through J, /, the locus of the pole of the chord // with 
respect to it is a conic inscribed in the quadrilateral formed by the tan- 
gents to the fixed conies at the points J, J, 

170* In projecting a locus described by the vertex of a 
constant angle, we consider the pencil formed by its legs 
and the lines from the vertex to the circular points at in- 
finity; and it follows, from Art. 168, that we get a constant 
pencil. Again, if the sum or difference of angles be given, 
we get, by projection, pencils the product or quotient of 
whose anharmonic ratios is constant. This projection is 
always imaginary. 
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Examples. 

1. The angle contained in the same segment of a circle is constant. 
Hence the anharmofdc ratio of the pencil formed by lines drawn from any 
variable point to four fixed points of a conic is constant. 

2. If two tangents to a conic be perpendicular to each other they inter- 
sect on the director circle. Hence the locus of the point of intersection 
of tangents to a conic which divide a given line IJ harmonically is a conic 
through the points J, /, and the envelope of the chord of contact is a conic 
which touches the tangents to the original conic from J, /. 

3. If two tangents to a parabola be at right angles, they intersect on 
the directrix. Hence the locus of the point of intersection of tangents to 
a conic which divide harmonically a given line // touching the conic is a 
right line. 

4. If from any point on a circle two lines be drawn forming a given 
angle, the chord joining their other extremities touches a concentric circle. 
Hence if J, / be two fixed points on a conic ; Py Q two variable points, 
such that the anharmonic ratio of the four points P, Q, /, J is constant, 
the envelope of PQ is a conic. 

5. Project the following properties : — 

If two tangents to a parabola include a given angle, the locus of their 
intersection is a conic. 

6. If two circles be such that a quadrilateral can be inscribed in one 
and circumscribed to another, the chords of contact intersect at right 
angles. 

7. Confocal conies intersect at right angles. 

8. If two tangents, one to each of two confocals, lie at right angles, the 
locus of their intersection is a circle. 

9. The circle described about a self-conjugate triangle to another circle 
cuts it orthogonally. 

10. If a variable chord of a conic subtend a right angle at a fixed point 
not on the cocic, the envelope of the chord is a conic. 

11. If a variable line, whose extremities rest on the circumferences of 
two given concentric circles, subtend a right angle at any given fixed 
point, the locus of its centre is a circle. 
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Section VI. — Sections of a Cone. 

171. A cone of the second degree is the surface generated by 
a variable line passing through the circumference of a fixed 
circle called the base^ and through a fixed point not in the 
plane of the circle. The generating line, in any of its posi- 
tions, is called an edge of the cone, the fixed point its vertex^ 
and the line joining the vertex to the centre of the base the 
axis of the cone. 

The line generating the cone being produced indefinitely both ways, it 
is evident that the complete surface consists of two sheets united at the 
vertex, and the whole is considered only as one cone, of which the vertex 
is a node or double point. 

When the axis of the surface is at right angles to the plane 
of the base, it is called a right cone, in other cases it is 
oblique. 

In the following propositions a plane through the axis, 
perpendicular to the plane of the base, will be the plane 
of referencey and the sections of the cone will be understood 
to be those made by planes at right angles to the fplane 
of reference. 

172. Sections of a cone made by parallel planes are similar. 

This is evident, for the sections are homothetic with re- 
spect to the vertex. 

Cor. I. — ^Any line drawn through the vertex will meet the 
planes of two parallel sections in homologous points with 
respect to those sections. 

Cor. 2. — ^The sections made by planes parallel to the base 
are circles. 

Def. — A section whose plane intersects the plane of reference in 
a line antiparallel to the diameter of the base is called a sub- 
contrary section. 
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173. If an oblique cone ABC he cut by a plane ELF in a 
subcontrary position^ the section will be a circle, 

Dem. — Through any point R 
in EF draw a plane HLK par- 
allel to the base. Then, since 
the planes ELF, HLK are both 
normal to the plane ABCy their 
common section {Euc.y xi. xix.), 
i?Z, is normal to it. Hence (jF^^., B 

iiUxsxv,)RL^= HR.RjI., But, 

from the hypothesis, tne four points Hy E, K, F are con- 
cyclic. Hence ER . RF^HR . RE ; therefore ER . RF^ RL". 
Hence the section ELF is a circle. 

Cor, I. — Any sphere passing through the base of a cone 
will cut the cone again in a subcontrary section. 

Cor, 2. — If a sphere be described about a cone, its tan- 
gent plane at the vertex is parallel to the plane of sub- 
contrary section. 

174. Any section of an oblique cone which is not subcontrary 
is either a parabola^ an ellipse^ or a 
hyperbola, 

1°. Let the section be parallel to an 
edge of the cone. 

Let AN be the intersection of 
the section with the plane of refe- 
rence. Then, since AN is parallel 
to the edge CD, and NE parallel 
to the diameter of the base, the 
triangle ANE is given in species. 
Hence the ratio of AN\ NE is given ; and since AD is equal 
to FN, the ratio of the rectangle AD, AN; FN. NE is given ; 
but FN. NE= NF^, Hence the ratio AD, AN: PN^ is given ; 
therefore PN^ varies as AN Hence the section is a parabola. 

Cor.— If the point Q be taken in CD, such that DC , DQ 
= DA^, then DQ = latus rectum of the section. 
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2°. Let the section cut all the edges of one sheet of the cone. 

Let ^, -5be the vertices of the 
section. Draw any section EF 
parallel to the base, intersecting 
the former in the points P, P'. 
Then, since the planes APB, 
EPF are both normal to the 
plane of reference, their common 
section is normal to it ; hence 
NP is perpendicular to EF. 
Therefore PN^ = EN.NF, 

Again, from the pairs of similar triangles BAGy BNF\ 
ABD, ANE, we get 

AB" : AG.BD : : AN. NB : EN. NF or PN^. 

Hence the ratio AN .NB : PN'^ is given, and therefore the 
locus of P is an ellipse. 

3°. Let the plane of section meet both sheets of the cone. 
The section in this case will be a hyperbola. The proof 
is, with slight modification, the same as 2°. 




Examples. 



1. The square of the conjugate diameter is equal to the rectangle 
contained by the diameter of the sections through A^ B, parallel to 
the base. 

2. The orthogonal projection of the section APB on the base of the 
cone is a conic having a focus at the centre of the base. 

3. If the section of a cone by a plane be a hyperbola ; prove that the 
asymptotes are parallel to the edges in -which the cone is cut by a plane 

parallel to the section. (Make use of Art. 172.) 

4. If AB be the diameter of the section of a right cone ; C the vertex ; 
Fy F the points of contact of inscribed circle ; and the escribed circle of 
the triangle ABC^ touching AC^ BC produced ; F, F' are the foci of the 
section. 
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Dem. — ^Through Ay B draw planes parallel to the base of the cone ; 
then, denoting BC, AC, as in Trigo- 
nometry, by a, & ; the diameters of the 
sections made by these planes are, 
respectively, 2^ sin ^ C, 2a sin \ C, 
Hence the square of the conjugate dia- 
meter of the section, whose transverse 
is ABy is (Ex. i), 406 sin^ \ 6*, or 
^2 _ (flf _ j)a ^ JIB'*' - FF*\ Hence 

FyF* are the foci. 

5. If P be any point in the circum- 
ference of the section ; prove CP—FPj 
and CP-^-F'Py are constants. 

6. If the polars of C, with respect to the circles in Ex. 4, meet AB pro- 
duced in Z, L* ; prove that the normals to the plane of reference, at the 
points Z, L\ are the directrices of the section. 

7. The latus rectum of the section is equal to twice the perpendicular 
from the vertex on the plane, multiplied by the tangent of half the vertical 
angle. 

8. If the section be a h3^erbola, state the theorem corresponding to 
that of Ex. 4. 

9. If P be any point in the circumference of the section ; prove that the 
right cone, having F'P, PF^ PC as edges, has the tangent at P to the 
-curve for its axis. 

10. The locus of the vertex of all right cones, out of which a given 
ellipse can be cut, is a hyperbola, passing through the foci of the 
ellipse. 

1 1. If through the vertex of an oblique cone standing on a circular base 
a plane be drawn perpendicular to one of its edges, this plane wiU ctit 
the base in a line whose envelope is a conic, having the foot of the perpen- 
dicular from the vertex on the base as focus. 
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Section VII. — ^Theory of Homographic Division. 

175. If O be the origin, and the abscissae OAy OB the 
roots of the p a 6 B D 

equation ' ' • 

aA:*+2^ + ^ = o, and OC, OZ) the roots of ^A:*+2A'^+y = o; 
then, if C, D be harmonic conjugates to ^4, ^, 

aV + a'^ - zhh' = o. (602) 

Bern. — If the abscissa of C be a/, its polar, with respect to 
ao^ + zhx + 3, is axx! + A(Ar + ji/) + 3 = o; and the points 
whose abscissae are Xy of will be harmonic conjugates with 
respect to Ay By and therefore Xy xf will be the roots of 
a*x^ + ^h!x + 3' = o. Hence 

X T X — . , XX — J , 

a' a 

and, substituting in «^y -v h{x ■\- xf^->rh-Oy we get 

a3' + Jh - 2AA' = o. 
Cor, I. — The pair of points denoted by 

Axxf + ^(;«r + y)+C = o 
are harmonic conjugates to the pair 

Ao^ + zBx + C = o. 
Cor. 2. — If the pair of points ao^ + ^hx + 3 = o be har- 
monic conjugates to 

U^a!x^^%h*x\V = and to V^a"o^ ^zh'^x \h" = 0y 

they are also harmonic conjugates to Z7+^F=o. 

C(?r. 3. — If the pair of lines ax^ + zhxy + 3y* = o be har- 
monic conjugates to the line a'x^ + %h*xy + Vy = o, then 
ab' + a!h - 2AA' = o. 

Cor, 4. — The line pairs 

U^ aj^ + zhxy + ^ = o, F^ a'o:* + ^h'xy + 3^ = o 
have the line pair 

{ah' - dh) x" + {aJ/ - a'b) xy + {hb' - A'3)y = o 

as harmonic conjugates. For each of the former line pairs 
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fulfil with this the condition of harmonicism. The last 
equation may be written 

dU dV dU dV 



dx^ dy dy ' dx 



= o. (603) 



Cor, 5. — If the line pairs 17= o, V= o, be written in 
Aronhold's notation thus, 

(fliATi + a^2Y = o, (3i^i + b^x^y = o, 

the condition that they form a harmonic pencil is 

{a A - a^y = o, (604) 

where, as usual, ai a%y &c., have no meaning until the multi- 
plication is performed. 

176. If a^ = o, bg^ = o be the equations of two conies, it 
is required to find the locus of a point whence tangents to 
them form a harmonic pencil. Let x be the point ; then if 
y be a point on a tangent to a^ = o, the equation of a pair of 
tangents from y to a,^ = o is got by substituting the expres- 
sions 

for Xi, X2, Ag in the tangential equation A^ = o (Art. 158, 6°). 
Hence the pair of tangents is — 



Ai, A2, Az, 

^\9 •^2> -^S* 



= o; 



and putting ^3= o> the pair of points, where the tangents meet 

the third side of the triangle of reference, are given by the 

equation 

{(i4a^8 - A^2)yi + {A^xi - AiXz)y2Y = o ; 

where Ai, ^2, A^ have no meaning until the multiplication is 
performed. Similarly we get from the conic, b^ = o, 

{(^a^Ts - B^2)yi + {B^i - BiXz)y2Y= o. 
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Hence (Art, 175) the condition of harmonicism is — 



or, 



A'jiPCz 


— A^Xzf 


A^Xl — AlXiy 


B^Xz 


•^ B^%, 


B^Xi — BiXz 






^\t •^2> 


X39 


2 






Aif A2, 


Az, 


= 






Bi, Bzf 


B» 





= o; 



(605) 



Similarly, the envelope of X,, which cuts the conies aj^, h^ 
harmonically, is 

Xl> ^> ^Sj 












= o. 



(606) 



The two conies (605), (606) may be called, respectively, the 
point and line harmonic conies of a^ = o, 3^.^ = o. Their im- 
portance in the theory of a pair of conies was first noticed 
by Dr. Salmon. 

Cor. — The point and line harmonic conies of aiXi^ + a^Xz^ 
+ a^z^ = o, and ^iATi' + ^2^2^ + ^3^3* = o are, respectively, 

aibi {ajfz + ajb^ x^ + ^2^2 (^3^1 + « A) x^ + ^3^3 (^1^2 + ^2^1) x^ = o, 

(607) 
and 

(«A + ^3^2) V + («3^i + ^A) V + («i^2 + aJ>i) V = o. (608) 

i^]. If two series of points on the same or on different lines 
have a I to I correspondence ; that is, if to a point of either series 
correspond one, and only one, point of the other, they divide the 
lines homographically. 

Dem. — From the hypothesis, it is evident that the dis- 
tances X, x' of corresponding points from two fixed points 
must be connected by an equation of the form 

Axxf + Bx+ Cod + Z? = o. 
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Now, giving x any four arbitrary values ^i, a^^ az, ai; and to 
x' the four corresponding values 

Aa,+ C Aa^+C ^^'' 

got from Axx^ + Bx + Cx' + D = o; we see that the an- 
harmonic ratio 

of the four points ai, a2, Cz, Ui, is equal to that of the four 
corresponding points. Hence the proposition is proved. 
In like manner two pencils with the same or different vertices^ and 
which have a \ to \ correspondence^ are homographic. 

Examples. 

1. A variable tangent to a conic cats two fixed tangents homographi- 
cally. For the points of section have a i to i correspondence. 

2. Two series of rays connecting two fixed points of a conic to a variable 
point of the same curve are homographic. 

3. If S, S't S"y &c., be circumconics of a quadrilateral ABCD\ 
through Ay B draw two transversals, meeting the conies in the ranges 
of points tf, tf', a'\ &c. ; &, h\ b"y &c. These points have a i to i cor- 
respondence. Hence the conies divide the lines homographically. 

4. If two systems of points have a i to i correspondence, and if we 
take on each system the point which corresponds to infinity on the other, 
the distances of a pair of corresponding points from these new points have 
a constant rectangle. 

For, making x' infinite, we get :ir = — — ; and making x infinite, we 

B C B 

get ^ = — — . Hence, putting x — —, *' — -j for Xy x'y respectively, 

in Axx' + Bx + Cx' + /> = o, we get A^xx* = BC — AD, which proves 
the proposition. 

5. In forming two homographic systems of points, three points of each 
S3rstem can be taken arbitrarily. For if a, d, ^ be three points of the first 
system ; a*, b\ <f three points of the second system ; then if Xy x' be two 
variable points fulfilling the conditions of dividing the lines homographi- 
cally, we get 

{a-h){c-x)^{a-c)(b-x) = (a: -h')(c' -x')^(a: ■- c')(V - x% 

which, reduced, gives an equation of the form Axsd' + Bx + Cx' + Z> = o. 
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178. If two systems of points which have a i to i correspond 
dence he measured on the same line^ two points can he formedy 
each of which coincides with its conjugate. 

For, if in the equation Axod + Bx + Cx! + Z> = o we put 
x^ xfy we get a quadratic for determining of. 

Or, geometrically, if A, B, C be three points of one 
system ; A\ B\ C the corresponding points of the other, and 

O ABC A' B C 

~\ i i i i i i 

O a point which corresponds with its conjugate ; then the 
anharmonic ratios {OABC), {OA'B'C'\ being equal, we have 

OA.BC OA'. EC 
OB. AC" OB'.A'C 

OA OE AC.B'C 
Hence ^^. -^ = ^/^/ ^q = constant, say k\ 

Now OA . 0B\ OA' . OB are the squares of tangents drawn 
from O to circles described on AB*, A'B as diameters ; and 
since the ratio of these tangents is given, the locus of O is a 
circle, which will intersect the line OX in the two required 
points. 

Def. — The two points which coincide with their conjugates are 
called the double points of the homographic systems. 

If two triads of points A, B, C; A\ &, C\ be on a conic, 
the Pascal's line of the hexagon, 
which they form, will intersect the 
conic in the double points. For, 
joining AA\ it is evident that 
{A'. OABC) = {A . OA'B'C). 

The method of finding double 
points enables us to solve a num- 
ber of problems which would be 
otherwise very difficult. We give 
the following as an example : — * To inscribe in a conic sec- 
tion a polygon all whose sides pass through fixed points.' 

u 
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Solution. — Assume any point a at random on the conic for 
the vertex of the polygon, and form a polygon whose sides 
pass through the given points : the point a', where the last side 
meets the conic, will not in general coincide with a. If we 
make three such attempts, we get three pairs of points a, a' ; 
hy h'\ Cy d\ then a point O^ such that the anharmonic ratio 
{Oabc) = {pa'h'(f\ will be the vertex required. 

179. If two homographic systems on the same line be 
determined by the relation Axaf + Bx + Cod + D = o, the 
correspondents of a given point will be different, according 
as it is regarded as belonging to the first or second system. 
Thus the corespondent of the point, whose abscissa is a in 

Ba + D ... . ^ Ca + D 

one system, is — -: 77, and m the other system - ; 

Aa + C Aa + If 

and these in general are different, unless when B = C, and 

then they always coincide. Two systems fulfilling this 

condition are said to be in involution. Thus the systems 

determined by the equation Axxf -¥ B{x -{' xf^-^r D are in 

involution. 

Cor, I. — Three pairs of points, which are harmonic conju- 
gates to a given pair, form a system in involution. 
For any pair of points determined by the equation 

Ax:xf + B{x + ^) + Z? = o 

are harmonic conjugates to the pair of points Ao^ + iBx-^D, 

Cor. 2. — If three pairs of points be in involution, the an- 
harmonic ratio of any four points is equal to that of their 
four conjugates. 

Cor. 3. — If O, (y be harmonic conjugates to any numbers 
of pairs of points in involution, each pair will be inverse 
points with respect to the cirde described on 0(y as dia- 
meter. 

Def„— The points (9, (/ are called the double points of the 
involution, and their middle point its centre. 
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Examples. 

1. A system of conies passing through four points cuts any transversal 
in involution. 

2. A system of conies having a common self-conjugate triangle meets 
every transversal passing through any of its vertices in a system of points 
in involution. 



Section VIII. — ^Theory of Reciprocal Polars. 

1 80. We have already, in Art. 125, given some proposi- 
tions connected with reciprocal polars. We propose, in this 
section, to give a more systematic account of this method of 
transformation, so important in Modem Geometry. 

Def. — If any figure A he givetiy by taking the pole of evety 
line and the polar of every point in it with respect to any arbi' 
trary conic S, we construct a new figure B, which is called the 
polar reciprocal of A with respect to S. The conic S is called the 
reciprocating conic, 

i8i. From the definition, we have at once the following 
results : — 



,0 



A. 



I . For a point on. 

2°. A tangent to. 

3®. A system of collinear 
points on. 

4°. A pencil of concur- 
rent lines. 

5^. A pair of lines ho- 
mographically di- 
vided. 

6°. The join of two 
points. 

7°, The locus of a point. 

182. The following are a 
method : — 



B. 



1°. A tangent to. 

2°. A point on. 

3°. A pencil of concur- 
rent line&. 

4°. A system of collinear 
points. 

5°. Two pencils of homo- 
graphic lines. 

6°. The intersection of 
two lines. 

7°. The envelope of a 
line. 

few theorems proved by this 



m 
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Examples. 

1. Any two fixed tangents to a conic are cut homo graphically hy any 
variable tangent. 

Let AT, BT be two fixed tangents, 
touching the conic at the points A, B; 
CD any variable tangent touching it at 
P. Join AF,BP, Now ^i' is the polar 
of C, soidBP of Z>; and if -P take four 
different positions, the point C will take 
four corresponding positions, and so will 
I?, Then the anharmonic ratio of the 
four positions of C will be equal to the 
anharmonic ratio of the pencil from A to the four positions of P, Simi- 
larly, the anharmonic ratio of the four positions of D will be equal to the 
anharmonic ratio of the pencil from B to the same positions ofP; but the 
pencils from A and B are equal. Hence the enharmonic ratio of the four 
positions of C is equal to the anharmonic ratio of the corresponding posi- 
tions of Z>. 

From the theorem just proved it follows, that if two lines he divided 
equianharmonicaUy by four others, the six [lines are tangents to a conic. 
And, more generally, If two lines be divided homographically, the enve^ 
lope of the join of corresponding points is a conic, 

2, Any four fixed tangents to a conic are cut by a variable tangent in 
points whose anharmonic ratio is constant, 

Dem.. — The joins of the point of contact of the variable tangent to the 
points of contact of the fixed tangents are the polars of the points of inter- 
section of the variable tangent with the fixed ones ; but these form a con-- 
stant pencil. Hence the proposition is proved. 

^,Ifa hexagon he described about a conic, the joins of opposite angular 
points are concurrent. 

For the circumhexagon is the polar reciprocal of the inhexagon, and the 
joins of its opposite vertices are the polars of the intersection of opposite 
sides. Hence the proposition is the reciprocal of Pascal's Theorem. 

4. The three pairs of points, in which a' transversal meets* three drciun- 
conics of a quadrilateral, are in involution. 

5. The common tangent to any two of three circumconics of a quadri- 
lateral is cut harmonically by the third conic. Hence, if three conies 
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6y S'y S" be inscribed in a quadrilateral ; and if from P, a point of inter- 
section of S, S\ tangents be drawn to S", these form a harmonic pencil 
with the tangents at P to S, S\ 

6. From Ex. 2 it follows that the intercepts made on any variable tan- 
gent to a parabola made by three fixed tangents have a given ratio. 

7. The reciprocal of Ex. 2, Art. 179, is — ^pairs of tangents to a system of 
conies having a common self-conjugate triangle, drawn from any point in 
one of its sides, form a pencil in involution. 

8. The six sides of two inscribed triangles of a conic are such that any 
two are cut equianharmonically by the remaining four. Hence they touch 
another conic. 

Reciprocally, if two triangles circumscribe a conic, the six vertices lie 
on another conic. 

9. The locus of the pole of a given line, with respect to any circum- 
conic of a quadrilateral, is another conic. Hence the envelope of the polar 
of a given point, with respect to a conic inscribed in a quadrilateral, is 
a conic. 

183. When the reciprocating conic is a circle, its centre is 
called the centre of reciprocation. The following results 
will be evident from a diagram : — 

1°. The angle between any two lines is equal or supple- 
mental to the angle at the centre of reciprocation subtended 
by the join of their poles. 

2°. Since the nearer any line is to the centre of recipro- 
cation the more remote its pole, it is evident that the pole of 
any line passing through the centre must be at infinity, and 
in the direction perpendicular to the line through the centre. 
Hence it follows, siiice two real tangents can be drawn from 
any external point. C> to a conic, that the polar reciprocal of 
that conic with respect to O is a h3q)erbola. Similarly, the 
polar reciprocal of any conic with respect to any point on 
it is a parabola, and its polar reciprocal with respect to any 
internal point is an ellipse. 

3°. If a conic reciprocate into a hyperbola, the asymptotes 
of the hyperbola are perpendicular to the tangents drawn 
from the centre of reciprocation to the original curve. 
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4°. If a conic reciprocate into an equilateral hyperbola, the 
locus of the centre of reciprocation is the auxiliary circle. 

5°. The polar of the centre of reciprocation with respect 
to any conic will reciprocate into the centre of the reci-. 
procal conic. 

6°. If the original conic be a 
circle, its centre will recipro- 
cate into the directrix. 

184. If O be the centre of 
reciprocation ; ABC the tri- 
angle of reference for trilinear 
co-ordinates; A'B'C its reci- 
procal ; L the polar of any point 
P\ ^1, Ai, A3 perpendiculars from 
A'B'C* on L ; and ai, 02, 03 the 
trilinear co-ordinates of P; then (Sequel, Book III., Prop. 27), 
if OA'y 0B\ OC be denoted by pi, p^, ps, we have 

P 
Hence, if {a, b, c,/, g, A)(ai, oj, 03)2 = o be the equation of 

any conic, the equation of its reciprocal with respect to the 
circle O will be 

(a. 6, c, /, g, h)(^\ ^, ^\ = o. (609) 

\Pl P2 PZJ 

Again, if {A, B, C, F, G, £r){K K ^Y = be the tangen- 
tial equation of a conic, where Xi, Xj, A3 denote perpendicu- 
lars from the angles A\ B\ C of the triangle of reference 
on any tangent Z to the conic ; then if Xi, X2, x^ be the tri- 
linear co-ordinates of O with respect to the reciprocal tri- 
angle ABC, we have Xipi = r^, where r is the radius of 
reciprocation. Hence, eliminating pi between this equation 

and ^^-^^ 



we get 



Pi 
^'-OPx,' 
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and similar values for Xa ^' Hence the transformed equa- 
tion is — 

{A,B,C,F,G,HiX ^, -^Y=o. (610) 

\ X\ Xi X^ J 



Examples. 

1. The equation of the drcumcircle of the triangle of reference is — 

sin ^ sin ^ sin C 

+ + = o. 

a\ a2 03 

Now it is easy to see that the angles A, B, 6* of the old triangle of reference 
will be the supplements of the angles, which the sides of the new triangle 
of reference subtend at the centre of reciprocation. Hence, denoting these 
angles by 4^1 « 4^» ^3) respectively, the result of reciprocation gives the fol- 
lowing theorem : — Given a focus and a triangle circumscribed to a conic, 
its tangenticd equation is — 

sin^i.£3 + sini|/2. — + sin tf^a-— = o. (611) 

A.I A2 A.3 

2. If a polygon of any number of sides be inscribed in a circle, and if 
the angles which the sides subtend at any point in the circumference be 
denoted by tf/i, 4^, \)^, &c., we have (Art. 79), if 01 = o, 02 = o, as = o, 

&c., be the standard equations of its sides, 2 -^ = o. Hence, recipro- 

ai 

eating with respect to any point in the circumference, we get the following 
theorem : — If a polygon of any number of sides circumscribe a parabola, 
and if ^\y ^^y \)^, &*c,y be the angles subtended at its focus by the sides of 
the polygon Xi, X2» As, ^c, perpendiculars from the vertices on any tan-, 
gent pif p2, pz, 6f*c,f the distances of the angular points from the focus, 
then 

3 ^^!^^ = o. (612) 

A.1 

3. In equation (270), if we put sin^, sin^, sin C for a, d, c, the tan- 
gential equation of the' circumcircle of the triangle of reference may be 
written 

sin Ay/ \i-\- sin. B^ M + sin C y/hz = o. 

Hence, by the foregoing substitutions, being given a focus and three tan- 
gents, the equation of the conic is 

sinif^i /fL + sin4^2 /?!?. + sin if^ J ^ = o. (613) 
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4. If the focus be one of the Brocard points, viz., the point whose co- 
ordinates are — 

c a h 

V ? ~a' 

then the angles ^1, ^2» >h» which the sides subtend at that point, are the 
supplements of the angles C^ A, B^ respectively. Hence the equation 
of the Brocard ellipse, that is, the inscribed ellipse, whose foci are the 
Brocard points, is — 



>/¥Wt+J^=" ^'''^ 



5. If the angles of a polygon circumscribed to a circle be denoted by 
Ay Bf C, &c., and the perpendiculars from its angular points on any 
tangent to the circle by Ai, X2, &c., we have 



2 



(^)- 



Hence, if a polygon of any number of sides be inscribed in a conic ; and if 
x\y X2t ^s, &c., be the perpendiculars from one of its foci on the sides, 
and ^, 4^, &c., the angles subtended at that focus by the sides, we have 



(fLi^iiLi) =0. (6is) 



Section IX. — Invariants and Covariants. 

185. Def. I. — An invariant is a function of the coefficients of 
the equation of a curve expressed in point co-ordinates^ which 
remains unaltered hy linear transformation. 

Def. II. — A covariant is a function of both coefficients and 
variables f which is unaltered by linear transformation, 

Def. III. — If the equation of the curve be expressed in line 
cO'OrdinateSf the functions corresponding to invariants and co- 
variants are called contravariants. 

186. If 15"= o, aS*' = o be the equations of two conies, and 

if by linear transformation they become S, S^, it is evident 
that the conic iS" + ^.S"' = will become by the same trans- 
formation aS* + kS' = o. Hence, if k be determined so as to 
make *$* + kS* = o fulfil some special condition — such, for 
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instance, as to represent an equilateral hyperbola, or to touch 
a given line — the same value of k will make aS" + kS' = o fulfil 
the same condition. Now if in any function of the co- 
efficients expressing a special property of S we substitute 
a + ka\ h + kh\ &c., for a, 3, &c., the resulting equation in 
k will represent the same property for the conic -S* + kS! = o ; 
and since the value of k remains unaltered by transformation 
of co-ordinates, the ratios of the coefficients of the several 
powers of k will be unaltered by transformation of co-ordi- 
nates. Hence the ratios of the coefficients will be invariants. 

Examples. 

1. If5s(df,5,^,/,^,A)(a,i8,7)2«0, ^'3(a',*',^,/',/,A')(a./8, 7)^ = 0, 
it is required to find the value of k^ for which S + liS' — o represents an 
equilateral hyperbola. 

If «S = o represent an equilateral hyperbola, putting it into Cartesian 

co-ordinates, and equating to zero the sum of the coefficients of x^ and^, 

we get 

a + b + c — 2fQOsA — 2g cos-ff — 2h cos C= o. 

Hence the value of k, for which S + kS' = o represents an equilateral 
hyperbola, is obtained from the equation 

(a + * + ^ — 2/"cos A ~2g cos B—2h cos C) 

+ k{a' + *' + 1' - 2/' cos A - 2g' cosB- 2k' cos Q = o ; 

or, say, e + ^' » o ; eliminating k between this and S + kS' = o, we get 

0'S - SS' = o. (6i6) 

Cor, I. — In general, only one equilateral h)rperbola can be described 
through four points. 

Cor, 2,—JfS = o, S' = o denote equilateral hyperbolas, S+ kS'=o will 
be an equilateral hyperbola for every value of k. 

2, Find the value of k, for which the conic S + kS' = o will touch the 
line \ai = o. 

Let Ssax^ = o, S' sbx^ = o; then the condition that S touch a« is — 

Oil, 022* <*23» A2, 

<3=31, fl32> ^33> A.8, 

Al, \2, A3> O 
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and substituting an + kb\\^ a\i + >&&i2, &c., for an, ai2, &c., we get a 
result which may be written 

A^-irk{ (a2*8 - aa^) Ai + (as^i - ^1*3) M + («i ^2 - aa^i) A3 } ' + ^-^a' = O ? 
or, denoting the middle term by ^, 

A^^-^rh^-^J^B^^o. (617) 

^i?r. I. — ^Two conies of the pencil S + hS' — o touch X2 = o. 

For the equation (617) in k is of the second degree. The equation 
of these conies is got by eliminating k between the equation (617) and 
S^kS' ^ o. 

Cor, 2. — By supposing \» — o to be the line at infinity, we see that two 
conies of the pencil S •\- kS' — o denote parabolas. 

Cor, 3. — If the line X«=o pass through one of the points of intersection 
of Sf S\ it is evident only one conic can be drawn to touch Xjr, and the 
two values of k in equation (617) will be equal. Hence the discriminant 
of that equation is the condition that Xx will pass through one of the four 
points of intersection of the conies Sy S\ or, in other words, the tangential 
equation of the four points of intersection of the conies 

ax* = o, ^,2 = is /^^.B^''<l>2 = o. (618) 

Cor. 4. — ^The locus of the pole of A« = o, with respect to all the" conies 
of the pencil S + kS' = 0, is a conic. 

For since two conies of the pencil touch x«, the locus will meet A.« = o 
in two points. Hence the locus is a conic. 

3. Find the value of k, for which a,^ + >&(A,)* represents two right lines. 
The discriminant is — 

«il + ^Ai', an + ^AiA2, ai3 + ^AiAs, 

021 + ^A2Al, ^22 + ^A2'> ^23 + ^A2AS) = O ', 

J aai + ^AsAiy ^32 + ^A3A2, a33 + ^As' 

or, denoting the discriminant of a,* = o by A, 

A + kAj^^ = o ; 

eliminating k between this and the equation aj^ + ^ (A«)^ we get the 

equation of the pair of tangents drawn to ax^, at the points where it meets 

A, = o, 

-4^2 . a.a - A (A*) = o. (619) 

Cor, — By supposing A» = o to be the line at infinity, we get the equa- 
tion of the asymptotes. (Compare Art. 105, Cor, 4.) 
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4. If A^ = o, Bh? = o be the tangential equations of two conies, it is 
required to detennine the value of k, in order that the conic Af^ + ^B^=^ o, 
which is inscribed in the quadrilateral formed by their four common tan- 
gents, may pass through the point whose equation x^^ - o. 

If the equations in point co-ordinates corresponding to A^ — o, B^ = o, 
be as? = 0, Ja,2 = o ; and A, A' denote their discriminants, the equation 
corresponding, to A^ + kB^ = o is 

Aa,2 -^hF^ 1?t:h;? = o. (620) 

Where ^ has the value in equation (605), and since this must pass through 
the point x^ = o, we have a quadratic to determine k. Hence two conies 
of the system A^ + kB^ = o will pass through the point ; if the point 
be on one of the four common tangents of A^ = o, B^ = o, the two 

conies will coincide ; and we infer, as in Ex. 2, that the equation of the 
four common tangents to the two conies a^ ■=■ o, h^ = o is 

F^ = 4AA' az^bxK (621) 

Cor. I. — ^The envelope of the polar of a given point with respect to 
a system of conies inscribed in a given quadrilateral is a conic. 

For, since the equation (620) is of the second degree, two conies of the 
system pass through the given point. Hence two tangents to the enve- 
lope can be drawn through it. Therefore the envelope is a conic. 

187. Three comes of the pencil S + kS' = o represent line- 
pairs, 

Dem. — Let S = a^- o, S' = b^ =^ o ; then the discriminant 
of S.+ kS' is— 

an + kbii, ai2 + kdn, a^ + kb^ 

^21 + kbiif a^i + kba, . ^23 + kd2z 

an + kbzi, asi + kb^, a^ + kb^s 

or A + ©^ + 0'^ + A'^3, where A, A' are the discriminants of 
az\ b„\ respectively, and = Ab^, 0' a B^^. Hence the con- 
dition required is 

A 4. 0y& + &k^ + A'>&» = o ; (622) 

giving three values for k, which proves the proposition- 
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Cor. — By eliminating k between S + kS' = o and the equa- 
tion (622), we get the equation of the three line-pairs, viz. — 

A^" - ®S'^S + WSS" - A'i"' = o. (623) 

188. The equation (622) is called the invariant equation of 
the pencil of conies *$* + kS' = o. It will be found that every 
relation which is independent of the axes can be expressed 
in terms of its coefficients. We shall now examine the geo- 
metrical interpretation of the vanishing of some of these 
coefficients. 

1°. If A' = o, the equation (622) reduces to a quadratic : 
this happens when one of the conies S, S' denotes a line- 
pair. 

Examples. 

I. Find the equation of the bisectors of the angles of the line-pair 
<Mp' + 2hxy + by^ = o, the axes being oblique. The equation ^ + ^^ 
+ 2xy cos a— r* = o represents a circle. Hence the quadratic in ky which 
is the discriminant of 

ax^ + 2hxy ^by^-^k {x^ +^' + 2^ cos « - f«) = o, 
or of 

(a + k)x^ + (ft + k)y^ + 2 (A + >& coso») xy - kr^ = o, 

will evidently give us two line-pairs, which, from the property of the circle, 
will be such that each pair denotes parallel lines, and such that one pair is 
perpendicular to the other. Now, make r = o in the equation of the 
circle, and each line-pair becomes a perfect square ; hence, making r = o, 
the discriminant of 

{a + k)x'^ + (ft + k)y^ + 2(A + i& cos «) ^ 

is (a + >&)(ft + ^) - (A + y&cos«)* = o; 

and, eliminating k between these equations, we get 

( (a cos « - /f)^ + (a - b)xy + (A - ft cos o»)jk'}* = o. (624) 

Hence the equation of the bisectors is 

(a cos w - h) x"^ + {a - b)xy ■{■ {h — b cos w)y^ = o. 

The same result may be obtained by differentiating the equation 

{a + k)x^ + (ft + k)y^ + 2 (A + >& cos «)xy 
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with respect to x and y, respectively, and eliminating k between the 
differentials. 

2. "When A' = o. If the quadratic A + e^ + 0'^^ = o, to which the in- 
variant equation reduces, has equal roots, only one line-pair distinct from 
S' can be drawn through the intersection of ^S* and S\ This can happen 
only when S touches one of the lines of «S', as is evident from a figure. 
Hence the condition that S touch one of the lines of S' is, 

©* = 4Ae'. (625) 

2°. When © = o. 

The full value of for the equations 

{a, 3, ^,/, g, h){a, P, y)2= o, {a\ b\ ^,f\g', h'){a, A yf = 0, 
is {be -P) a! + {ca - ^) 3' + {ab - A») ^ + 2 {gh - af)f 

+ 2(A-^^)/ + ^{fg-ch)h! = 0. (626) 

Hence, if a', b', ^, /, g^ A, each separately vanishes, 
vanishes ; that is, if the equations of the two conies be of 
the forms 

aa^-^-bp^^-cf^ o, fPy 4- g'ya + h'a^ = o ; 

or, in other words, © vanishes when S' is a conic described 
about a triangle which is self-conjugate with respect to S. Again, 
% vanishes : if/', ^, h\ be -/*, ca - ^, ab- A*, each vanish, 
which will happen, if the equations of the conies can be writ- 
ten in the forms 



v/ /a + v^ f»j8 + -/ «y = o, a V + b'p^^ + ^/ = o ; 

that is, if S can be inscribed in a triangle^ which is self-conjugate 
with respect to S\ 

Similar results may be inferred from the vanishing of &, 
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Examples. 



I. If four equilateral hyperbolas have a common point, and be connected 
with the conic S' by the relation e = o, the points of intersection of any 
pair and those of the remaining pair lie on an equilateral hyperbola. 

(Prof. Curtis, s.j.) 

For, taking the common point as origin of co-ordinates, and the four 
h3rperbolas as S\y Sz, S^, Si, where 

Ssai (^2 «y) + 2hi (xy) + 2gix + ifiy = o, Si ^02 (x^ -y^) + &c., 
we have from the given conditions four equations of the form 

therefore, 



.= o. 



fll, 


hi, 


^i» 


/i, 


a%. 


hi, 


^2/ 


A 


azy 


hz, 


^s» 


A 


ai. 


A4, 


^4» 


A 



Hence, multiplying the first column by x^ —y^, the second by 2xy, the 
third by 2Xf the fourth by ly, and adding the other columns to the first, 
we get — 



= 0; 



Si, 


hi. 


gu 


/i. 


Si, 


hi. 


gi> 


A 


s„ 


A3, 


g^ 


A 


Si, 


hi. 


gi> 


A 



or, as it may be written, ISi - mSi + nSz—pSi s o. Therefore the 
equilateral hyperbola ISi — mSi = o, passing through the intersection of 
Si, Si, is identical with the equilateral hyperbola pSi — nSz = o, passing 
through the intersection of Sz, Si, 

2. If two conies ^^i. Si be homothetic, and connected with S' by the 
relation e', their common chord passes through the centre of S\ (Ibid.) 

From the hypothesis, we have 

di hi b\ 
Oi hi bi' 



and 



aiA' + ihiJT + biB' + ifiF' + 2giG + ciC = o ; 
a%A' + 2hiH* + biff + 2/V^ + 2giC^ + aC = o ; 
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therefore 2 (fxa% -f%a^ "37 + 2 [gxai - g^a^) — + cyOi -cjflx^o ; 
K f G' F' 

are the co-ordinates of the centre of «S'. Hence the proposition is proved. 

3. If a variable conic S be connected with four fixed conies Si, S2, Sz, Si 
by the relation 0* = o, the locus of its centre is a right line. (Ibid.) 

From the hypothesis, we have four relations of the form 
A B^ H^ IzF ^ 2G \ 

Ay-'.' A B H 

andehmmatmg ^, -, — , 

F G 
we get a linear relation between ~, — , 

which are the co-ordinates of the centre of ^S*. 

Cor, I. — If S\, S2, &c., break up into line-pairs, we have the theorem 
that the locus of the centre of a conic, which has four given pairs of con- 
jugate lines, is a right line. 

Cor. 2. — ^If Sly S2y &c., become perfect squares, they must be the 
squares of lines touching S, Hence the locus of the centre of a conic 
inscribed in a given quadrilateral is a right line. 

189. — Examples of Invariants. 

1. Calculate the invariant equation for the conies 

Ans. {k + «)(>& + b){k + c). (627) 

2. Calculate the invariant equation for the conic 

and the circle (x - xff + {y -y'Y = r*. 

Hence e = -rrr (x'^ +y2 _ ^2 _ ^8 _ ^j . and, therefore, if e vanish, 
d o* 

x^ +y^ = a* + d* + f*. Hence we have the theorem that a circumcirde 
of a triangle self-conjugate with respect to a central conic cuts its director 
circle orthogonally. (Fau&b.) 

3. Calculate the invariants (or the conies 

Vo + Vi8+/7 = o and 2/)37 + 2gya + 2*0)8 = o. 
Ans. A = -4, e = 4(/+^+A), ©' = -(/+^+A)2, A' = 2/gk. 

Hence ©2 = ^ab' ; (629) 
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which is therefore 4- ^ ^^, ^'^'^''''f^T 

conic, and circumscnbed t """*'-' (Cayley.; 

4. If a variable triangle^. *^*J^^ ^ ^^^ ,^^c be circumscribed to 

another, it is self-conjugate V" ^^^-^^t to a fixed conic. 

^"^ ^P«<^^ ^° ^ ^ ROBERTS.) 

For, forming the equation of the comCv i^ which is the locus of points 
whence tangents to the conies S^ S' (Ex. 3)S^^^JJJ^ ^ harmonic pencil, we 
have 

^= 4(/+ ^ + A)(/^7 + ^« + Aa/3) - 4te'Aa2'^A/)3« +/i7') = ^' 

it is evident that gha^-\- h/0^ +/iy^ is expressible in th^^^nn zF— ^^^ ^*^ 
which proves the proposition. 

5. Calculate the invariants for the Brocard circle 

abc (o« + iS* + 72) - {a^fiy + If^ya + c^afi) =0; 
and the Brocard ellipse 

where a, J, ^ denote the lengths of the sides of the triangle of refereWTf c®' 

A'=-— (a« + ^ + c« _ 3a2&2£:2). 
4 

In terms of these and of the radius of the circumcircle can be expre 

several metrical relations in the recent geometry of the triangle. 

if p, p' denote the radii of the Lemoine and Brocard circles, 




1 90. If the conies S, S' touch, it is evident from a diag 
that instead of three distinct line-pairs, passing through the 
intersection, we shall have only two : this will happen becaudLjjg 
one of the three line-pairs coincides with another. Henc^jL) 
the invariant equation (622) will have two equal roots. Thus 
the condition for the contact of two conies, called their Tact- 
Invariant, is the vanishing of tha discriminant of the equa- 
tion (622), viz., 

©^» + 1 8AA'00^ - 27A2A'* - 4(A0^ + A'0») = o. (63 1 




es 



le 
at 

lUS 
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T?ie Tact-invariant just written is the product 0/ six anhar- 
manic ratios. 

Bern. — Let the conies be referred to their common self- 
conjugate triangle; then their equations may be written 

aa? ■{■ hP^ ■{• cf = o, a* + ^3* + y* = o, 

and the cubic in k will be (Art. 189, Ex. i), 

{k ■\- a){k -v h){k ■\- c) = o. 

Again, if we denote by tf', ff\ ff"y the angles of the anhar- 
monic ratios (Chap. 11., Ex. 32), in which the sides of the 
triangle of reference are intersected by the two conies ; then, 
to determine ^', we must find the anharmonic ratio in which 
the side a = o is intersected by the two conies. After an easy 
calculation, we get 

Hence sm' ^ = - ^ — j— ^. 

^c 

Now, if we denote the roots of the invariant equation by 
Vy k!'y k!"y sluce thesc roots are -a, -h, -r, we have the 
following system of equations : — 

sin» ff =-(*"- k'J -r j^'k"', 
sin»r =-()&"'- il^)« ^^"k!. 



Hence the condition that the discriminant of ^S* + kS' = o 
vdll give two equal values of ^ is 

sin«tf'.sin«r.sin»r' = o; 

:x- and as sin'tf', &c., are each the product of two anharmonic 
i3L' ratios, the proposition is proved. 

191. To find the Tact-invariant of two conies S-L^ S-JIP, 
bothinscribedin the same conic Ss a* +p* + '^ = o. 



j' 
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^ If we write the equations in the forms 5*-Z=o, S^-M=o, 
iS*- Z + >&(*$"*- -^) = o denotes a conic passing through the 
two points, in which the common chord L ^ M meets the 
conies S •- L^i S-AP; and forming the discriminant of 
aS* - Z + ^(5"* - M), after clearing of radicals, we get 

(i -5")>^ + 2(1 -ie)/& + (i -5") = o, (632) 

where S', S" denote the powers of the poles of Z and M 
with respect to ^S", and R the power of the pole of Z with 
respect ioM. Now, since the equation (632) is of the second 
degree in k, two line-pairs can be drawn through the intersec- 
tion of the conies S -L^, S - 3P with the common chord 
L-M, each having double contact with S, as is geometrically 
evident. Hence the condition of contact of .S* - Z', S-Jtf 
is, that these line-pairs coincide ; that is, the vanishing of 
the discriminant of (632) with respect to k. Therefore the 
Tact-invariant of the conies is 

{1 - jiy - [1 - s'){i - s") = o. (633) 

We should have got the same result if we had worked with 
the equation 5*+ Z + k{S^ + Af) = o ; but if we had used the 
equation 5* t Z + ^(*S'* ± M), we should have got 

(,+ie)._(i_5')(,_5«) = o. (634) 

Hence there are two Tact-invariants. 

Cor, I .—If we put i - ^ = \/ (i -5')(i -^") cos 0, we 
get, denoting the roots of (632) by k^ ^21 

^""^=1; ' (63s) 

and if we had formed the discriminant of -S* t Z+ ^^(5** ± J/)= o, 
and denoted the roots of the resulting equation in k by J^, k^, 

we should get, putting i + i? » v^(i-5')(i -S") cos <^, 

Hence the Tact-invariants of the conies .S-Z', S^-JIP are 
equivalent to the equations ^ = 0,^ = 0. 
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Cor. 2. — If fl = -, T" = - i> aJ^d the pencil is harmonic 

which is formed of the lines Z, M and the chords of con- 
tact of the two line-pairs, which can be drawn to touch S 
through the intersection of Z-^ with 5*- Z*; hence, what 
corresponds, in the geometry of conies inscribed in a given 
conic, to two circles cutting orthogonally, are two conies 
whose angle & is right, we shall by an extension of the term 
say that the conies cut orthogonally. In general, to the angle 
of intersection of two conies corresponds the angle B of the 
conies. 



Examples. 

1. If 2, 2' be the tangential equations of «9, S\ the discriminant of 
:« + «' is 

A« + Me' + *»A'e + >6»A'». (636) 

2. If the conic «S" be the product of two lines, e = o is the condition 
that they should be conjugate with respect to «S ; for e = o is the condi- 
tion that a triangle self-conjugate with respect to ^Scan be inscribed in S'\ 
and when S' denotes a pair of lines, this implies that they must be conju- 
gate lines with respect to S, 

3. If 2, 2' be tangential equations, and if S' denote two points, 8' = o 
is the condition that their join should be cut harmonically by 2. Hence, 
if 2' represent the circular points at infinity, 8' = o is the condition that 
3 shall be an equilateral hyperbola. 

4. If a system of conies touch two rectangular lines OX, OK in two 
fixed points, the normals in these points intersect in a point P, Prove 
that the line joining the feet of the two other normals drawn firom P to 
each conic passes through a fixed point. 

5. If 8 s o, the centre of perspective of any triangle inscribed in iS% 
and its reciprocal with respect to Sy is a point on S\ (Salmon.) 

6. In the same case, the axis of perspective of any triangle drcum^- 
scribed to S^ and its reciprocal with respect to S\ is a tangent to S, 

(IbuL) 

7. The polar reciprocal of S with respect to <S' is 

eS'-F. (637) 

X 2 
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8. If the polar reciprocal of S with respect to S* be denoted by S" ; 
prove that the invariant angles (see Art. 190) are 29\ 20", 2B"\ 

9. The envelope of the line Aai cut harmonically by the conies S^ S 
(Art. 190), is 



m-'ivfy^^ 



'fW' I 



(638) 



10. Prove that the conic F^ which is the locus of points whence tangents 
to S, S' form a harmonic pencil, may be written in the form 

(Vl"' cos e') 01* + (VP cos r) 02» + ( VF"' COS e"') OS^ = o. (639) 



II. If the relation i - ^ - V(i - S') (i - S") be denoted by (12), &c. ; 
rove that the invariants of four conies inscribed in a given conic S, and 
tangential to a fifth conic, also inscribed in S, are connected by the rela- 
tion 

V (12) (34) ± V (23) (14) ± V (31) (24) = o. (640) 

This theorem was discovered by me in 1867, and published in my 
Bicircular Quartics, which was read before the Royal Irish Academy in 
that year. The following proof is due to Dr. Salmon : — 

Let the conic Shexi* + x^ + ^3*, and let Z be A«, M=^ /m^ &c. ; then 

then the Tact-Invariant S^ L\ S - M^ (see Art. 191) is (12). 

Now, let us multiply the two matrices, each containing five colunms and 
six rows — 



o, o, o, 



, Xi, Xa, Xs, V(i--S"), 
> Ml* M2, fHf V(i-«S"), 



, pu V2, n> V(i-^'"), 

, Pl> P2, P3, V(l-^4), 
, »1, TJ, TS, V(I-«S6), 



o, O, O, O, I, 

-I, Xi, Xa, X«, V(i-,S'), 
-I, Ml, A*2, A««, V(i.-^"), 



- I| f»l> P2, pS, V(l-^4), 

- I, Ti, »!, ITS, V(l-^5) 



The result must be equal zero, since there are more rows than 
colunms. 
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Hence 



o, I, 



VjTT^, o, 

VoTT^), (12), 

VfTT^, (13), 

V(T35i), (14), 

VfTT^, (IS), 



I, I, I, I, 



(")» (13), (14), (i5)» 

o, (23), (24), (25), 

(23)» o, (34), (35), 

(24). (34)» o, (45), 

(25)» (35), {45)» o 



o. 



A relation between the invariants of five conies inscribed in the same 
conic S, Suppose now that the conic (5) touches the other four, then 
(15), &c., vanish, and we have the theorem that the invariants of four 
circles, all inscribed in the same conic ^S", and tangential to the same fifth, 
are connected by the relation 



0, 


("). 


(13), 


(14), 


(«), 


0, 


(*3), 


(*4), 


(13). 


(«3), 


0, 


(34), 


(14). 


(24), 


(34), 






= 0. 



or 



V(i2) (34) ± V(i3) (24) ± V(i4) (23) = o. 



Cor. — This expressed in terms of the invariant angles 9, &c., is identical 
in form with the corresponding theorem for circles. 

12. If corresponding lines of two figures directly similar be conjugate to 
each other with respect to a given conic, the envelope of each line is a 
conic. 

13. In the same case, the join of the points, where each line touches its 
envelope, is a conic. 

14. If the two conies S^ — L, S^ — Mhe connected by the relation 
1—^ = 0, the pole of Z with respect to .9 is also the pole of Z — Afmth. 
respect to *S - M^, 

15. The equation of a conic touching the three conies «Si-Z, Si-^Jf, 

V(23) (Sk-L) ± V(3i) {Sk^M) ± V(i2) (5»-i\0 = o)- 

{Proc, R. I. A., 1866.) 

Dem. — From equation (632) we see, taking >& = o, that the discrimi- 
nant of iSA — Z is I - S\ Hence, when «Si - Z = o denote sone of a 
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line-pair, the Tact-invariant oi S^ — L and S^ — M redaces to R^i. 
Again, if ai, 02, a^ be co-ordinates of any point on the conic 5i — Z = o, or 



then 



(01* + oa^ + 08*)* - (Xioi + Kioi + \so3), 



denotes a conic whose discriminant vanishes, and which touches S^ — Z. 

Now if ai, ait as be the co-ordinates of any point on the conic which 
touches the three conies «Si - Z = o, Si - M=o, Si — N=Of and take 
the conic 

(ai* + o«» + «5*)« 
for a fourth; then the functions (14), (24), {34) are respectively 



Af 



N 



^ ~ 5i' ' " 54' ' * Si' 
Hence, from equation (640), we have 

V(23) (SI - Z) ± V(3i) (51 - M) ± V(i2) (5» - AO = o- 
For another proof see Bidrcular QuarticSy p. 70. 

16. The operation /j -— - + /2 -— + /s -— performed on the conic 

da\ dat dai 

5i ~ /„ = o, where 5 s 01* + 02' + oa' = o, gives a conic cutting 5* - /« 
orthogonally. 



17. The conic 












5», 


«i, 


«2, 


«3, 




I, 


/i, 


^2, 


/3, 




I, 


mi, 


»«2, 


fWSt 




I, 


«i, 


«2, 


«3, 



= 



(641) 



cuts orthogonally the conies Si — /a, Si - may Si — na = o; and three 
others are got by changing the signs of /i, I2, h in the second column ; of 
mi, m2, mz in the third ; and of ni, »3, rtz in the fourth. 

t8. If the foiu: conies of Ex. 17 be denoted by /i, /a> Jz ; prove that 
the poles of their chords of contact with 5 a^e the foiu: radical centres of 
the conies 5 - Z*, S-M^, S - N^. 
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Miscellaneous Exercises. 

1 . The two lines forming any of the three line-pairs, joining four concyclic 
points on a conic, are equally inclined to either axis. 

2. The axes of all conies passing through four concyclic points are 
parallel. 

3. Find the equation of the circle whose diameter is the normal at the 
origin to the conic ax^ + 2hxy + hy^ + 2fy = o. 

Ans. b {x^ + f') -vify-o, 

4. Find the locus of a variable point, if the perpendicular from a fixed' 
point on its polar with respect to (a, ^, c^ /, gy h) {x, y, i)^ = o, be con- 
stant. 

5. If two triangles be self-conjugate with respect to any conic, their six 
vertices Ue on one conic, and their six sides are tangential to another. ^ 

6. If two lines be at right angles to each other, the diameters with re- 
spect to them of the triangle of reference meet on the line 

o cos -4 + i8 cos j5 + 7 cos C. (M*Cay.) 

7. If fitf be the Brocard angle of the triangle of reference, prove that 
(a' + iB3 + 72)sin«-{ai8sin(C-«)+/i7sin(^-«)+7osm(^-«)}=o 

is the equation of its Brocard circle. 

8. The locus 'Of the point of intersection of the polars of any point, 
with respect to two conies, is a circumconic of the common self-conjugate 
triangle. 

9. The locus of the pole of the line x^ = o, with respect to a system of 
confocal conies given by their general equation, is, if 2 = o be the tangen- 
tial equation of one of them, and 

a 3 Ai* + A2* + As* - 2A.2 As cos A - 2X3X1 cos B - 2X1X2 cos C, 

and fii, a2) D.Z, the differential coefficients, 

ai, 02, as, 

2i, 22, 253, = o. 

fii, fi2, fis 

10. If 5 = o, ^' = o, be two circles in trilinear co-ordinates, their radical 
axis %'S+eS'^o, 
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11. Find the locus of a point from which tangents to two given conies 
are proportional to their parallel semidiameters. 

12. If two figures be directly similar, and if corresponding points be 
conjugate with respect to a given circle, the locus of each is a circle, and 
the envelope of their line of connection is a conic. 

13. Show that the normal to an ellipse, which cuts the curve most 
obliquely at its second intersection with the curve, is parallel to one of the 
equiconjugate diameters. (Prof. J. Purser.) 

14. The directrix of a conic, and any two rectangular lines through the 
focus, form a self-conjugate triangle with respect to the conic. 

15. \iy — X tan ^, the equation of a tangent to a conk may be written 
X cos ^+^sin^-^&=o where 7 = o is a directrix. 

16. If two points on a conic subtend a given angle at a focus, the locus 
of the intersection of the tangent at these points is a conic, having the 
same focus and directrix ; and so also is the envelope of their chord. 

17. If two semidiameters of aneUipse make a given angle, the- line join- 
ing their extremities meets its envelope at the point in which it meets a 
symmedian of the triangle formed by it and the semidiameters. 

(D'OCAGNE.) 

18. If two tangents to an ellipse intersect at a given angle, their chord 
of contact meets its envelope at the point in which it meets a symmedian 
of the triangle formed by it and the tangents. {Ibid,) 

19. Given the base and area of a triangle, prove that the locus of its 
symmedian point is a hyperbola. 

20. A circle S passes through a fixed point O, and intersects a fixed circle 
in a varying chord Z. Show that if L envelops any curve given by its 
polar equation, with O as the origin, the polar equation of the envelope of 
S maybe at once written down ; and hence show — 1°. If iS envelop a conic 
concentric with O, L will envelop a conic, having O as focus. 2°. If S 
touch a line, L will envelop a conic. (Mr. F. Purser, f.t.cd.) 

21. Two conies U^ V are taken; ^inscribed in a triangle ABC; 
V touching the sides A C, BC ia. A, B, Prove that the poles, with respect 
to Uoia, common chord of U, F, lies on V, (Ibid,) 

22. If from any point on a given normal to a conic the three other nor- 
mals be drawn ; prove that the circle through their feet belongs to a fixed 
coaxal system. {Ibid,) 
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23. If from a point O, whose distances are p, p* from the foci of an ellipse 
{whose major axis is 2a), two tangents be drawn making an angle 9 ; prove 

cos e = •- — r-^— -. 

2pp' 

Dem. — ^If Fy F' be the foci ; T one of the points of contact ; join FT^ 
F'T. Produce FT to S, making TS = TF\ Join 0S\ then the sides of 
the triangle OFS are equal to p, 2a, p\ respectively ; and the angle 
FOS = d. Hence the proposition is proved. 

24. B'f C are variable points on the sides AC^ AB of a fixed triangle, 
such that AB : RC : : BC : C'A. Prove that the envelope of BiCi is a 
parabola. 

25. If i^be the focus of the parabola in Ex. 24, Jt/the circumcentre of 
the triangle ABC, the angle AFMis right. 

26. The directrix of the parabola bisects the portion of the perpendicular 
between vertex and orthocentre. 

27. If a variable conic S' be connected with two fixed conies Sit -^2 by 
the relation 6 = 0, the locus of the centre of perspective of the triangle of 
reference, and its polar reciprocal with regard to S', is a right line. 

(Prof. Curtis, s.j.) 

28. Two concentric and coaxal conies U, Fare such that a triangle can 
be inscribed in U, and circumscribed to V. Show that the normals to Cf 
at the vertices are concurrent, and that the locus of their centre of concur- 
rence is a coaxal conic. (Mr. F. Purser, f.t.c.d.) 

29. If a self-conjugate triangle, with respect to a conic section, be inde- 
finitely small, the radius of its circumcircle is half the corresponding radius 
of curvature. 

30. If a triangle be formed by three consecutive tangents to a conic sec- 
tion, the radius of its circumcircle is one-fourth the corresponding radius of 
curvature. 

31. If a, j3, 7 be the trilinear co-ordinates of a point in the plane of a 
triangle, through which are drawn parallels to the sides meeting them 
respectively in the points 1. 4; 2, 5; 3, 6; prove that the trilinear co- 
ordinates of the centre of the conic inscribed in the hexagon 123456 are 

i(a + * sin C), i(i8 + r sin ^, i(7 + a sin B), 

32. If for a, 0, y of the last exercise we substitute successively the co- 
ordinates of the points 6, 61, 62, 63, of Ex. 58, chap. ii. ; prove that the 
resulting conies will be the inscribed and escribed circles of the triangle of 
reference. (Lemoine.) 
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33. The locus of the points of contact of tangents from the point o'/S'y' 
to the system of conies ofi = hy^ when k varies, is the conic 

34. If e vary, the locus of the points of contact of tangents from xfy' to 

35. The locus of a point, whose polars with respect to two circles meet 
on a given line, is a h3^erbola. . 



36. The equation Va sin^ + V/3 sin-5 + V- 7 sin C = o denotes a hy- 
perbola whose asymptotes are parallel to the lines a» iS. 

37. If a circle whose diameter is d passes through the origin and inter- 
sects the conic («, *, <:,/, g^ h)(x,y, 1)2 in four points, whose radii vectors 
are pi, p2, pi, pi ; prove that 

pip2p3pi {4** + (« - by]i=cdK 

38. The lines through the origin, and the intersection of 

{a, b, c,f, g, h) {x, y, 1)3 = 0, ynth\x + fiy + v-o, 

are at right angles if 

39. In the same case, the locus of the foot of the perpendicular from the 
origin on Kx + fiy -^^ V = o is the circle (a + b){js^ + jk') + 2gx + 2^ + ^= o, 
and the envelope of xr + ftjK + v = o is the conic 

c{a + b){x^ +>'2) + 2gx + 2/y + c} = (fx - gyf. 

40. If the axes be oblique, find the equation of the rectangular hyper- 
bola, making intercepts A., \' ; /u, y! on them. 

41. Find the condition that \x^ ity-Vv^o should be normal to 



9^ y* 



aa ^a (^ 
K* y? v^ 



42. Find the equation of the locus of the centre of a conic touching the 
fotu- right lines 

a 5X cos a ^y sin a -/i = 0, ^^x cos /8 +^ sin jS —^3 = o, &c. 

Prof. Curtis, s.j. 
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As in £x. 3, Art. i88, from the given conditions we have four equations of 
the form 

A ^ B , ^ 2H . 

— cos^o + -?; sm*o + — sm o cos o =/i (2o + ^i). 



Hence^ by elimination, 

cos^a, sin^a, 
cos*i3, sin^jS, 
cos^^, sin^, 
cos^^, sin* 5, 



Z = 



sm a cos a, 
sin /3 cos )3, 
sin 7 cos 7, 
sin $ cos 8, 



/i(2a+/i), 
/a (2)8+^2), 

A (28 +^4) 



= 0, 



which is the required equation. If the determinant be expanded, and 

A A A 

putting / = sin /37 . sin 78 . sin 8/3, &c., we get 

Z s //i (20 + p\) - tnp2 (2)8 +^2) + npz (27 + ^3) - rp^ (28 + j^4) = o, 

and the origin being transferred to any point of the locus, by put- 
ting Pi = Uj p2= $, Sec, this becomes L^lo? — mf^ + ny^ — r8* = o, 
which, though apparently of the second degree, is only of the first ; for, on 
substituting a: cos o +^ sin a—p, for a, &c., the coefficients of ^^ xy, y^ 
vanish identically. 

43. If the equation in Ex. 42 be written in the form 

/o* - mf^ + «72 s r8» + Z, 

we infer that a parabola may be described, having the triangle 0)87 as self- 
conjugate, and touching L at the point where it meets 8. {p)id.) 

44. In the same case, prove that /a* - m0^ = o is a pair of common 
tangents to the parabolae r^ -k-L^ o, ny^ — Z = o, and ny^ — r8* = o, 
a pair of common tangents to the parabolae m0^ + Z = o, /a^ — Z = o, and 
that the former pair intersects the latter on Z. 

45. If « vary in position while jS, 7, 8 remain fixed ; then, if a touches 
a fixed conic to which fi and 7 are tangents, the envelope of Z is a conic. 

{Ibid,) 

46. Given three tangents to a conic, and the sum of the squares of its 
axes, the locus of its centre is a circle. 

47. The director circles of all conies inscribed in a given quadrilatera 
are coaxal. 
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48. The covariant F of two conies S^ S* passes through their eight 
points of contact with their common tangents. 

49. Find, by means of the covariant F^ the equation of the director 
circle of the conic (a, *, f, /, g^ A) (;p, y, i)*. 

50. The envelope of the line cutting the conies S^ S' harmonically 
touches the eight tangents drawn to S^ S* at their four points of intersec- 
tion. 

51. If two of the vertices of a self*conjugate triangle with respect to S 
lie on S\ the locus of the third vertex is ^S — AS', 

52. If the joins of the points in which («, b, c, /, g, h) (o, iB, 7)' meets 
the sides of the triangle of reference to the opposite vertices form two 
triads of concurrent lines ; prove dbc — 2/gh — af^ — hg'^ — eJ^ = o. 

Compare the equation with 

which meets the sides in points which connect with the opposite vertices 
by the two triads la = m^ = «7, /'a = ni^ = n*y, 

53. Find, in this manner, the equation of the nine-points circle, the 
Lemoine circle, the inscribed conic, and the inscribed circle, &c. 

54. If X, /i, V denote the perpendiculars from the angular points on 
a tangent ; prove that x* tan A ■{■ y? tan i5 + v* tan C—o denotes a circle. 

55. From last Example prove by reciprocation, if As^ + m^ + ny^ = o 

denote a circle, that 

tani^i tan 4^ tank's 



I: m : n :: 



a'2 • iS'* • 7'* ' 



where a, 0', Y denote the co-ordinates of the centre, and ^1, ^, 4^ the 
angles subtended by the sides at the centre. 

56. Four concentric equilateral hj^erbolas can be described, having the 
four triangles formed by any four arbitrary lines as self-conjugate. 

57. Prove that the polars of the four radical centres of S ^L^, S — M^, 
S - A^, with respect toS- L\ are 



L, 


ai» 


a2t 


01) 


h 


hy 


h. 


4, 


I, 


miy 


OT2, 


#»3, 


I, 


«i» 


«2> 


«3 



= 0, 



and three others got by changing the sign of /i, ht h in the second row ; 
of tni, mzf m^ in the third ; and of n\ »2y »3 iu the fourth. 
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• ■ 

5iB. Prove the following method of constracting the conies Ji, 72, /s, /a, 
cutting the three conies S^ — Z, S^ — M, Si — iV orthogonally. 

Draw tangents from the radical centres to the three conies, and describe 
a conic through the four systems of six points of contact corresponding to 
the fom* radical centres. 

59. The conic 7i is the locus of all the double points of 

Xi(^J-Z) + Za(^J-ifer)H-Z3(5J-iV0 = o. 

60. If a triangle be turned round the centre of its inscribed circle through 
two right angles, the triangle in its new position, and that formed by the 
points of contact of its sides in its original position with its inscribed 
circle, ^re in perspective : the centre of perspective is the point e. (See 
Chap, n., Ex. 58.) 

61. If through any point in the axis of perspective of a triangle and its 
orthocentric triangle parallels be drawn to the three sides, these parallels 
meet the sides in six points which are on an equilateral hyperbola. 

62. Parallels to the sides of the triangle of reference through any of the 
points w, All, »2, ctf3 of Chap, ii., Ex. 59, are in each case equally distant 
from the vertices of the triangle ; the distances being in the respective 
cases the diameters of the inscribed and escribed circles. 

63. In a given conic inscribe a triangle whose sides shall pass through 
given points. 

Let the given conic be 0^8 = 7", the given points abc, a'b'c', a"b"c'\ and 
the perametric angles of the angular points of the inscribed triangle 
e, (fy 9"; then, putting / = tan0, &c., we have (Art. 160) the three 
equations 

Hence, eliminating t\ t", we get a quadratic in /, viz. 

(tf'W" + b'cc" - C(fb" - ^r"*(^2 + {2c{c'cf' - a"b') -A}t 

+ {a'cc" + b'aa" -cac" -c'a"c) = o, * 

where A denotes the determinant {ab^c"). Hence, in general, two triangles 
can be inscribed: the condition for only one is the equation in /, having 
equal roots. Hence, if two of the points be given, and the third variable, 
its locus, so that only one triangle can be described, is a conic. 

64. The conies 

- + -+- = 0, sinJ-^ViT+sin J^\Ai§+ smJCV^ = o, 
a fi y 

are confocal. (Lemoinb.) 
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65. In the same case, the S3rmmedian point of the triangle fonnedby 
the centres of the escribed circles of the triangle of reference is the com- 
mon centre of the conies. (Lemoine.) 

66. A triangle is inscribed in ^c* ^-^j/* — a' = o, and two of the sides 
touch OLX^ + hy^ — c7?~o\ find the envelope of the third side. (Salmon.) 

The condition that ajp + /tt^ + w shall touch a^ + 3y' - «' is 

- + ^-- = 0; 
a o c 

and denoting (Art. 159, Cor, 2) the parametric angles of the vertices of 

the triangle inscribed in je* + jk* — 2' by 0, 0% 0", the equation of the join 

Sy 0" is 

^cos J(^ + B") +^sm J(d + 0") - zcosi{0 -e")^o. 

Hence the condition for this touching ax^ + by^ — cz^^ois 

c0B'^(g4-O sin«JKg^-0 cos4(e-r) _ 

a "*■ b c °' 

that is, 

(^ + T + - ) + I - - T + -I cos a cos 6" I r - - - -I sin© sind" = o ; 
a c I \a c I \b c aj 

or, say, l + m cos tf cos 0" + » sin sin 6" «= o. 

In like manner, we get 

l-^m cos 0' cos d" + « sin ^ sin0" ss o. 

»gcos6'' _ cos^(g + e") wsinO^' sm^(a + e') 
^^^^ I " cosJ(e-eV ~l ""cosJ(O-e')' 

Now the chord of x^ -k-y^ — z^, which is the join of the points 0, d', is 
X cos J(e + 0') +7 sin J(a + O - « cos J(0 - ^ = o. 
H^nce mx cos 0" + ny sin 0^' + lz = o, 

and the envelope is m^x^ + n^y^ — /V _ q. 

67. The equation of a conic confocal with 

S = (fl, 5, r,/, ^, A) (a, i8, 7)2 = o, 
and touching. Aa + fifi + vy = o, is 

n*5- flSi^+ 52il/2 = o [Afs « sin-4 + i8 sin -5 + 7 sin C]. 

68. PTf QTbiq tangents to a conic at the points P, Q; fi-om the centres 
of curvature at P, Q perpendiculars are drawn to the chord of contact 
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PQ ; prove that the parallels to PTy PQ drawn through the feet of the 
perpendiculars meet on the symmedian Une of the triangle PQT^ drawn 
through T. (D'Ocagne.) 

69. The hyperbola 

III 

- + o - - = o, 

a P y 

and the hyperbola 

(cos* J^ . o + cos2 J^ . /3 + sin2 1 C, yf - 4sec2 J^ . sec«}-ff . o/3 = o 

are confocal, and their common centre is the symmedian point of one of 
the triangles formed by the incentre and the centres of two of the escribed 
circles. (Lkmoine.) 

70. A system of four conies having two points common, and each con- 
nected with a fifth conic by the relation 0' = o, are such that their points 
of intersection, six by six, lie on three conies. 

For, taking the common points as vertices of the triangle of reference, 
the equation wil be of the form 

S s fliJc* + 2f\y + tg\zx + 2^1;!^ = o, &c. ; 
and there are four relations, 

aiA* + 2fiF' + 2giG' + ikiH' = o, &c. 

Hence, as in Art. 188, 2% Ex. i, 

ISi - inS% + nSz —pSi = o, &c. 

71. The condition that the line {y ^ y)^m{x — ^) should be normal to 

— -v- — 1=0 
is 

ni' (52^'2) - 2i»s (52jey ) + m^ (* V* + ay 2 - 1*) - 2m (a^xy) + a^f^ = o. 

Hence, find an expression for the sum of the angles which the four nor- 
mals from any point make with the axis of x. 

72. The sum of the angles made with a given line by the four normals 
from any point to a series of confocal conies is constant. 

73. The locus of points having the same eccentric angle on a series of 
confocal ellipses is a confocal hyperbola. 

74. Through a given point ^ on a conic two rectangular lines are drawn, 
meeting the conic again in the points By C ; BC meets the normal at ^ in 
O, Prove, if A move along the conic, that the locus of C7 is a homo- 
thetic conic. 
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75. A circle passing through three points on any one of a series of con- 
focal ellipses, the points always lying on fixed confocal hyperbolae, meets 
the ellipse again, where it is met by another of the confocal hyperbola. 

76. In the last question, supposing the three points to coincide, we 
have a theorem for the circle's curvature of a series of confocal ellipses. 

77. The locus of the centres of curvature at points on confocal ellipses 
where a confocal hyperbola meets them is 

cos* sin^ I 

78. The centres of the six circles of curvature which can be drawn 
through any point to a given conic lie on a conic ; find its equation. 

79. If four normals OA^ 0B\ OC^ OD be . drawn to a conic from the 
point x'y* ; prove that the tangents at the points A, B, C, Z>, and the 
axis of the conic, all touch the parabola 

(xx' -k- yy ■{■ c^f = a^xfx. 

80. Prove that the directrix of the parabola in Ex. 79 is the join of the 
given point x'y to the centre. 

81. If on perpendiculars erected at the middle points of the sides of a 
triangle portions be taken (measured either inwards or outwards) propor- 
tional to its sides, the triangle formed by the points thus constructed is in 
perspective with the original triangle. . (Kiepert.) 

It is easy to see that the co-ordinates of the corresponding points may 
be denoted by sin 6, sin {C— 6), sin {B— 6) ; sin {C— 6), sin 6, sin (-4 — 6) ; 
sin (B— $)j sm{A- 6), sin $. 

Hence the lines of connection of the vertices of the triangles are 

a sm(A - $) B fism {B - 0) ^ y sin{C - $), 

which proves the proposition. 

82. The envelope of the axis of perspective of the two triangles is the 
parabola 

Va(*«-^)o + VJ(c2-a»)i3 + Vt(a»-5«)7 = o. 

83. The envelope of the polar line of the centre of perspective with 
respect to the triangle is the conic 

Vsin(^-C^a + '^sm{C-A)fi + Vsin(^ -^)7 = 0. 

Def. — If the co-ordinates of one of the foci of a conic inscribed in the 
triangle of reference he a, fi, y, the co-ordinates oflhe other foctis will he 

- pi -. HencCy heing given the locus described by one foctis^ we can 
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Tvrite dcrvon the locus described by the other. This transformaMon^ which 
is of considerable importance, we shall, after Neuberg {Mathesis, torn, i., 
p. 184), call the IsoooNAL T&ANSFOEMATION ; and two points related 

as afiy, (-«-)> IsoGONAL POINTS. For example, the orthocentre and 

drcumcentre of a triangle are isogonal points, and the centroid and the 
symmedian point. 

84. Prove that the isogonal transformation of the circmndrde is the 
line at infinity. 

85. Prove that the isogonal transformation of a line is an ellipse, a 
parabola, or a hyperbola, according as it is exterior to, tangential to, or a 
secant of, the circumcircle of the triangle of reference. (Brocard.) 

86. The isogonal transformation of any diameter of the circumcircle is 
an equilateral hyperbola drcmnscribed to the triangle of reference. 

{/bid.) 

87. The locus of the centres of the isogonal transformations of all the 
diameters of the circumcircle is the nine-points circle. {Ibid,) 

88. The isogonal transformation of the line joining the symmedian point 
to the circumcentre is the locus of the centre of perspective in Kiepert's 
theorem 81. 

89. The isogonal transformations of the four lines la±tnfi± ny are the 

four conies 

I m n 

- ± - ± - = o, 

a i8 7 

which, being four drcumcoxiics to the triangle of reference, correspond to 
the four in-conics. 

90. Prove that the envelope of Tucker's circles is the Brocard ellipse. 

91. Given four tangents to a conic, viz., asO, 3 = 0, yso, 8 = 0; 
find the locus of the fod. Let aa + ^iS + ^ + </8 ^ o be an identical re- 
lation; then 

"^ abed 

- + - + -+- = (Salmon.) 

a p y 
is the locus of the fod. 

92. If a variable conic pass through two given points, and have double 
contact with a given conic, the chord of contact passes through one or 
other of two given points : prove this, and thbnce infer that four circum- 
conics of a given triangle can be described, each having double contact 
with a given conic. 

Y 
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93. If 5 s ( I, I, I — cos ^, - cos By — cos C) (jt, y, jb)' = o ; prove that 
each of the four conies S— (x ±y ± zf = touches the four conies 

S- {xcos(B± C) +^cos(C± -4) + Zcos(-4±;^}» = o, 

where the choice of sign is such that there must be an odd number of 
negatives. 

94. If a^ = o, &,* = o, Cx^ = o be three conies, fulfilling the condition 
that each shall circumscribe a triangle self- conjugate with respect to the 
other two ; prove that 

fll, fl2» ^3, 

^i» ^2, ^, = o. 

C\t C2, _Ci 

95. Given a tangent to a variable conic, its eccentricity, and one of the 
foci, prove that the locus of the other focus is a circle. 

96. M*Laurin*s Method 0/ describing Conies. — The locus of the vertex 
of a variable triangle whose sides pass through three fixed points, and 
whose base angles move on two fixed lines, is a conic section. 

97. The circumcentre of any triangle self-conjugate with respect to a 
parabola is on the directrix. 

98. If a quadrflateral be described about a parabola, the three circles 
described on the diagonals of the quadrilateral as diameters have the direc- 
trix for their common radical axis. 

99. A, B, C; A\ B, C are two triads of points on two lines Z, M. 
Three homothetic conies through ABC\ BCA\ CAB* meet M again in 
the points P*, Q^ R' ; and three other homothetic conies through AB'O^ 
BCA\ CA'B meet L again m P, Q, R ; prove that the Imes PP*, QQ, 
RR' are parallel. (Mr. F. Purser, f.t.cd.) 

100. Newton's Method of Generating Comes, — Two angles of given 
magnitude turn about two fixed vertices ; then, if two of their legs intersect 
on a fixed line, the locus of the intersection of the other legs is a conic 
passing through the vertices of the angles. 

loi. Given two conjugate semi-diameters CP, CQ of a hyperbola, con- 
struct the axis. 

102. If JT, F be the co-ordinates of a focus of ax^-\-2hxy + ^ + t = o, 

X* - ya Xy e 
prove that ___=_ = __; 

and if /a denote the product of the perpendiculars from the foci on any 
tangent, prove that ('" "^ ^ ) (~ "^ * ) ~ *'* 
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103. Prove that the equation of the pair of tangents from x'y' to 
-Jf'ji'-l may be written (x - x'fa^ + (y -yfb'^ = {:x^'- x'yf. 

(Prof. Crofton.) 

104. If i? be the drcumradins of the triangle of reference, » the Brocard 
angle, prove that ^ sin w is the radius of the auxiliary circle of the Brocard 
ellipse. 

105. Prove that the eccentricity of the conic given by the general equa- 
tion in terms of its invariants /i, I^ of the first and second degree in the 
coefficients is given by the equation 

^ _ /i' - 4/2 
I - ^ " /2 ' 

106. If from the points i, 2, 3, 4 perpendiculars be drawn to the four 
lines aso, j3 = o, 7 = 0, 8 = 0; then 

01, /3i, 71, 81, 



02, ftj, 


r2> 


82, 


«3, ^8, 


73, 


83, 


04, i34, 


74, 


84 



5 o. Also 



02, 



so. 



iSii 71, I, 
/32, 72» i» 
OS) ^ 73>'> 

04, ^4, 74> I 

(Prof. Curtis, s.j.) 

107. Hence infer that if p\ p"y p'" be the perpendiculars of a triangle 
r, f^, f", r"', the radii of its inscribed and escribed circles 



III I 



II 11^ 

— = 1 . &c. 



Also, if X', x", \"' denote perpendiculars from the vertices of any triangle 
on any line through the centre of the in-circle, prove that 



A' K" i" 



{Ibid.) 



108. If Zi, Z2, Z3, Z4 be perpendiculars from four points A^ B^ C, D^ 
to a line Z ; then Zi {BCD) - Z2 {CD A) + Zs (DAB) - Z4 (ABC) = o. 
(Compare equation (216).) (Ibid,) 

109. Given three tangents to a conic, and the length of the minor axis 
b, to find the focus. Let the co-ordinates of the foci afiy, a'ffy ; and the 
perpendiculars of the triangle of reference p\ p'\ p"' ; then, from (106), 
we get 



a', /3', 7', I, 

f> O, o, I, 

o, p'\ o, I, 

o, o, p"\ I 



= 0; 



«»', iS^', 77', I, 
fat o, o, I, 



O, 



P 7» I 



= 0; 



*S *-, b\ I, 
/o, O, O, I, 
o, p"fi, O, I, 



= 0; 
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where 5 denotes the circmncircle of the triangle of reference. When the 
conic is a parabola, h is infinite, and the equation reduces to 5 = o. 

(Ibid.) 

1 10. If ABC be a triangle self-conjugate to a conic ; A, fi, v perpen- 
diculars from Ay By C on the tangent at any variable point D on the 
curve ; prove that 

\ {BCD) + fi (CAD) + r (ABD) = o. (Ibid.) 

111. The circumcirdes of the triangles formed by four right lines 
a, iS, 7, 8 meet in a point 0\ tangents at the vertices of the triangle fiyZ 
to its circumcircle meet a in the points Ay A', A". Similarly are found, 
on the lines iS, 7, 5, the triads B, B", B' ; (7, C^ C ; A -O', /?". These 
points lie four by four on three circles, eacH passing through Oy and 
through the extremities of a diagonal of the quadrilateral aiS^S. 

(Ibid,) 

112. If :S be the circle through the circumcentres of the triangles a,^y 
a$Bf ayH, fiy9, the diameters of the circumcircles of the triangles 0^87, 
afiB, ay, passing through the vertices opposite the common base a, concur 
inX 

113. Being given a self-conjugate triangle and a tangent to a conic, 
the locus of its centre is a right line. (See Art. 188, Ex. 3.) 

1 14. If one of four sides of a quadrilateral envelop a conic, the other 
three being fixed, . the line through the middle points of the diagonals 
will also envelop a conic. (Prof. Curtis, s.j.) 

115. If six line-pairs xx', yy^ zsf^ uvf, vi/, Ttnt/ be conjugate pairs to 
the same conic, they are connected by a linear relation 

Ixx* + myy + was' '\-puu* -^-fw* + rvruf s o. (Ibid.) 

116. Hence, if two triangles be self-conjugate to the same conic, they 
are both inscribed in another conic. 

For, if j/ =» jK, y = 2, s^ = x, m'ssw, 7^ = w, s»' = «, we have 
Ixy + myz + nzx = — (puv + £^vw + ntni), (Ibid.) 

117. Also, in the same case, if 

u = u\ v = 7/y w = w', x =y, y — z\ z = x\ 

the triangle xyz is self-conjugate to the conic, and uvw circumscribes it ; 
and, from (i 14), we get Ixz + myx + nzy s — (ptfi + gv^ + rzef*) ; or a 
conic circumscribes the triangle xyz^ and has wrw self-conjugate. 
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118. Tangents drawn to a parabola, from the centre of a drcumconic of 
a self-conjugate triangle of the parabola, are conjugate diameters of the 
conic. 

For if 4P, ^, « be the sides of the triangle ; », v the tangents, and taking 
vj to denote the line at infinity by (116), we get the conic 

Ixz + myx + nzy = — (/«* + gyfi + constant). 

119. If a circle be described about a triangle self-conjugate with respect 
to a parabola, its centre is on the directrix. 

For the tangents from the centre, being conjugate diameters, must be at 
right angles. 

120. If the centre of the conic be a point on the parabola, an asymptote 
of the conic is a tangent to the parabola. 

121. If corresponding points of similar figures, similarly described on two 
^ides of a triangle, be the poles with respect to a circle of corresponding 
lines of the same figures ; prove that the points are equally distant from 
the centre of the circle. 

122. The four conies which touch three given lines, and have double 
contact with a given conic % are all touched by four other conies, each 
having double contact with :S. (See Ex. 93.) 

123. Given S s ojfi + 2kxy ■\-by^ + c = o; prove that the equation of any 
pair of conjugate diameters is 

, ds^ ds 
dy -^ dx 

and if the diameters be equiconjugate, their equation is 

S 2(jcg+y) 

124. The equation of the reciprocal of the parabola at the distance r 
with respect to the circle ^ +y^ = k^ is 

125. The reciprocal of the parallel to an ellipse at the distance r with 
respect to the circle ^2 +^ = >&« is 

4^r»(^2 +yO =!{(«'- ^)^ + (** - ^)f' - ^}' 

126. The circumcentre of a triangle, its symmedian point, and the 
orthocentre of its pedal triangle, are coUinear. (Tucker.) 

127. The orthocentre of a triangle, its symmedian point, and the sym- 
median of its pedal triangle, are collinear. (E. Van Aubsl.) 
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128. 1i Ly M^Nht three collinear points, L\ M\ N' their correspond- 
ing isogonal points (Ex. 84) ; prove that if the triads L\ M^ N'; M\ Z, N'^ 
be respectively collinear, the points L\ M\ N are collinear. 

129. Hence show if L\ AT, N' be points on Kiepert's hyperbola, and 
if iV' be the fourth point where the hyperbola meets the circumcircle of 
the triangle ABC^ that the chord LM is parallel to the Brocard line OJC. 

130. In the same case, if iV' be either of the points where the hyperbola 
meets infinity, iVwill be one of the points where the Brocard line cuts the 
circumcircle. 

131. The asymptotes of Kiepert's hyperbola are the Simson's lines of 
the points where the Brocard line meets the circumcircle. (Brocard.) 

132. The trilinear equation of Neuberg's circle, page 120, is 
(a/9 sin t7+ /i7 sin ^ + 7a sin ^) 

= sin^(/3 cosec Cr+7C0sec j9)(asin^ + /3sin^+7sinC)» 

(Neuberg.) 

133. The trilinear equation of M'Cay's circle (a), page 253, is 

3(oi3 sin C+ ^7 sin .4 + 70 sin-^) 

c=sin^ (/3cosecCr+7Cosec^-f 2acot^)(asin^ +iSsin^+7sinC). 

134. If the base and the Brocard angle of a triangle be given, the locus 
of the centre of its Brocard circle is an ellipse. (Neuberg.) 

135. If a variable conic 5, passing through two fixed points /, 7, touch 
a fixed conic S* at a fixed point ; prove that the locus of the point of in- 
tersection of a pair of common tangents to 5*, «S' is a conic inscribed in the 
quadrilateral formed by the tangents from the points If J to S'. 

136. If the axes and a tangent to a conic be given in position ; prove 
that the locus of the centre of the circle osculating it at the point where it 
touches the tangent is a parabola. 

137. If the extremities of the base of a triangle be given in position^ 
and also the symmedian passing through one of these extremities, the 
locus of the vertex is a circle. (Neuberg.) 

138. In the same case, the envelope of the symmedian passing through 
the vertex is a conic. 

139. The extremities B, C of a triangle are given in position, and the 
vertex moves on a given'conic, passing through the points B, C; prove, if 
BA^ ^Cpass through corresponding points C, B' of two similar figures^ 
that the loci of the points C\ B' are conies. (Netjberg.) 
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140. The base BC of a triangle is given in position, and the angle B 
in magnitude ; prove, ]1A*B'C' be the triangle formed by the tangents to 
the circumcircle at A, By C, that the following loci are conies : — 1°. Of 
the point C; 2°. of the symmedian point of ABC; 3°. of the point of 
intersection of BB' and A C. {/bid.) 

141. In the same case, prove that the envelopes of the lines B'C, AA\ 
and the join of the circumcentre and orthocentre are conies. {Ibid,) 

142. If from a point P perpendiculars be drawn to the sides of the tri 
angle ABC, and produced, such that 

the perpendicular on a meets a in Ai, b in A%, c in ^3 ; 
„ b yy b VD.Biy c in ^2, a va.B^\ 

„ c yy c vaCxy a va. Cj, & in 63 ; 

then denoting by 7i, 72, ^3, the areas of the triangles^ 1^1 Ci, AzBiCzy 
A^zCz, the locus of points for which 7^ = Tz is Kiepert*s hyperbola ; and 
for every point in the plane the ratio of Tii T2+ Tz is constant. {Ibid.) 

143. Prove that the equations of the three axes of perspective of the 
triangle ABC and Brocard*s first triangle are — 

sin'^.a sin'^.jS sm^C.y 

sin {A - 2«) sin {B~ 2«) sin {C- 2«) ' 

20, « I ^ I 'y o; 

sin^. sin(6'— 2gp) sin C. sin(^ — 2w) sin^ . siD.{B-2<o) 

.0^ ? + —1 + 7___=o. 

sin(^— 2w) .sinC sin(6'-2w} .sin^ sin(^ — 2») . sin^ 
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Anolb between two lines whose Carte- 
sian equations are given, 2^. 

between two lines whose trilinear 
equations are ^^iven, 52. 

between two ^ lines given by a 
single equation, 41. 

between two tangents to an 
ellipse, 182. 

between asymptotes, 2x9. 

between focal radius vector and 
tangent, 17Q. 

subtended, at focus by tangent 
from any point. 194. 

of intersection of two circles, 81. 



the Brocard, 45. 

the eccentric, 168. 

-! the intrinsic, 140. 

theorems concerning angles, how 

projected, 275. 
Anharmonic ratio ot four coUinear 

points, 46. 
01^ four concurrent 

lines, 46. 

other terms for, 46. 

■ of four lines whose 

equations are given, 

47. 
expressed by trigono- 
metric functions, 66. 

of four points on a 

conic, 267. 

of pencil, unaltered 

by projection, 273. 

■ of tour tangents to a 

conic, 292« 
Anti-foci, 239. 
Anti-parallel, 54. 
Area of triangle, 5, 59, 61. 

of polygon, 7. 

of ellipse, 243. 

of hyperbola, 224. 

of parallelogram circumscribed to 

an ellipse, 172. 
of parallelogram formed by asymp- 
totes of a hyperbola, and parallels 
to them through any point in the 
curve, 220. 
Argument, 15. 
Aronhold's notation, 259. 
Artzt, theorems by, 257. 
• Asymptotes defined, 233. 
• — of hyperbola, 219. 



Asymptotes, hyperbola referred to, as 

axes, 220. 
— - ■ of conic whose general 

equation is given, 154. 
Axes, rectangular and oblique, i. 
—— transverse and conjugate, 165, 204. 
—^ transverse and conjugate, of el- 
lipse, how found, 172. 

of parabola, 139. 

radical, 86. 

of similitude, 90. 

of perspective, 50. 

Baltzbr, theorem by, 39. 

Boscovich, method of generating conies, 

167. 
Brianchon, theorem by, 242. 
Brocard, theorems by, 45, 107, 120, 244, 

245» 3*if 326. 
Bumside, theorems by, 152, 184, 199. 

Cayley, quantic notation, 51. 

theorem by, 304. 

Centre, radical, 88. 

of simiUtude, 89. 

of perspective, 49. 

' of inversion, 79. 

of projection^ 271. 

of reciprocation, 293. 

of circle, 71. 

■ of ellipse, 165. 

of hyperbola, 204. 

' — of curvature, 150, 178, 216, 242. 

of mean position, 10. 

Chasles, nomenclature and theorem by, 

46, 267. 

Chords, supplemental, 174. 

■ parallel, locus of middle points 
of, 125, 144, 170, 207. 

—' passing through a focus, 148, 

180, 227. 

— — — joining two points on a conic, 
141, 170, 227. 

locus of pole of chord subtend- 
ing a right angle at a fixed 
point, 78, *58, 227. 

Circle, equation of, 70, 8z, 84, 97. 

circumscribed to triangle of re- 

ference, 97. 

inscribed. loi. 

escribed, 102. 

tangential circles, 90, 93. 
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Circle, Brocard's, 107. 
auziliai^, 168. 

osculating, 177. 

of curvature, 150, 177, 216, 242. 

director, 182, 228. 

of inversion, 79. 

of reciprocation, 293. 

M'Cay's, 253, 258, 259. 

Lemome's, 107. 

Neuber^'s, 120, 255. 

- — nine-points, 96. 
— Tucker's, 107. 

Clebsch, 63, 260. 

Clifford, 46. 

Complex variables, 14. 

Condition that three points should be 
collinear, 4. 

■ three lines should be 

concurrent, 37. 

•" a line passes through the 

origin, 22. 
two lines should be 

parallel, 25, 53. 
two lines should be per- 
pendicular, 25, 52. 
/Di + f»p-j-«y=o should 
be anti -parallel to y, 

,54. 
the general equation of 

the second degree 
should represent two 
right lines, 39. 

a circle, 70, 104. 

a parabola, 264. 

an equilateral hyper- 
bola, 297. 

two circles should be 
concentric, 71. 

given points should be 
concyclic, 84. 

two circles should cut 
orthogonally, 81. 

four circles should cut 
on circle orthogonally, 

83- 

the radius of the circle 
KS' -H \lS" 4- vS'" = o 
may be zero, 85. _ 

any number of circles 
may have one common 
tangential circle, 93. 

the intercept made on a 
line by a circle may 
subtend a ri^ht angle 
at a given point, 74. 

two circles should touch, 
81. 

a line should touch a 
conic, 129, 137, 261. 

two conies should be 
homothetic, 256. 

two conies should touch, 
osculate, 237, 304. 

two conies should have 
four-point contact, 237. 

two pairs of points should 
be harmonic conju- 
gates, 285. 



Condition that three pairs of points 
should form an involu- 
tion, 290. 

a line be cut harmoni- 
cally by two conies, 
287. 

— — two lines be conjugates 

with respect to a conic. 
^ 261. 

a triangle may be in- 
scribed in one conic 
and circumscribed to 
another, 304. 

a triangle sell- conjugate 

to one conic may be 
inscribed or circum- 
scribed to another, 30 z . 

two conies inscribed in 

the same conic may 
cut orthogonally, 306. 

Cone, sections of, 281. 

Conjugate diameters, 127. 

harmonic, 46. 

Contact of circles, 81. 

conic sections, 256. 

Co-ordinates, areal, 56. 

Cartesian, 2. 

— = elliptic, 190. 

■ polar, io« 

- reciprocal, 320. 

transformation of, 1 1 . 

tangential, or line, 62. 

trilinear, 43, 97. 

Confoeal conies, 189, 190, 191, 192, 239^ 

243, 278. 
Correspondence, x to i, 287. 
Cosine, hyperbolic, 225. 
Covariants, 296. 

Cremona, theorems by, 49, 68, 271, 322. 
Crofton, theorems by, 195, 196, 200, 229, 

234, 240, 241, 243, 268, 323. 
Curtis, Prof. s. J., theorems by, 115,116, 

X98» 199, 302, 303, l^^> 3i4»3i5. 323.324- 

D'Ocagne, theorems by, 45, 312, 319. 

Descartes, 2. 

Determinant, 30. 

Dewulf, theorems by, 258. 

Diagonal triangle, 49. 

Discriminant, 40. 

Distance between two points, 3, 58. 

of four points in a plane, \\xxvt 

connected, 18. 
Double contact, 238, 239, 240, 241, 242, 

243, 244- 
points, 289. 

Eccentric angle, 168. 
Eccentricity, 163, 203. 
Ellipse, 163. 
Envelopes, 269. 

Equation of line through two given 
points, 29, 55. 

second degree, when pro- 

duet of equations of two 
lines, 39« 

circle, 70. 

tangents to circle, 77. 
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Equation of circles cutting three given 
circles at given angles, 
8z. 

circles described about the 

^ triangle of reference, 97. 

circle inscribed in triangle 

of reference, xoi. 

tangential, of circles, 108. 

parabola, 132. 

ellipse, 163. 

hyperbola, 203. 

conic tangential to three 

conies, 3Z0. 

invfuiant, 300. 

Faure, theorem by, 303. 
Focus, 139, 163, 203. 

Graves, Dr., theorem by, 742. 

Hamilton, theorems by, 167, 188. 

Hart, Dr., s.f.t.c.d., theorems by, Z03, 

117. 
Heame, theorems by, 264. 
Hesse, 2z. 

nomographic division, 285. 
Hymers, 246. 
Hyperbola, 125, 203. 

equilateral, 125, 219. 

conjugate, 209. 

Invariant, 29. 

tact, of two conies, 304, 306. 

Involution, 290. • 

Inversion, 79. 

Joachimsthal, 128, 260. 

Kiepert, theorems by, 251, 320, 321. 

Lam6, nomenclature by, 190. 

Latus-rectum, 140, 165, 205. 

Lemoine, theorems by, 54, 67, 69, 317, 

3x8, 319. 
Limiting points, 86. 

Maclaurin, method of generating conies, 

322. 
Mannheim, 173. 
M'Cay, theorems by, 73, 253, 258, 259, 311. 



M*Cullagh, theorems by, 196, 198, 243. 
Modulus, 14, Z06. 

Neuberg, theorems by, 85, 120, 249, 258, 

321,326,327. 
Newton, method of generatmg comes, 

322. 
Norm, 91, loi. 
Normal, 149, 175, 2x4. 

Orthogonal, circles cutting, 81, 82. 

projecton of circle, x68. 

Panton, 152. 
Parabola, X39. 
Parameter, 165. 
Pascal, theorem by, X05. 

reciprocal of theorem by, 292. 

Pedals, X4^. 

Pencil of Imes, 47. 

circles, 85. 

conies, 299. 

curves denned, 85. 

Pohlke, method of describing ellipse, 167. 

Power of a point, 26. 

Projection, 271. 

Ptolemy, theorem by, 90. 

Purser, Prof. John, f.r.u.i., theorem by, 
1x6, 202, 243, 312. 

Purser, Mr. Frederick, f.t.c.d., theo- 
rems by, X62, 243, 3x2, 3x3, 322. 

Quadrilateral, complete, 48. 

Roberts, M., theorem by, 192. 
Roberts, R. A., theorems by, x2o, X58, 
20X, 233, 304. 

Salmon, theorems by, X19, 240, 241, 242, 

260, 267, 287, 307, 3x8, 32 £. 
Schooten, method of describing ellipse, 

175- 
Staudt, theorem by, 85. 

Steiner, nomenclature by, 26. 

Townsend, theorems by, 239, 268. 
Tucker, theorems by, X07, 325. 

Van Aubel, E., theorems by, 325. 

Williamson, J73. 
Wright, theorems by, xi8. 
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